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PEEFACE. 


Geometry, at once ancient and modern, is the 
science of Euclid, Archimedes and Apollonius, of 
Kepler, Desargues, Newton and Poncolet. Geome- 
trical processes have indeed been simplified and 
their applications greatly extended in recent times, 
but the modern methods may be traced to the 
ancient as their germ and source, and thus it 
remains in a sense still true that there is but 
one road for all, ^ea)[j,eTpLa iraa-lv iariv 6Bo<; pia. 

Tire modern infinitesimal calculus is an adaptation 
of the ancient method of exhaustions, the method of 
Descartes differs only in the manner of its appli- 
cation from that of Apollonius, the idea of perspective 
was already formulated by Serenus, and the principle 
of anharmonic section with the leading properties 
of transversals are found in the lemmas of Pappus 
to the lost three books of Porisms of Jfuclid. There 
is not however in the works of the Greek geometers 
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any distinct foreshadowing of Kepler’s doctrine of 
the infinite, of his principles of analogy and con- 
tinuity, or of the theory of ideal chords and points, 
at length completed by Poncelet’s discovery of the 
so-called circular points at infinity in any plane. 

In the present as in a former work (1863) I 
have commenced with an elementary treatment 
of the general conic in piano, following out a 
suggestion made by Professor Adams in a course 
of lectures on the Lunar Theory delivered in 1861. 
This department of the subject has now been made 
more complete with the help of the Eccentric 
Circle, the characteristic feature of a masterly 
though neglected work of Boscovich. In the chapter 
on the Cone the focal spheres are more fully 
discussed, and the angle-properties of tlie sections 
as well as their metric properties are deduced. 
The chapter on Orthogonal Projection contains 
proofs of Lambert’s theorem* in elliptic motion. 
To the chapter on Conical Projection is appended 
some account of the homographic method of Rever- 
sion, which springs out of the above mentioned con- 
struction of Boscovich. 


* It has been remarked that, so far as relates to the parabola, Lambert’s theorem 
is implicitly contained in ISTowton’s Principia lib. ill. lemma 10. Sec Lagrange 
Mecanique Analytupie tome TI, p. *28, ed. B (1853—5) ; Brougham and llouth An 
analytical view of ^ir Isaac Newton's Principia p. 430 (Loud. 1855). 
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PEOLEGOMENA. 


SECTION 1. 

GEOMETRY BEFORE ETJOIID. 

N.B. Beferences within square hracTcets [ ] occurring in the 
Prolegomena are to the pages of the present worh. 

§1, The science of Geometry, as its name suggests, was 
developed from the art of land surveying, to which ancient 
testimony likewise refers us for its origin. The practice of 
systematic land measurement is said to have been forced upon 
the Egyptians by the annual rise and fall of the river Nile, 
whichi from time to time left portions of land that had been 
high and dry submerged, or vice versa^ so that the owners 
were unable to distinguish what belonged to each. Thus 
writes Hero* the elder, of Alexandria, and to the same effect 
Herodotus (ii. 109), Diodorus Siculus and Strabo, as cited by 
Bretschneider in his excellent monograph on the history of 
geometry before Euclid.f Whether the Nile altogether played 
the par-t attributed to it in the advancement of science is matter 
of question, but it may be conceded to the concurrent testimony 
of ancient writers that the Egyptians had laid the foundation 
of concrete fact upon which the superstructure of Greek abstract 
geometry was to be reared. 


* Heronis Alexandrini Geometricorum et Stereometricorum relifpiim, p. 138 ed. 
Hultscb. (Berlin 1864). He flourlslied within the period li.O, 285“2’i2, or later. 

t Die Geometrie md die Geometer vor Euhlides (Leipzig 1870). See also 
Dr. Allman’s paper on Greek Gcometiy from d hales to Euclid, in Ihrmatkcmi 
Yol III. 160-207 (Dublin 1877), 

h 
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§2. Eudemus of Ehodes (a disciple of Aristotle and aiu 
immediate predecessor of Euclid) was the primary authority 
on the early history of mathematics but his writings on the 
history of geometry and astronomy, which appear to have 
been composed in a philosophical spirit, now no longer survive, 
except so far as they are embodied -in the still extant works 
of his successors. The Important list of early geometers given 
by Proclus Diadochusf (a.d. 412-4-85) in his commentary on 
the first book of Euclid’s elements Is not unreasonably thought 
to have been derived from Eudemus. The following is the 
substance of the passage, of which the original Greek with a 
German rendering may be found in the above mentioned work 
of Bretschoeider, pp. 27-31. It is taken from lib. ii. cap 4 
of the commentary, which was written in four books : — 

“ Geometry is said by many to have taken its rise from the 
measurements rendered necessary by the obliteration of land- 
marks by the Nile. And it is nothing strange that this and 
other sciences should have arisen from practical needs, since 
there is a general tendency in things from imperfection to 
perfection, in accordance with which law we pass naturally 
from perception to reflection and thence to intellectual insight. 
As then the Phceiiicians were led on from trade and bailer to 
systematic arithmetic, so the Egyptians discovered geometry in 
the manner aforesaid. 

First Thales went to Egypt and bronglit ov(;r tliis science 
to Greece, lie made many di.sc.ovcrii's himself and suggested 
the beginnings of many to his succt^ssors, apprehending some 
things more in the ahstrac.t Imt otlicrs in a limited and pm’cep- 
tional way. Next Ameristiis, brother of the poet ytcsichoruH, 
became famed in geometry, as llippias of Elis relates. Pytha- 
goras, who succcaMltid them, transfoz'med it into a lihm'ai sciimce, 
investigating its first principles and n^garding theorems from 
the immaterial and intellectual standpoint. He it was who 

Ills C’.ouUnniX'i'iivy 'I'iii’oplir.-iHl.ir.i :iK-u -.vrols-. ali'Uit. ics, 

juiiolifffit a laiiltiUuU' of <tlln-r af'-'.i-diii!'; (-.i On; ; u!, ui Oioi-riir,' 

Jj:u;.iiinx (lib. V. cap. 12). 

t Nolici: lliu editiou'.i uiculbuiuil wn p. (s-jj, .'nul tin: Laiiu vtliLinu ui' Ibu-'x-iu , 
(I'atavii lObUj. 
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discovered the theory of Irrational quantities and the construction 
of the regular solids. After him came Anaxagoras of Clazo- 
mense and Oenopides of Chios, who are mentioned by Plato 
as famed In mathematics. After them Hippocrates of Chios, 
who quadrated the lunule and was the earliest writer on the 
Elements, and Theodoras of Gyrene became eminent in 
geometry, Plato, who succeeded Hippocrates, greatly encour- 
aged the study of mathematics and geometry by the frequent 
use of mathematical considerations in his philosophical writings. 

To this age also belong Leodamas of Thasos, Archytas of 
Tarentum and The^tetus of Athens. Y ounger than Leodamas 
were Neocleides and his disciple Leo, who added much to 
the work of their predecessors. Leo also composed a work 
on the Elements characterised by the greater number and 
importance of its propositions, and he assigned the limits within 
which a construction was possible. Eudoxus of Cnidus, an 
associate of the school of Plato and somewhat junior to Leo, 
increased the number of general theoremSj added three new 
proportions to the three already known, and developed Plato’s 
doctrine of the section (of a line), making use in his investi- 
gations of the method of geometrical analysis. Amyclas of Amdym, 
Heraclea, Men^echmus (a pupil of Eudoxus and contemporary 
with Plato) and his brother Dinostratus made geometry as a 
whole still more complete. Theudius of Slaguesia, a writer 
on the Elements, and Athenaeus of Cyzicus were greatly 
distinguished especially in geometry. These lived and worked 
together in the Academy. Hermotimus of Colophon carried 
on the discoveries of Eudoxus and Thesetetus, and also wrote 
some things upon loci. Philip of Mende was led by Plato Um. 
to study mathematics in relation to the Platonic philosophy. 

Thus far do the writers on the history of geometry bring the 
science.^* 

Not much junior to the above was Euclid, who compiled 
the Elements, putting in order many discoveries of .Idudoxus, 

* If the history of Endemus breaks off before Aristaeus, whose {nvfvihu 

Euclid’s, wc may conjecture that it was completed before li.u. It is inipossilde 
to determine the precise dates of the early geometers. 
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completing many of Tliesetetus, and replacing the former lax 
demonstrations by incontrovertible proofs. He lived in the 
reign of the first Ptolemy, in answer to whom he is reported 
to have said that there was no royal road to geometiy/* He 
was therefore younger than the disciples of Plato, but elder 
than the ccntemporaries Eratosthenes and Archimedes. Being 
a Platonist, he made the construction of the Platonic bodies 
(or regular solids) the goal of his work upon the Elements.” 

§3. Of the above mentioned early geometers Thales, 
Pythagoras, Hippocrates, Mensechmus and some others deserve 
to be noticed more particularly. Thales of Miletus, of Phoe- 
nician ancestry and the founder of the Ionian school of philo- 
sophy, was the first to naturalise the study of geometry amongst 
the Greeks. Visiting Egyptf as a trader, he brought back 
thence late in life to his native place such knowledge of 
geometry and astronomy as he had been able to pick up from 
the priests. He was born about the commencement of the 
35th Olympiad, and died (according to one account) at the 
great age of 90 years, or upwards. His reputation was made 
once for all by the prediction — to what degree of accuracy we 
know not — of an eclipse of the sun, which duly came to pass 
(28th May, 585 n.C.)}:; and this well attested fact corroborates 
the statement of Diogenes Laertius (lib. i. cap. 1) that he 
first came to be styled (TO(])6<i in the archonship of Damasias. 
Although he is said by Proclus in general terms to have made 
many discoveries in geometry, tlie following alone arc ex- 
pressly attributed to him.|| (1) The circle Is bisected by its 


* The sayinc^ referred to (Brctsclirieider p, 163) is also attributed to Menfcdinias, 
who is said to have rephed to Alexander; “In the country, 0 kin^, tliero are roads 
i$i(jt}TtK<u Kul fiumXtKai, but in f(eornctry Uiere is one road for aU.” 

t The foreign travels of the early Gnick philosophers are however souKitiineH 
thought to be attested by insiiilicient evidence. Of. Itenours Ilihbtrt Lextwes liCCt. vr. 
p. 24G (London IHSO). 

{ Tlie Egyptians had doubtless snpplicxl him with tlie facts on which his cal- 
culation was based. Jliogenes Laertius states that thc.y luid observed more than 
1200 eclipses of the sun or moon. See Brctachucider pj). 31), 52. 

II See Proclus on Euclid i. def. 17 and propis. f), 15, 2(> (Thos. Taylors ProcluB 
vol. 1. 105 ; ir. 54, 95, 143) j Diogcnc.B Laertius lib. r. cap. x. §§ 3, 0. 
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diameter. (2) The angles at the base of an isosceles triangle 
are equal to one another. (3) When two straight lines cut one 
another the vertical angles are equal. (4) A method of de- 
termining the distance of a ship at sea from the landj implying 
the knowledge of a theorem equivalent to Euclid r. 26. (5) 

The angle in a semicircle is a right angle."^ And (6) a method 
for determining the heights of the pyramids from the lengths of 
their shadows, viz. at the moment when the sun is at an eleva- 
tion of 45"* above the horlzon.f 

The fact that a theorem was attributed to Thales by his suc- 
cessors does not altogether exclude the supposition that he had 
himself received it from the Egyptians ^ and accordingly it has 
been thought that the second only of the above theorems was 
inVeality discovered by him. The theorem (5) may have been 
arrived at by the Egyptian geometers by supposing first a 
square and then any rectangle inscribed In a circle to be turned 
about within it; and it is impossible to lay much stress on (1) or 
(3). The method (4) if actu'ally known to Thales was probably 
discovered by him, but if (as has been conjectured) he was 
acquainted only with the case of the right-angled triangle, | his 
knowledge of this, as also of (6), may very well have been 
derived from the Egyptians. On the whole we may conclude 
that he probably made some advance towards that abstection 
by which the Greek geometry, in contrast with the Egyptian, 
was to be characterised ; but more than this cannot safely be 
affirmed until we are better informed as to the ^^many things” 
which he Is said to have discovered for himself. Thales was 
acquainted with the globular form of the earth, which was held 
by his school to be at the centre of the world- 


♦ This is of course the meaning of the statement that he was the first to inscribe a 
right angled triangle in a circle^ 

t Plutarch in his Symposium states the method in a form requiring a knowledge 
of similar triangles and applicable at any time of the day. The most trustworthy 
part of the story is that the method in its simpler form was used in Bgypt. It would 
serve for an obelisk, but scarcely for a pyramid. 

X This view is taken by Bretsclmeider (p. 43), who attributes (2) only to Thales 
himself. Tor a more appreciative estimate of liis contributions to gcoinclry sec 
Jlermathena vol. HI. 173, 
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580 - 600 . 


§4. The name of Pythagoras of Samos next arrests our 
attention. Although the date of his birth and his age at his 
death are variously given, he was doubtless a young man when 
Thales, of whom he was regarded as the successor, died. At 
the instigation of Thales he visited Egypt, where he resided 
many years, learned the Egyptian language and received in- 
struction from the priests. After this he is said to have visited 
or been carried captive to Babylon. Returning to Samos at a 
time when Ionia had lost her independence, he migrated thence 
to Crotona in Magna Gracia, where he gathered round him his 
exclusive brotherhood and became the founder of the famed 
Italian school ; but in course of time he was banished by the 
democratic party, and died shortly afterwards at Metapontum. 
We proceed to notice some of the chief discoveries in mathe- 
matics attributed to him, remarking however that it is impossible 
to distinguish with certainty between the discoveries of the 
master and his scholars, since the doctrines of the sect were in 
the first instance communicated only to its members, and when 
they came at length to be divulged it was the practice to 
attribute everything to Pythagoras himself. Ilippasus, who 
offended against this rule, was lost at sea for his impiety 
(lamblichus Vit Pythag. cap. 18). He had taken credit to him- 
self for the construction of the sphere circumscribed to a regular 
dodecahedron (r^v e/c twv ScoSe/ca TrevTa'ycovcov'jj whereas every- 
thing belonged to Him (elvai Se Trdvra ’E/cetVov), “ for so they 
call Pythagoras, and not by Ills name.” 

a. The sriiuo'e on the hypotenuse of a right angled triangle 
is equal to the sum of the squares on the sides containing the 
right angle. 

In honour of this great discovery, as also on some other 
occasions, Pytlnagoras is related to have offered a sacrifice. 
There is no evidence to support the conjecture that the theorem 
was known in its generality to the Egyptians, although it must 
be allowed to partake of an Egyptian character,’"’ may have 

* The Egyptian georiiftijy li;ul very lit.th; that wan of a,n ab:^t,ract or ge 
character, but; eonsiKied mainly in the eojnj)nL!ition of areiis or volume.;, and in unch 
f-'pccial coiistriictionH as are required for geomel.rieai drawing, fjf. EiKeiilohrVnHlition 
.of. the lUiiiul papyrus, puhlitihed under the t,itle /u« meikcmaiisrJu'.i^ Jlandhm'Ju (kp 
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first proved by an application of tbe Egyptian method. 
The Egyptians were acquainted with the fact that the triangle 
whose sides contain 3, 4, and 5 units of length respectively is 
right angled (Plutarch De Iside et Osiride cap. 56), which 
is a special case of the theorem of Pythagoras ; and they must 
also have been familiar with the still simpler case in which 
the right angled triangle is isosceles. To prove it for this 
case, let one square be supposed to be inscribed symmetrically 
in another. Then it is easily seen that the four triangles at 
the corners may be fitted together so as to form two squares, 
the sum of which is equal to the area of the inscribed square ; 
whence the theorem at once follows for the case in question. 

By some such method of dissection of figures the general 
theorem also was perhaps arrived at; and that it was not in 
the first instance proved by the method of Euclid might have 
been taken for granted, even without the express statement of 
Proclus in his comments upon Euclid i. 47. To prove the 
theorem generally,^' let one square inscribed in another divide 
each side of the latter into segments equal to a and h respec- 
tively, and let the side of the inscribed square be equal to h. 
Then the whole figure, being made up of and the four 
triangles, is evidently equal to H- 2aZ>. Next, by considering 
the figure of Euclid ll. 4 (omitting the diagonal), we sec that 
the outer square may also be cut up into two rectangles, each 
equal to ah^ and two squares equal to cl and respectively. 
Hence it follows that 


and therefore W is equal to cc' + 5*, or the square on the hypote- 
nuse of one of the triangles is equal to the sum of the squares 
upon its sides. Thus the theorem is shewn to be true for 
any right angled triangle. Pythagoras added a rule for finding 
triads of Integers a, 6, 7^ satisfying the relation c^ + V" = li\ The 
problem of the three squares would naturally suggest an analo- 
gous problem relating to cubes; and to a special case of the 


altt% Aegypter (Leipzig 1877), and accompanied with a German translation in a 
separate volume. 

^ The proof here given is taken from Brctschneidcr’s Die Cemnetnc (jr. p]u Ml— -2. 
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latter, the Duplication of the Cube, we shall see that the 
further progress of mathematics was indirectly to a very great 
extent due. 

5. The three angles of a triangle are together equal to two 
right angles. 

EudemuSj according to a statement of Proclus on Euclid i. 32, 
ascribes the discovery of this theorem to the Pythagoreans, 
together with a general proof of it not unlike that given by 
Euclid. But since Eutocius,^ on the authority of Geminus, 
asserts that the ancients were accustomed to prove it separately 
for the equilateral, Isosceles and scalene triangles, whilst only 
the later geometers proved it generally once for all, it has been 
conjectured that its truth may have been known even to the 
Egyptians, the general proof only being Pythagorean. Although 
the fact that the area about a point can be filled up by equi- 
lateral triangles, squares or regular hexagons, and by no other 
regular figures, is said by Proclus (on Euclid i. 15, Cor.) to 
be a Pythagorean discovery, the positive part of it must have 
been observed by the Egyptians, who must therefore have 
known that the three angles of an equilateral triangle are 
together equal to two right angles. 'Phey may also liave 
inferred the same for any right angled triangle regarded as 
the half of a rectangle; and it would then remain only to 
observe that an isosceles or scalene triangle may be divided 
into two right angled triangles. By some such process the 
theorem (by whomsoever discovered) may have been first 
arrived at; or it may have been shewn experimentally that 
the six angles of any two ttfianglcs exactly tit into the area 
about a point. 

c. The regular ^ohjlitdra. 

We have seen that the construction of the regular solids 
was attributed to Pythagoras by Pi'oclus, doubtless upon the 
authority of Eudemus. Of these five figures the tetrahedron, 
the cube and the octahedron were known to the higyptians 
and occur in their ai'cliitccture ; but it does not appear that 


Halley’s ApolVmius p. 0 ; Brctschncidcr’s D\t Geometric p. 14. 
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they were acquainted with the icosahedron or the dodecahedron. 
In the construction of the last mentioned solid the regular 
pentagon is required ; and with this the Pythagoreans were 
familiar j since they used the starred pentagram,^' formed by 
producing its ' alternate sides to meet, as a secret token of 
recognition symbolical of vyieca^ the letters n, 7 , 0 (= 

a being written at the five angles of the figure. Moreover 
we have seen [p. xxii] that the knowledge of the dodecahedron 
was said to have been possessed and divulged by the Pytha- 
gorean HIppasus. The regular solids were also called the 
cosmic figures,” the dodecahedron being taken to represent 
the material world, and the remaining four its elements of 
earth, air, fire, and water.f 

d. The afplimtion of area^. 

The TTapa^oXT] or application of areas is attributed in general 
terms to the Pythagoreans (Proclus on Euclid I. 44), and also 
to Pythagoras in particular, who is said to have sacidficed 
an ox, hrl iiaypdfLiJi,aTL,\ where the reference is either to 
this discovery or to that of the theorem of the three squares 
(Euclid I. 47). An area, according to Proclus, was said to 
be applied to a right line when an equal area was described 
upon the line as base; but the term was also used more 
generally to include the cases in which the base of an area 
placed upon a given line was in excess {vivep^oXf) or defect 
(eXXa^/r^?) of the line to which it was applied.” Although 
it has not been made out wherein consisted the importance 
of the discovery In the hands of the Pythagoreans, we shall 
see that it played a great part in the system of Apollonius, 
and that he was led to designate the three conic sections by 
the Pythagorean terms Parabola, Hyperbola, Ellipse. It is 
not however to be thought that Pythagoras or his school had any 
acquaintance with these curves, although, through a misunder- 
standing and consequent misreading of the term TrapafioXt] of 


* On the Polygones koiUs see Chasles Aperqu historique pp. 47G--87 (1875). 
t See Boeck’s Platonica corporis mundani fahrica tj-c. (Heidelberg 1809), 

X Plutarch on Epicureanism, cap. 11. See Plut. Op. iv. 1858, cd. Diibner (Paris 
1841), where the misreading irtpl toD nrapaPoKij^ occurs. 
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areas, lie lias been supposed to have anticipated Archimedes 
(whose name, as it happens, follows in the immediate context) 
in his discovery of the quadrature of the parabola. 

6. hicommensiirdbility and ^roportionJ^' 

To Pythagoras, as we have seen [p. xixj, was attributed the 
theory of incommensurable magnitudes, which may be i^egarded 
as a corollary from his theorem of the three squares (Euclid I. 47). 
He was also acquainted with the doctrine of proportion, and 
is related by Plutarch to have solved the problem, to describe 
a rectilinear figure equal to one and similar to another given 
figure (Euclid YI. 25), and on this occasion also to have offered 
a sacrifice ; but whether he completed the theory of proportion 
by extending it to the case of incommensurable magnitudes 
we are unable to say. lambllclius states that in the time of 
Pythagoras three kinds of proportion only were known, viz. 
‘4he arithmetic, the geometric, and in the third place the 
subcontrary, as it was then called, but which was afterwards 
called the harmonic by the associates of Arcliytas and Hippias.” 
Further on he remarks of the so called ^‘most perfect” or 

musical” proportion, 

a -f 5 2al) ^ 

which combines In itself the three former, that it was said to 
be a discovery of the Babylonians and to have Ix^cn brought 
by Pythagoras to Greece. To him belongs th(‘, credit of com- 
bining the hlastern scacncc of arithmetic,, winch he esteemed 
BO highly, with the hlgyptlan science of gconuitry. 

/. The, circle, 

lambUchiiSjt giving however no details, says that although 
Aristotle may not have squared the circle the [irohlem was 
at any rate solvcui hy tlie P^'^thagorcans. 'Phis prohhun, as 
we learn from the llhind pa])yru.s (cd. Els{mh)lir vol. i. 117), 
had already ciigagcul the attention cd’ tlui Mgyidians, who 
estimated the circle on a <liam(it(‘r of nimi units to h(‘. (xjual 

Rfic UrcitHc^hrieidcT pp. 75, 8.’;. 

t iSce the from Himpliciiis oil Arj:.l.ut If hy dor, ji. lOS. 



SECTION I. 


- xxvu 


io the square on a line containing eight, thus making tt equal 
to Having regard to the perfect symmetry of the sphere 
and the circle, Pythagoras speaks of the one as the most 
beautiful of solids and the other of plane figures (Diogenes 
Laertius lib, Viir. cap. 1)5 but there is no ground for the 
statement sometimes made that he speaks of the circle as the 
maximum plane figure having a given perimeter and of the 
sphere as the maximum solid having a given surface.^ 

§ 5. The further development of geometry was due in great Loci, 
measure to repeated attempts to square the circle, to trisect 
an angle and to duplicate the cube, which led to the discovery 
of various geometrical loci. • Thus Pappusf ascribes to Dinos- 
tratus and Nlcomedes the use of the qnadratrix for squaring 
the circle ; and Proclus (on Euclid I. 9) relates that Nlcomedes 
trisected a given angle by means of the conchoid (of which 
he had himself discovered the genesis and investigated the 
properties), others used the quadratrix of Hippias or Nicomedes 
for the same purpose, whilst others by means of the spiral of 
Archimedes divided a given angle in any given ratio. The 
problem of the duplication of the cube, as we shall see, was 
solved by the intersections of parabolas or other conics, and 
perhaps actually led to the discovery of the sections of the 
cone. It is to be noticed that the construction of such a curve 
as, for example, the quadratrix implies the conception of the 
idea of a Locus^ of which before the time of the above mentioned 
Hippias of Elis, a contemporary of Socrates, there is no trace, 
although the idea must have presented itself in a rudimentary 
form in the construction of a circle by the most obvious method. 

The earliest writer on loci was Hermotimus of Colophon, one 
of the successors of Eudoxus [p. xix]. 

§ 6 . Hippocrates of Chios is referred to by Aristotle (Mi/m nippocrato 
Eudem, VII. 14) in illustration of the fact that there are persons ‘lod^ko. 
who are wanting in intelligence in some respects although not 


* Eor an actual mention of these theorems sec Pappus Colkctio lib. V. (voL L 
pp. 316, 350 ed. Hultsch). 

t Colkctio lib. iv. prop. 25 (vol. i. 251, ed. Ilultsch). 
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in others. The geometer shewed his simplicity by allowing 
himself to be defrauded by the douaniers of Byzantium ; or, 
according to Johannes Phlloponus, he was robbed by pirates, 
went to Athens to obtain redress, there frequented the schools 
of the philosophers and made such progress in geometry that 
he ventured to attack the problem of the quadrature of the 
circle. It is related by lamblichus that Hippocrates was 
expelled from the school of the Pythagoreans for having taught 
for hire. 

Hippocrates is celebrated as having reduced the problem 
of the duplication of the cube to the simpler form in which 
it was thenceforth attempted by geometers. By the duplication 
of the cube vras signified the construction of a cube of twice 
the volume of a given cube: a problem which may possibly 
have first presented itself in architecture, or may have arisen 
speculatively in the course of an attempt to find an analogue 
in space to the Pythagorean property of squares (Euclid X. 47 ). 
Eutokius, commenting upon the second book of Archimedes 
Be Bjohcera et GylindrOj adduces a series of solutions of the 
problem, including the solution of Eratosthenes given in his 
letter to king Ptolemy II. together with a twofold tradition as 
to the origin of the problem (Archimedis Op\ p. 144 , cd. 
TorelH). Minos of Crete, according to one of the ancient 
tragedians, ordered a sepulchre for his son Glaucus, and then, 
deeming the proposed dimensions of the (cubical) structure 
inadequate, directed the architect to make it exactly twice as 
large. At a later period — so the story runs—tlic people of 
Delos, in time of pestilence, were commanded to construct a 
new cubical altar twice as large as one already existing, and 
accordingly at their request the philosophers of the Academy 
set to work to solve this solid problem” [p. xxxiiij, which 
was found to ti’anscend the power of the known geometry of 
the straight line and circle. Jt involved in efiect the extraction 
of a cube root, or llie solution of the cubic ecjuation 
Hippocrates reduced it to the problem of limling a pair of mean 
proportionals to two given magnitudes a and />, that is to say, 
of dctcimxining x and y so as to satisfy the relations, 
a : x=^x : y = y : 
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whicli evidently Imply also the relation It does not 

appear that he himself carried the solution any further, but the 
problem was afterwards attacked in this form by geometers, 
and in particular It was solved by Mensechmus In two ways with 
the help of the conic sections, of which he was the discoverer. 
The problem of the duplication of the cube went by the name of 
the Delian Problem owing to the above mentioned tradition con- 
necting it with one of the altars at Delos. 

Hippocrates is also celebrated as having, in his attempts to 
square the circle, quadrated the lunule contained by the cir- 
cumscribed semicircle of an isosceles right angled triangle and 
the semicircle described outwards on one of its shorter sides as 
diameter. By an extension of his method it may be shewn 
that the circumscribed semicircle of a scalene right angled 
triangle contains with the semicircles described in like manner 
on its two shorter sides two lunules which are together equal 
to the area of the triangle ; but It does not clearly appear that 
the theorem In this more general form is rightly ascribed to him. 
In his further attempts to square the circle, he succeeded only in 
shewing that the problem could be solved if the lunule bounded 
by an arc equal to a sixth part of the circumference and the 
semicircle described outwards upon the chord of the arc as 
diameter could first be squared. All this is fully discussed In a 
passage of Simplicius,^ a commentator on Aristotle, which is 
given at length by Bretschneider, pp. 100—121. Simplicius 
gives a long extract from Eudemus, interspersed with references 
of his own to Euclid, from which it appears that Hippocrates 
made use of the following propositions in his researches- (1) 
Circles are to one another as the squares of their diameters. 

(2) Similar segments (defined as those which are the same 
fractional part of the circumference) contain equal angles. And 

(3) similar segments are to one another as the squares of their 
bases. It is possible, as has been suggested, that by the angle 
in a segment he means the angle subtended by the chord of the 
segment at the middle point of its arc, not knowing that the 
angle subtended at any point of the arc is constant and equal to 


Simplicius, on Aristotle De physica axiscultatione^ fol. 12a (Yenetiia 152G). 
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half the angle at the centre ; although iirima facie it would 
appear that, knowing already so much, he must have been 
acquainted with this also. 

§7. The same passage of Simplicius contains an account 
of the method by which Antipho, perhaps the well known 
opponent of Socrates, attempted the quadrature of the circle. 
He 6rst inscribed say a square in the circle, then (bisecting 
each quadrant) an octagon, then a 16-gon, and so on continually, 
till at length he supposed a regular inscribed polygon to bo 
arrived at, having an infinity of infinitesimal sides, which was 
to be regarded as coincident with the circle. Although his 
principles were regarded as unsound by the ancient critics, ho 
had in fact introduced the fundamental idea of infinitesimals 
into the geometry of curves, and had virtually proved (1) that 
the areas of circles are as the squares of their diameters — as 
his contemporary Hippocrates had also somehow arrived at; 
and (2) that their circumferences are proportional to their 
diameters. On the quadrature by Bryso, a contemporary 
sophist, who regarded the circle as intermediate to an inscribed 
and a circumscribed n-gon, and then applied the method of 
Antipho, see Bretschneider’s Die Geonu vor EuM. pp. 120 if. 

§8. Plato, although not greatly distinguished fbr his own 
discoveries in geometry, became tlic founder of a school which 
was soon to carry tin; science to unknown heights. He indeed 
devised an organic solution of the problem of the two mean 
proportionals, depending upon a double a[)plication of a pro- 
perty of the right angled triangle, and gave a rule of his own 
for constructing right angled triangles having tlufir sides com- 
mensuraldc (Proclus on Euclid i. 47); but he remhired far 
greater service to geometry by bis systematic; treatnumt of its 
definitions and primary ideas, and by the Iinpidst; whi(;h Ik; gave 
to the study amongst his dis(;iph;H by Insisting upon a knowhslge 
of it as a prcre([uislle for nietaphysi(;al spe.eulatiou, writing up 
(as it is said) b(!f{>rc his vcistibuh;, [xifbds (iyc(ojLih()‘r}To<; clairm 
f.iov T)]V arcyrjv. do Ifiatu arc* altributKd the prepositions 
Euclid VIU. 1.1, 12. One of his disciples Thea;tetus, who had 
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been led by him to the study of incommensurable quantities 
in connexion with proportion, became the author of the propo- 
sitions Euclid X. 9, 10. Another, Mensechmus, developed the 
germs of stereometry received from him and was led, in what 
way we can only conjecture, to the discovery of the conic 
sections, which is sometimes erroneously attributed to Plato 
himself, owing to a misunderstanding of the term lOfxrjv^ 
the section^ in a passage quoted above from Proclus [p. xlx], 
where it refers not to the cone but to the right line. Archytas 
of Tarentum, a contemporary of Plato, propounded a solution of 
the Delian problem, and Is said to have been the first to apply 
the method of organic description to geometrical figures; a 
method which Plato (notwithstanding his own application of it 
as above mentioned) condemned, as tending to materialise 
geometry and bring it down from the region of eternal and 
incorporeal ideas. It was one of his sayings, tov 6gov ael 
fyecofMETpeLi/, which Plutarch discusses in his Qucest, Conviv. 
lib. VIII. q. 2. Plato is said (Diogenes Laert. lib. ill. cap. 1) 
to have introduced the method of geometrical analysis, and to Analysis, 
have communicated it to Leodamas of Thasos. 

§9. Mensechmus,* a hearer of Eudoxus and contemporary Meruechmu!: 
with Plato, is expressly said by Proclus (on Euclid I. dcf, 4), sso-aso. 
upon the authority of Geminus, to have been the discoverer 
of the conic sections, which were accordingly at first named 
after him the Mensechmian triads” [p. 194], He also applied 
them in two ways to the solution of the problem of the two 
mean proportionals [pp. 45, 189], to which the Delian problem 
had been reduced by Hippocrates of Chios. It remains to 
consider wdiether he in the first instance regarded tlie curves 
in question as plane loci or as sections of a cone. In favour 
of the former view it may be urged that, as geometers before 
and after him were led to the discovery of the quadratrix, 
the conchoid and other plane loci in their attempts to square 
the circle or trisect the angle, so Menajchmus may have dis- 


The anecdote which brings Menreclimns into relation with Alexmider tlie CJreat 
[p. xx] is consistent with the supposition that lie wais a younger cuiiteinjiorary of 
Plato. 
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covered his triad of curves ia considering by means of what 
loci'^ the construction of a pair of mean proportionals to two 
given magnitudes might be effected. This implies the use of 
the method of geometrical analysis, which was said to have 
been discovered by Plato [p. xxxi] ; and accordingly, we find that 
Eutokius, who gives in detail the two solutions by Mensechmus 
of the problem of the two means (Archimed. Op. pp. 141-2, 
ed. Torelli), represents him as having employed the method 
in both cases. But it is more important to notice that it was 
used by Eudoxus, of whom Mensechmus was a hearer [p. xix], 

(1) The problem being to find the two magnitudes x and y 
which with two given magnitudes a and 6 constitute the con- 
tinued proportion 

a : x^x : y — y : &, 

it was seen that the relations x^ = ay and y^ = lx were to be 
satisfied. Being then, as we have seen reason to conclude, 
already familiar with the idea of a locus, Mensechmus had 
virtually discovered the parabola regarded as the plane locus 
determined by the relation = ay, and it was evident that 
by the intersection of two such curves the required construction 
could be effected [p. 45]. 

(2) In his second solution of the problem be makes use of 
a parabola and a rectangular hyperbola [p. 189], the latter emwe 
being regarded as possessing the property that the product 
of the distances of any point on it from the asymptotes is 
constant; wlicnce it is inferred by Bretsclm eider [Out (h>mh. 
vor JEii/cL p. 1G2) that the asymptotes of the hyperbola must 
have been discovered very soon aftiT the curve itsedf became 
known. But wlicn we consider that the assumed relations, 

a : X ^ X : y y : hj 

are evidently equivalent to xy^ah and it commends 

itself as a not less simple hypothesis that, having already formed 
the conception of the curve a/'' — ay, Mcmeclnmis was further 
led by the conditions of the problem to attempt tlui construction 


* Wo luivc Boen, from his rioiiuaintruioi^ with <ju:ulral.rix, that, UiuoBtratuH, the 
brothor of MenjcchiuuH — not to iiionUou Hippiaa t»f Klia in the premJmg century — 
miwt liavc been familiar with the idea <»f a lucua (p. xxvii j. 
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of the curve satisfying the relation xy^ah. This at any rate 
seems to be the only property of the hyperbola with which he 
can be safely assumed to have been acquainted. The ellipse 
does not occur in either of his solutions. To construct his loci 
he may now have had recourse in the first instance to the 
organic methods reprehended by Plato,* * * § not at first perceiving 
that they could be more simply constructed by cutting the right 
cone by planes. It is less natural to supposef that after the 
discovery of their genesis from the cone Menaechmus, or his 
followers, should have thought It necessary to trace them by 
mechanical appliances, of such a nature as to be almost Immedi- 
ately rejected and forgotten. But even If he never so traced 
them, he may still have discovered them as plane loci. Their 
actual description^: was felt to be a difSculty many centuries 
later. 

§ 10. The conic sections, in whatsoever way first discovered, 
soon came to be regarded as solid loci,” and problems which 
required them for their solution were called “solid problems.” 
The first writer on the subject was Arlstseus the Elder, who 
distinguished the three conics as the sections of the acute-angled, 
right-angled and obtuse-angled right cones respectively by 
planes drawn at right angles to their sides [p. 195], He is 
said by Pappus|| to have written five books of Conic Elements, 
and five (In continuation ?) upon Solid Loci,§ thus preparing the 
way for the work of Euclid on Conics. He also instituted a 
comparison of the regular polyhedra,^ to which Euclid may 
have been indebted in the thirteenth and last book of his Elements. 
We assign to Arlst^us the date B.c. 320, to indicate that he 
was intermediate to Euclid and MensBchmus. 


* Plutarcli Qucest. Conviv. lib. viir. q. 2 ; Vita MarcelH, cap. 14. 
f Bretscbneider Die Geom. vor EuJcL p. 143. 

X Eutocius (on Apollonii Co7iica i. 20, 21) remarks that it was often necoasary, 
Bia ^Tropiav tuju opyavtov^ to describe a conic by points, and that this might bo 
done by means of the relations = px, &c. 

11 Collectio lib. vii. § 29 &c. (vol. ii. 672—6, ed. Hultsch). 

§ Viviani [p. 221], in a Secunda clivinatio <^c. (Florent. 1701), attempted to restore 
the Loca Solida of Aristseus, 

t See prop. 2 of the so-called 14th hook of Euclid’s Elements, 
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§1. The birthplace of the geometer Euclid, sometimes 
confounded with his namesake of Megara, is unknown. He 
lived under the first Ptolemy (b.c. S23-284), about two centuries 
after the death of Pythagoras ; and we find him establislied at 
Alexandria, “etwaim Jahre 308, als den ersten Matheniatikcr 
seiner Zeit.”* Of the various lost works attributed to him we 
may mention (1) his treatise on Conics^ which formed the 
nucleus of the great work of Apollonius, and (2) the three 
books of Ponsms^ to which we shall again refer in speaking of 
Pappus. His or Elements was written in thirteen 

books, to which a fourteenth and a fifteenth (by llypsicles of 
Alexandria) are sometimes appended. The liooks l-G are too 
well known to need description. .Hooks 7~9 are on tlie ])ro- 
pertics of numbers; book 10 on incommensurable magnitmhis ; 
and books 11—13 on stereometry. Book 10 cominenees witli 
the proposition, that If from the. 'HKvjor of two (jirrii VKiiinitmles 
more than its half he taken aioa.y.^ and from the. remainder 'more 
than its half and so on continiKdli/ : a Tvniaindrr will at lenfjtk 
he arrived at which is less than the minor (jiven maifnitude, 
Blnec the minor given magnitude may be assumed to be as 
small as wo please, the proposition is seen to embody the id(‘a 
of convergent series and th(‘. prineipbi of the ^^metinxl of ex- 
haustions.” ^Jlie book ends with the proposition tliat tlui 
diagonal and the side of a sipiare are inooininmisurable. Tlui 
r2th book coulalns applicatiuns of the nujtbod of exhauslions 
to plane and solid figures, and it is hIuswii that th(‘ areas of 


Sin; I'.lui'i!/. < Kudid uml ndn Jithrkundtrl p. V t. Math, li. 

Pliyi-uk. iStippi i, IsiiTj, 
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circles are as the squares of their diameters (prop. 2), every cone 
is the third part of a cylinder having the same base and altitude*^ 

(prop. 10), and the volumes of spheres are as the cubes of their 
diameters (prop. 18). In the 13th book, which is a sequel to 
the 4th, it is shewn that there are but five regular polyhedra, 
such as can be inscribed or circumscribed to a sphere. The 
editio princess of the '2rotx^ta was published at Basel in 1533 
[p, 82] : the Arabic version at Borne in 1594. The Oxford 
Grseco-latin edition, by David Gregory, of the extant works of 
Euclid was issued in 1703: it contains the Elements, Data, 
Introductio Harmonica, Sectio Canonis, Phsenomena, Optica, 
Catoptrica, De Divisionibus Liber, De Levi et Ponderoso 
fragmentum. Notice also Peyrard’s Les (Euvres d'Enclide^ en 
grec^ en latin et enfmngais (Paris 1814—18). 

To what extent Euclid was himself a discoverer we are 
unable to say, but in his Elements he is to be regarded mainly 
as a compiler. His system as a whole must however have been 
more or less original in its conception ; and the best testimony 
to its superior method and completeness is the subsequent 
neglect and disappearance of the cognate works of his pre- 
decessors. But his work, although the most ancient on the 
'StToixeta still surviving, must not be supposed always to 
preserve the most ancient methods of proof. Thus the theorem 
of Thales (Euclid i. 5) cannot have been first proved in the 
manner of Euclid ;t whilst Proclus expressly states that the 
theorem of Pythagoras was not originally proved as in 
Euclid I. 47. It was also perhaps first shewn more briefly than 
by Euclid that circles are as the squares and spheres as the 
cubes of their diameters. 

§ 2. Archimedes of Syracuse was born in the year 287 b.C.]: Archimedcn 
According to Plutarch ( Vita Marcelli cap. 14) he was related 


* TMs theorem, as we shall see, was discovered by Eudoxus [p. xxxviii] . 
t The more direct way of deducing it from prop. 4 is mentioned by Proclus, in 
connexion with the name of Pappus. 

t Notices of the life and works of Archimedes (and of Apollonius) arc contained 
in Cantor’s Euclid u. s. Jalirliundert. See also Heilberg’s article on his knowledge 
of the KegelsclniUe in the Zeitschr.f. Math, u. Phjsik (April 1880). 

C2 
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to king Hiero, whilst Cicero on the other Iiand speaks of him 
as “hiimilem homuncuhim” {Tusc. Dwp. lib. V. cap. 23). He 
was a master not only of geometry, but also of theoretical and 
applied mechanics. By his scientific conduct of the defence of 
Syracuse against the Bomans the siege was protracted for two 
years, till at length the city was carried by a surprise from the 
land side, and Archimedes fell by the hand of a soldier (212 B.c.). 
His grave was marked by the figure of a sphere inscribed in a 
cylinder, in commemoration of his most cherished discoveries, 
and by that sign it was recognised by Cicero in the course of 
his quosstorship in Sicily. His works, according to the Grajco- 
latin edition of Torelli (Oxon. 1792), arc as follows: 

(1) De Planorum JEquilihi'us,^ Two books, with the tract 
Quadratura Pardboles placed between them (pp. 1—60). 

(2) De Bplicem et Gylindro. Two books (pp. 61—201). 

(3) Circuli Bimensio (pp. 203—216). 

(4) Be Helicihus (pp. 217-255). 

(5) Be Conoidibus et Bpheeroidihus (pp. 257-318). 

(6) Arenarius (pp. 319-332). 

(7) Be its quee m Ilurnido veliuntm\ Two books, in Latin 
only (pp. 333-354). 

(8) Lemmata^ translated from the Arabic (pp. 355-361). 

(9) Opera mecJianica^ ut cujusque mentio ab anticpiis scrip* 
toribus facta est (pp. 363—370). 

We learn also from one of the scattered notices of ArcliIrncdeB 
in the Collectio of Pappus (lib. Y. §34 voL I. p. 352, ed. lIultHcli) 
that he discovered thirteen scmi*rcgular polyhedra, bounded by 
regular but not similar polygons— one of them, for example, 
by 20 triangles and 12 pentagons, anotluir by 30 sfjoarcs, 20 
hexagou.s and 12 decagons. But his greatest achiev<inHtnts in 
geometry were liis approximate quadrature an<I rcctific.atiou of 
the circle, his quadrature of the parabola,, and his applications of 
the method of exhaustions to tint quadrics of revolution. 


To tin's tvuatise aud to (‘J) and (.'Ij arc uccinidt'd tlr.! 
of Ascalon (5-j() a.d,). 


of i‘Ailuc:Ius 
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§3, In the introduction to his treatise TerpaycovLo-fio^ 
as later scribes have entitled it, Archimedes 
remarks that none before him, so far. as he knows, has attempted 
to quadrate the segment cut otF by a right line from the section 
of a right-angled cone,” for so he calls the parabola [p. 195]. 
His theorem, which was first arrived at by mechanical con- 
siderations and afterwards proved by pure geometry, is stated 
as follows : 


The segment contained by any right line and the section of a 
right-angled cone is egual to foui'-‘thirds of the triangle which has 
the same base and altitude as the segment 


a. In the mechanical proof he shews first that a triangle 
CDE suspended from a lever of equal arms AB and BC^ so as 
to have its side DE vertical and in a line with the fulcrum /i, 
is balanced by an area equal to one-third of its own suspended 
from A (prop. 7); and that the parallel sided trapezium cut off 
from the triangle GDE by two vertical lines drawn at horizontal 
distances h and k from B is balanced by an area suspended at A 


intermediate to and of the trapezium (prop. 13). 


1 

BG 


Lastly, supposing a parabolic segment on BD as base to be 
suspended with its vertex downwards, he arrives at the required 
quadrature by successive applications of the foregoing theorems 
after the manner of the method of exhaustions. 


5. The following is a summary of his second and purely 
geometrical proof of the same theorem (props. 20—24). If B 
be the vertex [fig. p. 58] and QQ the base of a segment of a 
parabola, the triangle QPQ is greater than half the segment. 
Take away this triangle from the segment, and from the 
remaining segments PQ and PQ take away their corresponding 
triangles, and from the four remaining segments tlicir corre- 
sponding triangles, and so on continually. Thus at length 
(fiuclid X. 1) we arrive at a remainder less than any assignable 
magnitude.* Now the sum of all the above mentioned triangles 


By this continual subtraction the area of the segment is at length nxaunUu!, 
Hence the term “ method of exliaustions,’- 
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f 7 + 4 +...+ i'l ^PQQ\ and the limit of this when n 
V 4 4 4 / 

is infinite is -^C^FQQ\ which is accordingly the area of the 
segment. Notice that at the end of prop. 3 he alludes to an 
existing treatise on Conics : These things arc proved eV toZ? 
'KmviKOL<; as he does again in De Conoid, et 

Sphceroid. props. 3, 4. There is no reason to think, as some 
have done, that he is referring to a treatise of his own.* 

The sphere. g4. In the introductions to some of his treatises, Archimedes 
refers to what had been done by earlier geometers. Thus in 
the introduction to the Quadratura Parahohs (p. 18), having 
stated as bis primary lemma, f that the excess of one magnitude 
over another may he continually added to itself till the sum exceeds 
any assigned magnitude^ he remarks that it had been applied by 
those before him, viz. to prove that circles and spheres are as 
the squares and the cubes respectively of their diameters, and 
that any pyramid or cone (Euclid xii. 7, 10) is the third part of 
the prism or cylinder Iiaving the same base and altitude. In the 
introduction to De Splicer a et Cylindro lib. T. (p. G4), he gives 
the important information that the cubatures of the pyramid and 
the cone (Euclid xri. 7, 10) were discovered by Eudoxus.J: 

365. These properties preexisted in the figures, ])ut (though many 
notable geometers lived before Eudoxus) no one had discovered 
them. In like manner, none before Archimedes had discovered 
that the surface of a splierc is equal to four times the area of 
one of its great circles (prop. 35) ; the volume of a sphere to two 
thirds of the circumscribed cylinder having the same altitude, 
and its surface to two thirds of that of the cylinder (prop. 37); 
the surface of any segment of a sphere to the area of the circle 
whose radius is tlic Hue from the vertex of the s(^gmcnt to any 
point on its base (props. -hS—l)); and the volume of tlie solid 
sector deterraiued by any segment to the cone whose base and 


♦ Goinparc the intrcxluctory niinarki of Mutociuji on Apolhuiii (Mnim (p. 8, <id 
Halley). 

t See also Ik JJdkUms (p. 2‘JO). 

X Eudoxus of CnitluH iluuriHluMi in the lO.'Ird Oiyiiipiuti, and died aiKud, o 57 ICC., 
siccordinj^ to Brelschneider Jllr (ivum. rur EuLI. j>. KJ.'h 
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altitude are severally equal to the surface of the segment and 
the radius of the sphere (prop. 50). 

In lib. II. it is proved that the volume of any segment of a 
sphere is equal to that of a cone of certain altitude described 
upon its base (prop. B) ; and the theorems now established are 
applied to solve the problems ; to find a plane area equal to the 
surface of a given sphere (prop. 1), to describe a sphere equal 
to a given cone or cylinder (prop. 2),* and to divide a given 
sphere into segments whose surfaces or volumes shall be in a 
given ratio (props. 4, 5). 

§5. In the Circuli Dimensio it is shewn, that any circle is 
equal to the right angled triangle whose sides about the right 
angle are equal to the radius and the circumference of the circle 
(prop. 1) ; a circle is to the square on its diameter as 11 to 14, 
approximately (prop. 2); and that the circumference exceeds 
thrice the diameter by a fraction of it less than -f and greater 
than (prop. 3). These last results are obtained by regarding 
the circumference of a circle as intermediate In length to those 
of its circumscribed and inscribed 96-gons. Thus we see that 
Archimedes treated the problem both as a quadrature and a 
rectification of the circle; and he shewed, not only that tt is 
nearly equal to but that it is less than 3^ and greater . 
We may therefore fairly say that his approximation was exact 
to three places of decimals, since the mean of his two limits 
gives TT equal to 3.1418 &c. The approximation in the Ehind 
papyrus makes it greater than 3.16 [p. xxvi]. 

§6, In the treatise De Eelicihus he defines his helix or 
spiral {r==ad) as generated by the double motion of a point, 
which moves uniformly outwards from a fixed origin, in the 
direction of a radius vector which itself rotates uniformly about 
that origin. Supposing the generating point to start from the 


* A solution of tlie problem of the two mean proportionals being here pre- 
supposed, Eutocius (pp. 135-149) gives the methods of Plato, Hero, Pliilo of 
Byzantium, Apollonius, Diodes, Pappus, Sporus, Menmdimus, Ardiytas, Erato.stlicnes 
and Nicomedes, rejecting that of Eudoxus (pp. 135, 149), perhaps for insufiident 
reason (Bretschneider Die Geom. vor Euhl. p. 1G6). 


Circuli 

dimeasio. 


Spiral of 
rciuraedes 
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origin 0 and to arrive at the point A after n complete revo-' 
lutions of the radius vector, he shews that the Intercept made 
by the tangent at A upon the radius vector at right angles to 
OA is equal to n times the circumference of the circle described 
with OA as radius (prop. 19), thus effecting the rectificMion and 
quadrature of the circle with the help of his spiral; and in 
prop. 20 he proves the corresponding theorem for any other 
position OB of the radius vector.*^* The quadrature of the 
spiral is determined in props 24-28. From the introduction tc 
this treatise we learn that there were other able geometers in 
the time of Archimedes, with whom he was in correspondence ; 
and that there were also pretenders addicted to claiming more 
than their due, for whose discomfiture he propounded fiilsii 
theorems, of which examples are given (p. 218). 

His spiral affords the simplest illustration of the generation 
of curves by an angular compounded with a linear motion, 
according to the idea of Plato, who ^‘establishing two most 
simple and principal species of lines, the right and the circular, 
composes all the rest from the mixture of these” (Proclus on 
Euclid I. def. 4). Dcsargucs (1639 a.d.) throw out the sug- 
gestion that a conic might be thus described, but assigned no 
law of movement.t On Kobcrval’s rule for drawing the 
tangent to a curve at any point, regarded as the lino of the 
resultant of all the movements of the point, see Chaslcs’ Agmri^u 
liistonqiie p. 58 (1,875). 

The conoiciB. §7. The boolc Dc Gonoidihm et Bplimroidilfm contains 
various theorems on the cubaturc of the (puidrics <,)f revolution, 
the sphere having been already (hialt with in a stqniratc work. 
The figure generated hy the rotation of a “ section of the right 
angled cone” about its axis, that Is to say, the paraboloid of 
revolution, is called the right angled conoid; the hyjierboloid 
of revolution is called the obtuse anghul conoid ; but the “ acute 
angle conoid,” as It should be called, is more l,>ritdiy termed the 


* Thiu/iri cai'd, 1u; Urn of Uu; ui between 

OH und till! iu tiu; ciirvi* at. /*!. 

t Toiulra (Kvnm ik v<jl i. ^17, ‘Jff.S, 
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spheroid. It is shewn that the areas of ellipses are as the 
products of their axes (prop. 7) ; that an infinity of right cones 
or cylinders can be drawn so as to contain a given ellipse 
(props, 8 -10) ; and that the plane sections of the conoids and 
and spheroids are conics (props, 12-15). The book concludes 
with a series of propositions on their cubature (props. 21-34), 
which are proved by a process closely related to the method 
of integration. 

§8. The method of exhaustions employed by Euclid 
Archimedes involved a tedious reductio ad ahsurdum^ and was 
perhaps first elaborated as a means of mrijication rather than of 
discovery. The idea of regarding a curve as a limiting form of 
polygon was propounded, for the case of the circle, by Antipho 
[p. xxx], in the fifth century B.C. ; and the fact that circles are 
as the squares of their diameters was thus rendered intuitive, 
presupposing only a well known relation between the areas of 
similar rectilinear figures. As regards this property of circles 
and the analogous property of spheres, the proofs given by 
Euclid may be supposed merely to have established more rigidly 
what had been already divined by a summary process ; but the 
use of the method of exhaustions was more apparent in the 
actual evaluation of volumes and areas. Granted, for example, 
that a curvilinear plane area might be regarded as divided into 
rectilinear elements by an infinity of consecutive ordinates, the 
summation of its elements could not well have been effected 
directly before the invention of some form of algebraical calculus. 
Instead of regarding the small elements of a curve as ulti- 
mately rectilinear, the ancients would (in the case supposed) have 
proceeded somewhat as follows. Project every ordinate upon 
the next before and the next after It by parallels to the axis of 
abscissae : thus two sets of parallelograms are constructed, to 
which the area of the curve is intermediate: suppose the difference 
between the two sets to be indefinitely diminished by increasing 
the number of ordinates, and then apply the method of reductio 
ad ahsurdum^ as above mentioned. For actual cases of the 
subdivision of surfaces by parallel planes, and their cubature 
by this method, see Be Conoid, et Sjohceroid, props. 21-24, The 


Method of 
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stereometrlcal work of Archimedes "was revived and continued 
by Kepler, whose Nova Siereometria prepared the way for the 
modern forms of the infinitesimal calculus. 

§ 9. Apollonius of Perga was born in the reign of Ptolemy 
247-205. Eiicrgetcs (247-222 B.C.), studied at Alexandria under the 
successors of Euclid, and flourished in the reign of Ptolemy 
Philopator (222-205 B.C.). Of his various works'^- the most 
famous was the KcoviKa^ which gained for him (according to 
Gemlnus)t the title of the Great Geometer. In the account of 
this work given by Pappus, J it is divided into two tetrads of 
books, the former founded on Euclid’s four books of Co'nicSj and 
the latter supplementary to them. Apollonius in like manner, 
in his introductory letter to Eudemus, draws a distinction 
between books 1-4, which he describes as elementary, and the 
remainder, which were TrepiovcrLacrTifcdoTepa^ at the same time 
pointing out that the former also contained very much that was 
new. The Oxford edition by Halley (1710) contains books 
1-4 with the commentary of Eutocius, in Greek and Latin 
(pp. 1-250); and in a second part, books 5-7 translated from 
the Arabic and lib. vin. ‘‘ rcstitutus” (pp. 1-171). The volume 
concludes with the two books of Screnus on the Cylinder and 
the Cone, in Greek and Latin (pp. 1-H8). The contents of the 
several books of the Conics of Apollonius arc specified below. 
The most striking evidence of his geometrical power is allbrdcd 
by the fifth book, in which he solvc.s the problem of drawing 
normals to a conic from an arbitrary point in its plane, and 
evaluates the coordinates of wliat wc call the Centre of 
Curvature at any point of a conic. To have worked out such 
results with the means at his dispersal is an acduevement not 
unworthy of the greatest of geometers in any age.. 

(a) Book I. A conical siiperliides is defined as the surface 
generated by an infinite right line, which passtis through a 
fixed vertex and moves round the c.inamdcrence of a given 


^ Seo Uk; iiotiros in Un; of Tappii.; ; and cf. Uunior’a ICacHd u. $, 

Jahidmulu't [»p. M 04. 

t i,l alley V, Apolluiiii ('unku p, 0. lived uimul, 100 is.c, ((lantor j>. 52). 

X Colhiio lib. vn. §.‘J(J (vol n. ]i. 072, L’d. i lull. ■eh;. 
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circle : the term Cone is used specially of the finite portion of 
the superfices between the vertex and the circle or base. The 
Axis is the line from the vertex to the centre of the base. The 
plane through the axis at right angles* to the base cuts the 
cone and its base in a triangle, which is called the triangle 
through the axis;” and every chord of the cone at right angles 
to the plane of this triangle Is bisected by it (prop. 5). Any 
plane at right angles to the plane of the triangle through the 
axis meets the conical surface in general in one of the three 
curves formerly distinguished as the sections of the right, obtuse 
and acute angled cones respectively. These names being thus 
found to be inappropriate, others have to be suggested in their 
place. The new names may be briefly explained as follows 
[p. 82]. The Parabola is so called because at every point of it, 
if p be the parameter, is equal to px ; the Hyperbola because 
f is greater than px ; and the Ellipsef because is less than 
px (props, 11-13). He is now practically independent of the 
cone, and starts afresh from the relation between the ordinate 
and the abscissa. See also props. 20-21. It is shewn later in 
the book, that the tangent to a conic at any point and the 
ordinate of the point to any diameter divide the diameter 
harmonically (props. 34-38) ; and lastly a construction is given 
for describing two conjugate hyperbolas with a given pair of 
conjugate diameters (prop. 56), 

In the use of coordinates^ by the ancients, — as for example 
by Apollonius In this book, and In a more striking way in his 
fifth book — the form of procedure was strictly geometrical 
throughout. Hence we see more clearly the importance of the 


* After prop. 5 tliis plane is called briefly “ a plane through the axis.” There is 
the same laxity of statement in def. 10, where the right line bisecting a system of 
parallel chords of any curve line (Trdartjs in one plane is defined 

as a diameter ; whereupon Eutocins remarks that he rightly adds in piano ^ to exclude 
the cylindrical helix and the sphere. 

t If the three conics were first discovered in the order in which Apollonius 
(perhaps following Euclid and Aristseus) here introduces them, this tends rather to 
support the conjecture that they were discovered in piano [p. xxxii], since tho 
contemplation of the cone, which was regarded as a finite figure (Euclid xi. def. IS), 
would have revealed the ellipse first instead of last. Geminiis (Proclus on Euclid X, 
def, 4) called the ellipse Bupso^, from its shape. Of. cissoid, conchoid, cardioid. 

J The term ordinate was derived by translation from the Greek. 
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Trapa^oXri of areas [p. XXV.]. In its simplest form this 
amounted to finding the line which in conjunction witli a given 
line determines a rectangle, or other parallelogram (hAiclid i. 44), 
of given area, which corresponds to the algebraical division of a 
given product by one of its- factors. A further use of the term 
occurs in the determination of the foci of a central conic which 
Apollonius calls ‘4he points ainslng etc rf/? 7rapa/3a\779,” pimcta 
ex applicatione facta. Here the problem is to divide the axis 
into segments whose product is equal to the fourth part of “ the 
figure” [p. 82], or to determine x and y from the relations 

y = and xy — V\ The application to a given line of a 
parallelogram deficient or exceeding by a parallelogram similar 
to a given one is the subject of the propositions Euclid VI. 
27—29. For an extension of the method to an indefinite mries 
of magnitudes, see Arclunicdes De Conoid, et Splimroid, prop. 3. 
Thus the “ application” of areas, so far as it went, was to the 
ancient geometry wliat algebra, which deals with products and 
factors, is to the geometry of Descartes. 

(/;) Book ir. The asymptotes arc thus defined: on the 
tangent to a hyperbola at any point P tak{3 PT and PT, each 
equal to the parallel semi-diameter ; then the lines (77’ and OT\ 
and these alone, being produced to infinity, do not nuict but 
approach indefinitely near to the curve (t>ro[)s. 1, 2, 14). 
Through a given point a hyperbola can be drawn so as to have 
a given pair of liiuis for asymptotes (prop. ^1). The opposite 
intercepts made on any straight line by the curve and its 
asymptotes are equal to one another, and the produe.l of two 
adjac'.ent int{U*e,e[)ts is e(jiial to the H(juare of tluj parallel semi- 
diamet(u- (props. 8- 11). ’filie produet of tlie distances of any 
point on the hyjxjrbola from its asymptotcis is consta,ut (prop. 12). 
A line paralhd to an a.syinptote nuaits tlui curve in ano. point 
only (prop. l‘>). d’lie tangamls to conjuga{(i Iiy[Kirbolas at tiio 
extremities of any two (a>njngate s{mn-diaiiicters on quo 

or otlusr of tint asyniptot(‘s (prop. 21). I’he diametca' ihrougli 
the point of eoncourst; of any two ta,ng(tnts to a c.onift bisects 
their (tliord of contact (props. 29-‘io). Supplmmmlal chonls of 
a hyj)crbola arc parallel to conjugate dlaiueters (prop. 37). 
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Given a*central conic, to find its centre and axes (props. 45 -Sj; 
and to draw a tangent making a given angle with the axis 
(pi'op. 50), or with the diameter through its point of contact 
(props. 51-3). 

(c) Book III. The diameters through any two points of a 
conic contain equal triangles with the tangents at those points 
(prop. 1). The rectangles contained by the segments of any 
two intersecting chords of a conic are as the squares of the 
parallel tangents (props. 16—23). Any chord through the intern- 
section of tioo tangents to a conic is cut harmonically^ hy their 
point of concourse and their chord of contact (props. 37—40) : the 
special case of any chord through the intersection of a tangent 
and an asymptote is treated separately in props. 34—36. Thus 
a substantial contribution is made to the theory of polars, 
afterwards completed by Desargues. Any three tangents to a 
parabola cut one another proportionally (prop. 41). Two 
tangents being drawn at the extremities of any diameter, the 
product of their segments by any third tangent is equal to the 
square of half the conjugate diameter (prop. 42), The tangent 
to a hyperbola cuts otf a constant area from the space between 
the asymptotes (prop. 43). The foci of a central conic, or 
“ puncta ex applicatione facta,” are determined and their 
principal properties proved in props. 45-52 [p. HI]; but 
since the process of “ application” fails when the axes become 
infinite, he does not detect the existence of the focus of the parabola. 

This third book Is said by Apollonius, in his preface to the 
entire work (p. 8), to contain many wonderful theorems, for 
the most part new ; and he adds that Euclid was not able to 
construct the Locus ad tres et guatuor lineas gcnerally,t but only 
some special case of it, and that indifferently ; for in fiict it was 
not possible to complete the construction “ without our further 
discoveries,” where the allusion is doubtless to props. 16-23 
[p, 266]. From the extant works of Apollonius we learn 
nothing about the nature of this Locus ^ and even the com- 


The expression “ harmonically” is however not used by Apollonius. On polars 
with respect to a circle see § 13 (/). 

t The proof for the case of the circle presents no difficulty [p. 235]. 
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mentator Eutocius cannot explain Ihc allusion (p. 12). Pappus 
however informs us what the problem really was, and states 
clearly that the locus in question is a conic. He then speaks 
of the locus analogously related to more than four given lines 
[Collection, 680, ed. Hultsch). Considering the distances of a 
point from six given lines, we may say that the solid contained 
by three of the distances varies as that contained by the re- 
maining three; but we cannot go on to more than six given 
lines, and say; ‘4f the ratio of the content of four of the 
distances to the content of the renmaindcr be given, — since there 
is not anything that is contained by more than three dimensions. 
Nevertheless, men a little before our time have allowed them- 
selves to interpret such things, signifying nothing at all 
comprehensible, speaking of the product of the contmt of such 
and such lines hj the square of this or the content of those. These 
things might however be stated and shewn generally by means 
of compounded proportions &c.” These predecessors of Pappus, 
who were not to be confined to three dimensions, were evidently 
algebraic geometers, who considered lines not directly as such, 
but only in their numerical relations to a unit of length. 

[d) Book IV. No two conics can have more than four 
points of concourse (props. 25, 36, 40—4, 53), or two of concourse 
and one of contact (props. 2G, 45—8, 54), or two of contact 
(props. 27, 38, 49-51, 55). Two parabolas can only touch one 
another in one point (prop. 28). 

If the earliest writers on conics had not d(ialt witli the 
subject of this book (p. 217), and if the prin(U[)al part of book 3 
was also new, we may conclude that the (Ionics of Euclid 
contained little or nothing that is not to ])c found in books 1 
and 2 of Apollonius and that the earlier Elcni(jnts of Aristacus 
were meagre, or somewhat concisely written.” Their treatises 
would have contained elementary propositions on the right 
the relation of the to the abscissa in each s(iction, the 

property of a dianiefer^ some construction of a tangent with tlie 
determination of its intercept on any diiuncter, and the leading 
properties of tlie asjfn plates ] but nothing about foci, or normals, 
or the metric redations of conjugatci diameters, or of intersecting 
chords of the general conic drawn arbitrarily. 
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(e) Book V. Under the title De Maximis et Minimis^ this 
book treats of the four Normals (regarded as greatest or least 
lines) that can be drawn to a conic from a given point in its 
plane, and establishes the complete analogue of Euclid III. 7, 8 
for the general conic. If P be any point on a conic, N its 
projection upon the axis, A the nearer vertex, AL parallel to 
NP and equal to half the latus rectum^ and Q the point in which 
the diameter GL meets PN^ then 

PN^=:2 trapezium ANQL. 

From this relation between the coordinates PN and AN the 
following results are elaborated. 

If the abscissa AN be less than AL^ the least right line from 
N to the curve is NA^ and the greatest is NA' the remainder 
of the axis (props. 4- 6) ; but If AN be greater than AL^ the 
least line from N to the curve is such that its projection upon 
the axis is equal to AL in the case of the parabola, and in other 

cases to -g GN (props. 8—10), which is the property of the 
a 

sulnormal. The greatest lines from given points on the minor 
axis of an ellipse to the curve are then considered (props. 16—22), 
and it is shewn that the intercepts upon them between the 
curve and the points in which they meet the major axis are 
the least lines that could be drawn from those points to the 
curve (prop. 23). All such greatest and least lines meet the 
conic at right angles (props. 27-33) ; and if 0 be any point on 
one of them and N be the point at which it meets the curve 
normally, then ON is also a greatest or least line from 0 to 
the curve (props. 12, 21, 34). Four normals (as we shall now 
call them) to a semi-ellipse, or three normals to an elliptic 
quadrant, cannot meet in one point (props. 47-8). If 0 be any 
point in the plane of a conic whose abscissa AN is not greater 
than AL^ no normal can be drawn to the conic from 0 so as to 
fall within the angle AON (props. 49, 50); but if AN be 
greater than AL^ then according as ON is greater than, equal 
to, or less than a certain length X no normal, or one^ or two can 
be drawn to the conic from 0 so as to fall within the angle 
AON (props. 51—2). 
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To determine tlic length X, divide the semi-axis CA in S' 
so that 

between GJI and GA find two mean proportionals’** GL and 
67f, so that 

C7f: GL^GL: GK^CK: CA- 

and lastly, supposing GIS to be an abscissa measured towards 
-d, and P the point on the curve (on the opposite side of the 
axis to 0) having CK for its. abscissa, take X to PK in the 
compound ratio of CN to GH and SK to 0/7, so that 

X : P/7= GN, HK : Nil. GK. 


Hence, writing a and h for the semi-axes, we find tliat 



and therefore CN and X arc equal to tin', coordinates of the 
centre of curvature at P, which is here virtually r<;gardcd as 
the i^oint of the ultmidfe vUrrsectioN of conaeeiUii'e noniuilsy since 
if the ordinate of 0 be diminished however slightly, 0 at once 
becomes a point irom which two normals can be drawn. The 
locus of 0 is the (jvolute of the conic | p. "221 |. 

When ON h less than X, he dcdermiiuis a (‘.ertain ])oint N 
having (II for its abscissa and a certain p(mit / on /Yv", and 
through / he descrihes one brancli of a rr.rtitngiihtr hj/perhola 
(pp. ol), 40), liaving for asymptotes the parallels through E to the 
axes of the giv(‘n eouie. This H(nni-hyp<n*])ola intersects the 
conic in two points X and 1", the normals at wliicli arc OX 


*■ "rhti Ara,1) inicrpvcU.-r ‘-[ivr;} ;i ^ronaLructJ.ni (i». <11); J'ur Lwu Jucau ]>ruporlk)nal3 
idfjutical wiUi that ui! Kx. 0.')U |jj. 
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and OY [p. 265].* To determine ttie positions of 2 and 
produce ON to a point M such that 


through M draw a parallel to the transverse axis, meeting the 
ordinate through H in 2, and PK in G] and upon PG take 
the point I, such that GIM^^^M.MO. The rectangular 
hyperbola may then be described. Afterwards he considers 
other positions of the point 0 from which the normals are to be 
drawn, making use of the same hyperbola of construction 
{props. 55, 58—63). In prop. 75 (the last but two) it is shewn, 
that if the normals at three points PQP on the same side of the 
axis of an ellipse cointersect in (9, the normal OP nearest to 
the vertex remote from 0 is the longest line from 0 to the 
semi-ellipse, and the normal OP nearest to the vertex A 
adjacent to 0 is the longest line that can be drawn from 0 to 
the arc AQ. ' 

(/) Book VI. Similar conics being those in which corre- 
sponding ordinates and abscissa are proportional, it is shewn 
that all parabolas are similar (prop. 11); as also are central 
conics the figures upon whose axes are similar (props. 12, 13). 
At the end of the book it is shewn how to cut a section of 
given form and magnitude from a given right cone (props. 28—30), 
and conversely, how to draw a right cone similar to a given 
one through a given conic (props. 31-3). 

{g) Book VII. In props. 6, 7 use is made of supplemental 
chords drawn from the vertices. Cf. lib. II. 37. The sum or 
difference of the squares of conjugate diameters is constant 
(props. 12, 13) ; and in the equilateral hyperbola conjugate 
diameters are equal (prop. 23). The conjugate parallelogram 
is equal to the rectangle contained by the axes (prop. 31). The 
relative magnitudes of conjugate diameters in various special 
cases are then discussed. 

(A) Book VIII. Of this book there is only a conjectural 
restitution. Thirty-three propositions are given, containing 

* Halley, in a Scholion on Serenus De Sect. Coni prop. 39 (p. 09), gives a 
construction for the three normals to a parabola from a given point, by means of a 
certain circle through the vertex [p. 224]. 

d 
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various special constructions, such as: given the axis and the 
latus rectum of a central conic, to draw a pair of conjugate 
diameters whose ratio, or sum, or difference is given 
(props. 7-12). 

§10. In continuation of the account of the most brilliant 
period of ancient geometry, the century of Euclid, Arclilmedes 
and Apollonius, recourse must again be had to the Collectio of 
the much later writer Pappus, for information about the lost 
three books of Porlsras of Euclid. But two otlicr names 
meanwhile demand at least a passing allusion. In tlic Sphcerica 
of Menelaus, a geometer and astronomer of the first century Am., 
is found the theorem (lib. lii. lemma 1 p. 83, Oxon. 1758): 
If the sides gi^ da of a plane triangle be met by any 
transversal in the points erh respectively, then 

ge : ea —gr . db : rd. ba^ 

or die product of three non-adjacoMt segments of the sides 
of the triangle hj any transversal is egnal to the product of 
the remaining three. This was also extended to spherical 
triangles, and served as a basis for tlie s|)!ierical trigonometry 
of the ancients. But the property of tlie six s(5gments in piano 
is lierc noticed on account of the gi-eat results to which it led 
long after, especially in the hands of l)(^sargucs. 8!ee also 
Cliasles Apertpi hisforaiue. Note VI. p. 291, 1875; hrs Porisnm 
p. 107. Menelaus is mentioned in the fourth and sixth books 
of the GoUectio of Pappus (pp. 270, 470, 000-2 cd. llultsch). 

§11. Olaiulius Ptolcmmus was “le plus celebre, sans con- 
tredit, mais non Ic plus veritabhnnent grand astrononie, dc touto 
I’antifpiite.” Ilius writes JhOanibre in the IHograj/hic. Uni-- 
versellc (vol. 30. Paris 1823). In a w«)rk on tlui tinau; dimensions 
of bodies, Ptokmiy introdueed the idea of det(‘.rmining tlic 
position of a point in space by relcrring it to t!in!{i rectangular 
axes of coordinates (ibid. p. 272). ilis clfud* work, which he 
called a inatheinati<’al was further «!<‘S(‘rilHHl by his 

admirers as y and by Cna Arabs as [y ' 
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In [Dictio Prima^ cap. 12. fol. 95. Venet. 1515) lie repro- 
duces the theorem of the six segments (§10), which has ac- 
cordingly been ascribed to Ptolemy — and founds upon, it a 
system of trigonometry, plane and spherical. For a full account 
of his works see tome ii of Delambre’s Hist, de V Astronomie 
ancienne (Paris 1817), comparing the Prcefatio to the third 
volume of Hultsch’s Pappus. 

§ 12. The Ivvajcoyi] of Pappus was formerly best known 
in the Latin version of Oommandlnus, but a complete Greek 
text of its Beliq^uim (with a Latin rendering) has at length been 
edited by Hultsch.f It is a miscellany of mathematics and 
mathematical history, to which we here refer chiefly to supple- 
ment our account of Euclid by some notice of his great work, 
the lost three books of Porisms. It is customary to place 
Pappus near the end of the fourth century of our era; but 
Hultsch, following TJsener (Bheinisches Museum vol. XXVill. 403), 
considers him to have flourished under Diocletian, 284-305 A.B. 
A general account of the Porisms is given in lib. VII (pp. 636, 
648-60), where it is said, that the three books were an ex- 
ceedingly skilful compilation, serving for the solution of the 
more difficult problems: the doctrine of porisms was subtle 
and general, and very delightful to persons of insight and 
resource : nothing had been added to what Euclid wrote upon 
them, except that some dull persons had given their second 
redactions of a few of his propositions. Twenty-nine genera 
of porisms are specified, and it is stated that the three books 
contained 38 lemmas and 171 theorems. The 38 lemmas con- 
stitute props. 127-164 of lib. VII of the Collectio (vol. ii. pp. 
866-918). Their enunciations are curt and unfinished, being 
like private memoranda of the writer rather than complete 
statements, and the whole doctrine of porisms long remained an 
impenetrable secret. The first great step towards their intcr- 


F or his property of a trapezium ahgd inscribed in a circle, viz. ag. hd ~ ah.gd -l- ad.hg^ 
see cap. 9, fol. bh. 

t Eappi Alexaiidrini Collectlonis qnce svpersnnt, e lihris lUSS. edldit (p;. Frid. 
Hultscli (Beroi. 1876—8). Lib. i. is lost, but portions of ir.— vjii, rotnain. Tlie 
edition is in three volmnes, in wdiich the text has one pagmatjou tiiroiighout. Ou 
earlier editions see Prof, to voi, i. 
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pi'etation was made by Simsou [PhiL Trans, May 1723), and 
the most complete work upon the subject is Chasles’ Les trois 
livres de Porismes T Euclide retahlis. , xonfonmlnip.nt au sentiment 
de B, Simson sur la forme des kionces (Paris 1860), which 
contains a historical resume^ an analysis (pp. 73-84) and enunci- 
ation (pp. 87-98) of the lemmas, and a conjectural restitution of 
the Porisms. 

§13. Passing by the lemmas 18, 20, 21, 29-33, 36-38, we 
may group the remainder as below, adhering (except in one 
particular) to the classification of Chasles. 

(a). Four fixed radiants cat any transversal in a constant 
cross ratio. 

Lemmas 3, 10, 11, 14, 16, 19. Props. 129, 136, 137, 140, 
142, 145. 

Lemma 3 (p. 870) affirms, that if any two straiylit lines 
A BCD and AB' G'D' he draion across three straight lines Oi?, 
OC7, OD 253], then 

AB,DG : AD.BC^AB\DT/ : AD',B^G\ 

Here we have, not quite directly stated, tlie theorem (n.). la 
lemmas 10 and 16 it is shewn conversely, that if [A BCD] 
^[AB'G'D'],, the line DD' passes through 0 the intcu'scctloa 
oi BIT and CG\ Lemma 19 is simply, that if [-•iy>*{7i>} = 1, 
then [AB' G'D'] = 1. Leinmas 11 ami M follow Iroin 3 and 10 
rcspccfively by taking one of the two transversals, as aBh ia 
Art, 103 [p. 251], parallel to oiu* of the tlin;e radiants. 

Tiiesc Lcrnnias are used in tliu proof of lemmas 12, 13, 15, 17. 

[h]. The 0])j)Osite sides and the two diagonahs of any quadra 
latend meet any transversal in three, pairs of points in involution. 

Lemmas 1, 2, 4-7. Props. 127, 128, 130-3. 

Lemma 4 (p. 872) will serve as an examphi of tlic obscuro 
enunciations of l^i])pns. Plui sTatcumml is as follows: 

The figure ABCDPFGIIKB^ and as AF. BG to AB.CF 
so let AF,Dtj be to AJt.FF. [I say) that the. line through the 
2 faints II (J F is straight, 

Phis is in reality a converse of (5) [p. 2t)l]. In Icimiias I 
and 2 the transversal is parallel to a side of the <|uadrilatoraL 
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In lemma 5 it Is drawn through the points of concourse A and 
C of the opposite sides of the quadrilateral, and the line A 0 
is divided harmonically by the two diagonals, or if parallel to 
one of them (lemma 6), is bisected by the other. 

(c). Theorem reciprocal to ike above. 

Lemma 9. Prop. 135. 

Lemma 9 (p. 878) is that, if AD and AE be drawn from 
the vertex A to the base BG ol a triangle, FG- a parallel to 
the base meeting AB in F and AC in and H a point on 
DE such that 

BE: EC=^DE:HE, 

the lines FE^ GE meet AB and AO respectively in points 
K and L lying on a parallel to BC, 

This is the converse of a special case of the theorem, that 
the three pairs of summits of a quadrilateral FGKL subtend a 
pencil in involution at any point A in its plane ; the point E In 
the case supposed being the centre of the involution in which 
BE and CD are segments. 

id). If a hexagon be inscribed in a line-pair^ its three pairs oj 
opposite sides meet in three points lying in a straight line. 

Lemmas 8, 12, 13, 15, 17. Props. 134, 138, 139, 141, 143. 

Lemma 13 (p. 886) is to the effect, that if AEB and GFD 
be triads of points on a straight line, the three intersections 

[AF, GE), {FB, ED), {BO, DA), 

are In a straight line. The figure AFBCED may be regarded 
as a hexagon inscribed in a line-pair. Lemma 12 Is the case 
In which AB and CD are parallel. Lemmas 15 and 17 are 
converse forms of 12 and 13. 

Lemma 8* (p. 878) is thus enunciated: 

Let ABGDEFG be a ^tajxL(jfco<^, and let DE he parallel to 
BG, and EG to BF. Then DF is parallel to CG. 

That is to say, if BG be the base of a triangle, DE (termin- 
ated by the sides through B and G) a line parallel to BG, and 
EG, BF a pair of parallels terminated by BD and CE 
respectively or their complements, then DF, GG arc parallel. 


* This lemma is isolated in Cliasles’ classification (p. 78). 



llv 


PROLEGOMENA. 


In other words, if FBGQED he a hexagon inscribed in a line- 
joair BDQ^ GEF^ the intersections [FB^ GE)^ [BG^ Ed\ 
(C(?, DF) are in the case suj)j}oscd at infinity^ and in general 
in one straight line. 

[e). Harmonic section of a right line. 

Lemmas 22-27, 34. Props. 148-153, ICO. 

These Lemmas are on the metric relations of tlie segments 
of a harmonic range ; but the term harmonic, although coined 
long before [p. xxvi], is not employed. 

(/). Property of polar s with respect to a circle. 

Lemmas 28, 35. Props. 154, 161. 

These Lemmas (pp. 904, 914) are to the effect, that any 
chord of a circle drawn through a fixed point without or ivitUn 
it is divided harmonically by the point and a certain fixed 
straight line. Of this proposition, which in its entirety is the 
foundation of the theory of polars with respect to a circle, the 
former part only was extended by Apollonius to the conics 
(lib. in. 37). 

Pom and § 14 , To Pappus we arc further indebted for the earliest 

directrix. ' ^ ‘ 

trace of a focus of the parabola, and of a directrix of any conic. 
In the Golleeiio lib. YII. prop. 238 (p. 1013) is the theorem, that 
the locus of a point in plano^ wliosc distance from a fixtul point 
varies as its perpendicular distance from a fixed straight line, 
is a conic. Thus one focus of the parabola is at length found; 
but it was reserved for Kepler to comphitc the theory of the 
real ‘4bci” of conics, and to give them their name, 

§15. The two books of Screnus of Antissa Jh Beet, Oylimln 
and Be Sect. Coni rcHpectivndy form a schjucI to the Conics of 
Apollonius in Halley’s edition. Sereims was also . a com- 
mentator on Apollonius, and he lived Ixiforc Marinus, a disciple 
of Proclus.*" ]\Iany g(;om(‘iers in his day Imagining that the 
sections of the cylinder wen^ not iihmtieal with tlie elliptic 
sections of the cone, lui s(‘ts to work to nnnoves this mis- 
apprehension. [J)(i Brrt. ([f/L props. 16-18). lie then shews 

The dak- 'ITiO A.i). lor S'«Tfuu;'. loay n-rvi- a:’; a {’«ei]<'f‘!,ura.l hiwn* JiiniL BaUi, 
Croiiicjt dc Mnkmiitiri p. .T.l (Urliiim 1707 j, littliily in juia ihn pri ni:-’,!,! date 402. 

8uier (UitIi. deriiuitli M'ir.r.i’urrlnijh n i. ]». fZiirieli lh7.‘ij prfkr.; I \u‘ dide 'J(l0 -PIOB.C. 



SECTION II. 


Iv 


how to construct a cylinder and a cone on coplanar bases, so as 
to be cut by one plane in the same ellipse or in similar ellipses 
(props. 19 - 23 ); and further, given a cylinder and a plane 
cutting it, he describes a cone having the same ba^e and 
altitude, which is cut by the given plane in a section similar 
to that of the cylinder (prop. 25 ). Props. 26-30 shew how- 
to cut a cylinder or cone in subcontrary pairs of similar 
ellipses. The remaining propositions De Sect Gylinclri^ although 
of still greater interest and importance, are sometimes overlooked. 
The property of a harmonic pencil, indirectly stated, is applied 
in space to prove that all the tangents to a cone from one point 
have their points of contact on two generating lines (props. 
33, 34), and the idea of projection by rays emitted from a 
luminous point is suggested and illustrated by a simple case 
(prop. 35). In the book De Sect Coni he breaks (as he tells us) 
new ground, in thoroughly discussing the triangular section 
determined by an arbitrary plane through the vertex. Thus 
he makes a step towards the generalisation of Pesargues, who 
drew his planes of section without reference to the fixed 
“ triangle through the axis.” 

§16. The writings of Serenus suggest an answer to 
question (Chasles Apergu liistorique p. 74 , 1875 ), Was the 
method of perspective^ known and used by the ancients? 
Certainly not by those who doubted whether the sections of a 
cylinder were also sections of a cone. But Serenus now shews 
that the property of a harmonic range may be transferred by 
central projection from plane to plane, and hence that any 
tangent to a conic section and its point of contact project into 
a tangent and its point of contact on any plane. The principle 
of perspective had thus been laid down, as the modern reader 
clearly sees; but if the ancients had still (as in the time of 
Apollonius) no complete theory of polars with respect to a 
conic, and if they had not learned to look upon parallel straight 
lines as concurrent (Chasles p. 104), the mctliod 

could not have been applied by them to much effect, had it 
been even more distinctly formulated than by Serenus. 


* Eor some information about perspective see Poudra’s Ilistoire de la Pcvi^perilve 
anclenne et moderne (Paris 1864). 
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§1. In the interval between the decadence of the Greek 
school of mathematics and the revival of learning in Europe, 
the Arabs preserved and commented upon the works of the old 
masters in geometry, and also applied themselves with effect 
to the new science of Algebra,* which was so greatly to enlarge 
the domain of geometry itself in the hands of the followers 
of Descartes. Kcfening for supplementary information from 
this point onward to Montucla’s llktom (ks MafU]nni'iqim'\ 
and Chaslcs’ Afarc^u Jiistonque des Mkhodes m Geometrie, we 
pass at once to the astronomer Kepler, who by his contributions 
to the doctrine of the infinite and the infinitesimal and his firm 
grasp of the principle of continuity is entitled to the foremost 
rank amongst the founders of the modern geometry. 

Tisn-wso diK'hy of Wiirtcnd)crg 

(whither his parents had migrated from Niirnberg) on the 27th 
of December l.'iTl, and died at llatisbon in the .sixtieth y(tar 
of hi.s age in l(i3i). A lidl account of his life is appended to 
Frisch’s edition of his collected works] (vol. viil. (i(;i) — 1028). 
A famous contemporary’s (ksse-ription makes him a man of varied 
ability but su])erlieial and never incubating long over one 
discovery, “ingenii optimi, nec uni tanlum rei dediti, sed 
universim plura com])lectentis, ut et ])luiibuH sese tradidit. 
Neque diu et comstanter, jdures oh causas, tamjuam ovis gallina 


* For tlio litoniidirc of tlii:-] oubjottl AVrmt nturjf Afy fmi with hrirf vatica of its 
history (Loud, 1H71)) by Mr. II. ToU:’., f.ho (‘fiij,ur of KiiHidV. l-'Jniiruf:,, 

t A work iuiwn 4t<) {l^irL IToH], aftcrwArfl:; csfaiidi'd hy DeluLande 

into four (rariii 

;j: JoanniH Kepktri n«trcminni Opmi (hnniu (l^'ranoof, a. IL !8aH -Ti)). 
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Hnl Invento incubare ipsi licuit ; inde fieri potuit id quod in 
proverbio dicitur, plurihus intentus^ minor ad singula sensus ; et 
sic qusedaiBj prsBsertiin autem Archimedearum demonstrationum 
vim minus accurate judicio perpendisse videri possit’’ (Kepleri 
Ojp, IV. 647). It is interesting to pass from this to the evidence 
of his profound insight into the abstract principles of geometry, 
and the indomitable perseverance with which he established the 
laws of planetary motion that have immortalised his name. 
Though his work might not be recognised in his lifetime, it 
could afford to wait centum annos” for an interpreter.* 

§ 3. The principle of Analogy. 

The work of Kepler entitled Ad ViteRionejm\ paralipomena 
guilus Astronomioe pars Optica traditur (Francofurti 1604) 
contains a short discussion De Coni sectionibus (cap. iv. § 4 pp. 
92 — 6) from the point of view of analogy or continuity. The 
section of a cone by a plane “aut est Recta, aut Circulus, 
aut Parabole aut Hyperbole aut Ellipsis.” Of all hyper- 
bolas “ obtusissima est Hnea recta, acutissima parabole ; ” 
and of all ellipses ‘^acutissima est parabole, obtusissima circulus.” 
The parabola Is thus intermediate in its nature to the hyperbola 
and recta” (or line-pair) on the one hand, and the closed curves 
the ellipse and the circle on the other; “ infinita enira & ipsa est, 
sed finitlonem ex altera parte affectat.” tie then goes on to 
speak of certain points related to the sections, “ quae definitionem 
certain habent, noinen nullum^ nisi pro nomine definitionem aut 
proprietatem aliquam usurpes.” The lines from these points to any 
point on the curve make equal angles with the tangent thereat : 
‘^Nos lucis causa & oculis In Mechanicara intentis ea puncta 
FOCOS appellabimus.” He would have called them centres if 
that term had not been already appropriated. In the circle there 
is one focus, coincident with the centre ; in the ellipse or hyper- 
bola two, equidistant from the centre: in the parabola one 
within the section, “ alter vel extra vel intra sectioneni in axe 


* See lib. v. Ilarmonices Mundi, with Cliasles’ account of tlie work (Apergu liis- 
torique p. 482). 

t Optiem Thesaurus. Alhazeni Arabis lihri YII. item ViTELLiOisilB Ubri X 
(Basil. 1572). 


The foci 
named. 
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fingendus est infiiito iniermllo a priore remotus^ adeo lit educta 
E G vel IG‘^' ex illo ccecofoco in quodcunque pimctum sectionis Q 
sit axi EK parallelosP 

In the circle the focus recedes as far as possible from the 
nearest part of the circumference, in the ellipse somewhat less, 
in the parabola much less ; whilst in the line-pair the focus,” 
as he still calls it to complete the analogy, falls upon the line 
itself. Thus in the two extreme cases of the circle and the 
line-pair the two foci coincide. He then goes on to compare 
the latus rectum and its intercept on the axis, or as he calls 
them the chorda and sagitta^ in the several sections, concluding 
with the case of the line-pair, in which, the chord coincvles with 
its arc^ ‘^abusive sic dicto, cum recta linca sit.” P)ut our 
geometrical expressions must be subject to analogy, ^^phtrmim 
namque amo analogias^ fuldlssmos mv.os magistros^ ommm 
naturrs arednorum consdosy And especial regard is to be had 
to these analogies in geometry, since they comprise, in however 
paradoxical terms, an infinity of cases lying between opposite 
extremes, ^^totamquc rei allcujus essentiam lueiilcnter ponunt 
ob oculos.” Lastly be shews h(.)W to describe an ellipse by 
means of a string fixed at the foci, witliout tln^ iis{i of the 
clumsy compasses [p. 178j, ‘‘(piibus ali<pa (uidimdis admira- 
tionem hoinlnuin venantur,” and gives th(5 corresponding con- 
structions for the hyperbola and the parabola. 

Continuity. (],) Ilcrcupon 1)0 it remarked, that tlu‘, primfiple of Analogy 
on which lie insists so fervently is the archetype of the principle 
of Continuity. The one term expn!sscs tb(^ inu(‘.r rc, semblance 
of contra, sted figures A. and />, wliich arc‘. (‘.onnet^liul by innu- 
merable intennediate forms; whilst the otlie.r (expresses the 
possibility of passing tlirougli lliose intcrmeiliatci fonns from 
A to 7/, without any cliang^i pr.r sdltfun, (ileoniclrv ACas not 
indebted to Algcdira for the suggestion of the law of (continuity. 

Second focui (2] Havinu; traced the transition from the liiu^-pair to the 

ol’panibohi, . ^ i . . . * 

circle through tlie three standard forms of c.onics, he completes 


^riie fi;(uro iii<ii(nil,<*!Uh:L{, the liiKj from the furtlnT fueiw may Ije eoii; i'I(;rccl to 
lie eillicr whJiin or v.ii.hf>ur. ili*; paralK-la. 
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tbe theory of the points henceforth named Foci by the discovery 
of the “csecus focus” of the parabola, which is to be taken 
at infinity on the axis either without or within the curve. *lhe 
parabola may therefore be regarded indiiferently as a hyperbola, 
having (relatively to either of its branches) one external and 
one internal focus, or as an ellipse, having both foci within 
the curve. 

(3) The further focus of the parabola being taken at infinity 

on the axis in either direction, the two opposite extremities adjacent, 
of every infinite straight line are thus regarded as coincident 
or consecutive points — a conception which has been shewn to 
conduct logically to the idea of imaginary points [p. 311], 

(4) Every straight line from the ‘‘caecus focus” of 
parabola to a point on the curve being said to be parallel 
to the axis, the idea of the concurrence of parallel lines at 
a point at infinity has at length been formed and announced.'^ 

It is to be noticed that the new doctrine of parallels is here 
presented in relation to one plane, and not as springing out of 
the consideration of figures In perspective in space. 

Such were Kepler’s most original contributions to pure 
geometry, although he is better known by his continuation of 
the work of Archimedes in stereometry. 

§4, Nova Stereometria doliorwm vinariorum. 

Of this w-ork (anno 1G15, Llncii. Op. IV, 545-640 ed. Frisch) 
we notice chiefly the former part, which contains a new and 
abbreviated redaction of the work of Archimedes on the circle 
and in stereometry, followed by Supplementum ad Archimedmi 
(p. 574). The circuitous method of exhaustions is here trans- 
formed into the method of infinitesimals. Thus in thcor. 1, on 
the approximation to tt, he treats an infinitesimal arc as a 
straight line: “Licet autem argumentari de EB ut dc recta, 

* It was ill the course of an attempt to trace tlio origin of tlic torni Eocii;: of a 
conic that I came upon the passage quoted from the Pamllpouicna. {Lr.s 

Porismes p. 104) attributes the discovery of the concurrence of ijaiulk-ls to - 

and when he says {Aperf-u p. 5G. Gf. pp. 15, IG, GL) that Jve].ler first iidroduced 
'‘I’usage de into geometry, he is referring “aux methodes irifinitGsimales.” 
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quia vis demonstration Is secat circulum In arcus minimos qui 
mqinjparantur Tectis,^‘‘ In theor. 2 In like manner he regards 
the circle as an aggregation of triangular elements, having a 
common vertex at the centre, and their bases coincident with 
successive small arcs of the circumference- So the sphere is 
considered in theor. 11 to be made up of small cones, having 
their vertices at the centre and their bases, ^^quarum vicem 
sustinent funcia^'^ on the surface of the sphere, lie then passes 
on to the conoids &c., and thence to the solids generated in 
a certain way by conics, the generating curve being attached 
at right angles to a plane, which turns about one of its own 
points without change of place, lie gives a sliglit riUum& of 
his doctrine of the foci, mentioning the further focus and 
likewise the centre of the parabola, but not in such a way 
as bring out the idea of the concurrence of parallels (p. 577). 

§5. Guldinus, quoted by Friscli (Keplcrl Op, iv. 647), 
stoutly opposed Kepler’s (PJiiupariUio of au arc to a chord, as 
not permissible “per ullam ullius dcmonstratlonis geomctricje 
vim”; precisely as it was objected to Anti[>lio [p. xxx], who 
had made bold to do likewise some 2{)()() years earlier, that 
^‘he did not start from geometrical pnnei[)les.” It could not 

however be denied that Kepler’s method was of service in 
discovering theorems, altliough by no nutans to be recommended 
as a method of proof — at least, if any bett(u* could be found, 
^^sl alia suppetant geoinetris ja,m pn>})ata nuMlIa” (p.r);");)). Kepler 
had in reality gra,s]){Ml the idea of the iniiniit'simal, althoiigli a 
calculus remained still to he discovered, dim law of continuity 
is now applied by him not only to tlui inlinitdy gn^.at but to the 
infinitely small, lie has formed the eone(q)tion of the continuous 
change of a variable: “ereseit a cjua.nt,ita nulla cMutiuuc 
and discovered the law of its variation in the, passage through a 
maximuu) value (Vt. ii. theor. I(>— 22j; thus laying a linn founda- 
tion for the iluxional calculus of Nhiwton, bettc^r known by the 
name and with the notation projmsed by Jmihuit^, 

§{]. The name of Girard Desargues of Lyons (loOM — 1662) 
had fidlen into oblivion, wlicn (^arly iii tlie present century his 
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genius was recognised by Brianchon (1817) and Poncelet (1822). 
A further appreciative notice in the Apergu Mstorique of his 
apparently lost works was followed by Chasles’ own discovery 
of the chief of them, Brouillon Protect etc.^ which with others 
afterwards discovered was published by Poudra in his CEuvres 
de Desargues (Paris 1864). This edition contains a biographical 
notice of Desargues, his recovered works with an analysis of each, 
and an analysis of those of his pupil Abraham Bosse, themselves 
founded upon the ideas of the master. He proclaims himself not 
in the first instance a pure mathematician, avowing that he had 
never a taste for study or research except with a view to some 
practical application, an bien et commodite de la vie.” He 
was an architect and engineer, and in the latter capacity served 
under Cardinal Bichelieu at the siege of La Bochelle (1G28). 
After the war he retired to Paris, where he devoted himself to 
geometry and its applications, frequenting a weekly gathering of 
savants for the discussion of mathematical topics, which preceded 
the foundation of the AcadSmte des Sciences [CEmres I. 14). He 
was esteemed by the ablest of his contemporaries as a geometer 
second to none, but virulently attacked by some important per- 
sons'^ of smaller calibre, who were confounded by the novelty 
and abstraction of his ideas. The subsequent neglect of his works 
was due partly to the form in which they were written, but in 
far greater measure to the counter-attraction of the algebraic 
geometry of his contemporary and friend Descartes. Por full 
information about his works, which include Perspective, Coupe 
des Pierres, Gnomonique, a fragment on gravitation (l. 230) &c., 
we can only refer to Poudra’s excellent edition ; but It will be 
seen from the following slight account of some portions of them 
that the Geometric Projective of the present day is in fact the 
geometry of Desargues. 

§7. In his earliest work, Metliode Universalle de meUre en 
Perspective &c. (1636), he notices the cases in which concurrent 
lines are seen as parallels on the tableau (tome I. pp. 83, 94), 


* The hostile critique of M. de Beangrand, secretaire dii Boi, “cst h? ])iviui(‘r f'rrit 
qui a servi au general Poncelet ^ recounaitro le meriLc de Desargues” {(Eiwixs n. 
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and concludes witli the problem, to find the lines in a conic 
which correspond to the axes of its projection. Purposing to 
return to this work shortly, we pass on to the Bkouillon 
PROIECT etc, [p. 261], or rough sJcetch of a theory of the inter- 
section of a cone by a plane (pp. 97-242, and 243-302). He 
commences with the new doctrine of infinity." The opposite 
points at infinity on a right line are coincident, parallel lines 
meet at a point at infinity, and parallel planes on a line at 
infinity (pp. 103-6, 229, 245-6). A straight line may be 
regarded as a circle whose centre is at infinity (pp. 108, 224), 
The theorem of the six segments found in tlic Almagest and 
elsewhere is stated in a converse form (p. 256). Tlie theory 
of Involution de six points,^ with its special cases, is fully laid 
down, and the projective property of pencils in involution is 
establishedt (pp. 246-61). The theory of polar lines is ex- 
pounded, and its analogue in space suggested (pp. 263—6, 271-7, 
214, 291). A tangent is a limiting case of a secant (pp. 262, 
274, 277), and an asymptote is a tangent at infinity (pp. 197, 
210). The joins of four points in a plane detonninc three 
couples in involution on any transversal (p. 266), and any conic 
through the four points determines a couple in involution with 
any two of the former (p. 267). The ])oints of concourse of 
the diagonals and the two pairs of opposite si(l(‘,s of any quadri- 
lateral inscribed in a conic arc a conjugate triad with respect 
to the conic, and when one of tlie three points is at infinity 
its polar is a diameter (pp. 188—9); but he does not explain 
the case in which the quadrilateral is a parallelogram, although 
he had formed the conception of a straight line wholly at 
infinity (p. 265). 

^'Mais voicy dans unc proposition comme un assemblage 
abrege dc tout ce qui preebde ” (pp. 195, 277). I'lnis li(‘. intro- 
duces tbc general theory of jU’ojection, which is the main subject 
of the Broitlllon, Given any conic 0 and a cone through it, 
let O be any section of the cone. Through the vertex 7 


He must liavc been acquainted with Kepler’s theory of tlie foci. Notice bis use 
of Kepler’s term “foyers” (pp. 210, 222). 

t Notice bis form of expression (p. lOi), “AVnjyJt; de pointj [p. 2iDJ. 
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[p. 314] draw a plane parallel to that of O meeting the plane 
of 0 in and let P be the pole of ab with respect to 0. 
Then the system of planes through VP determine the diameters 
of 0\ the centre* being considered, as we should say, to be the 
pole of the line at Infinity; and any two such planes drawn 
through points on ah conjugate with respect to 0 determine 
conjugate diameters of O', the tangents at the extremities of 
which, a distance on finie on infinie ” are also known (p. 197). 
Since a point at -which 0 meets ah coincides with its own 
conjugate, an asymptote of O' (besides being a tangent at 
infinity) is a double or self-conjugate diameter. He concludes : 

Comme entr’ autre, que sur la quelconque de ces coupes de 
rouleau pent estre construit un rouleau qui sera coupe selon 
quelconque esp^ce de coupe donnee” (p. 198). The ancients 
had always taken a circle for the base of their cone, and had 
drawn all planes of section at right angles to one and the same 
fixed plane. 

The Foci of a conic are determined in piano as the inter- 
sections of the axis with a certain circle, which may have for 
diameter the intercept on any tangent (or on an asymptote, 
p. 288) by the tangents at the vertices, In accordance with 
Apollonii Conica III. 45 [p. 111]. He determines the axes and 
foci of a conic in the cone by a process (pp. 215—23, 293) which 
Chasles summarises as follows:* 

The line ah being drawn as above, take any point t upon it, 
and let the chord of contact of the tangents from t to 0 meet ah 
In L Also let rr be any segment of ah which subtends a right 
angle at F. The two sets of points ti and rr constitute 
two Involutions, having one segment cc in common. The polars 
X, X' of the points c, c correspond to the Axes of O'. 
The tangents to 0 from the points r and the lines from r 
to their several points of contact determine upon X an involution, 
whose double points correspond to the Foci of O', since every 
tangent and its normal are harmonic conjugates to the focal 
distances of the point of contact. 


JiCfpport S2ir Ics prorjrh de la Giomitrie p. .‘JO;;. 
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§ 8. A sequel to Desargues’ Perspectwe of 1636, found in the 
Perspective of Bosse (1648), contains some explanations of the 
principles of the former work. 

a. Proposition fondamentale de la pratique de la Perspective, 

The statement and proof by Desargues {(Euvres i. 403^7] 
are analysed by the editor, who reduces his fundamental propo- 
sition to the anharmonic property of a pencil of four rays (p. 425 ) 
which cut any transversal in a constant cross ratio. 

h. Figures in homology. 

Three other geometrical propositions arc given, which embody 
the principle of perspective in one plane (pp. 413 — 22, 430—5), 
The first is on triangles in homology [p. 307, 321], the second 
and third on quadrilaterals in homology. On the second he 
i-emarks generally that a like reduction of the figure to one plane 
may be used “en semblable cas” (p. 417); and in the third 
he gives a metrical relation between a system of corresponding 
segments (p. 435). Notice that he passes from solid to plane 
figures in the manner afterwards used by the school of Monge 
(Chasles’ Apergu historique p. 87). 

§9. Although the roughly sketched essays of Desargues 
themselves fell into neglect, his ideas were ])reserved by an 
illustrious school of disciples, numbering amongst its members 
Bosse, Pascal and De la Hire. The writings of the engraver 
Abraham Bosse (1643 — 1667) arc analysed by Poudra in vol.ll. 
of the QiiUvres de Desargues. The famous Jlcxagrammum 
Mysticum of Pascal was a corollary from what he had learned 
from Desargues. The theory of polars was brought into 
prominence by Dc la Hire (1GS5), and forthwith supposed 
to have been discovered by him. The reader of P>rianchon’8 
Mmoire sur les Lignes du Bacond Onlra (J.^iris 1817), and 
Poncelet’s Traiie des Propnetes Pngec, lives will not need to 
be reminded how great a part of modern geometry is actually 
and confessedly founded on the work of Desargues. 

§10. Newton was born at Woolsthorpc near Grantham in 
1642, the year of the death of Galileo, and died in the eighty- 
fifth year of his age in 1727. The first edition of his Plnlosoplik 
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naturalis Pnncipia mathematica was published 1687, the second, 
edited by Eoger Cotes, in 1713, and the third, by Henry 
Pemberton in 1726. His Optichs was published in English 
in 1704: and in Latin in 1706, in each case with an Appendix m 
Latin containing the Enumeratio Linearum Tertii Ordinis and 
a tract De Quadratura Curvarum. For an account of his life 
and writings see Brewster’s Memoirs of the Life etc, of Sir Isaac 
Newton (Edinburgh 1855), . and Edleston’s Correspondence of 
Sir Isaac Newton and Professor Cotes (London 1850) ; and for 
the works themselves see Horsley’s five volumes, 1779—85 
[p. 264], and the Newtoni Opuscula (3 vols.) of Job. Castillioneus 
(Laus. et Geneva 1744). Presupposing a general acquaintance 
with his geometrical discoveries, we shall confine our attention 
to a few particulars. 

§11. In the fourth and fifth sections of the first book of the 
Principia he solves various forms of the problem, to describe 
a conic subject to the equivalent of five conditions, (1) when 
a focus is given, and (2) when neither focus Is given. It will 
suffice to allude briefly in passing to the former case. The title 
of lib. I. sect. 4 i^De inventione orhium ellipticorim^ parabolicorum 
& hyperholicorum ex umlilico dato. In it he makes much 
use of the simple property (lemma 15), that the perpendicular 
from one focus of a conic to any tangent intercepts a length 
equal to the axis on the further focal distance of the point 
of contact. The section concludes with the construction of 
an orbit of which one focus and three points are given, a problem 
which had been solved, “Methodo baud multum dissimili ” 
by de la Hire, Sect, Conic, lib. vill. prop. 25. In this construction 
and in prop. 20 Newton assumes that the focal distance of a 
point on a fixed conic varies as its distance from the directrix, 
a theorem proved in the Arithmetica Universalis prob. 24 (Cantab. 
1707), and sometimes attributed to Newton as its first discoverer, 
although in reality known to Pappus. 

§ 12. Inventio orhium uhi umhilicus neuter datur, 

A. 

The 5th section of the first book of the Principia^ under 
the above title, treats with the utmost generality of the point-- 
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joroperties and the tangent-properties of conics. It commences 
with the problem of the Locus ad guatuor Uneas (lemmas 
19), of which no geometrical solution was extant [p. 266]. Then 
follows a theorem (lemma 20) which may be thus stated : If A.B 
PG be four fixed points on a given conic, the chords from B and 
(7 to a variable point on the curve meet the parallels through P 
to AB and AG respectively in points T and 11^ such that PT 
varies as PR^ and conversely. From a limiting case of this 
lemma he deduces his organic description of a conic by means 
of two rotating angles*^ (lemma 21), giving somewhat later (prop. 
27 Scholium) his construction for the centre and asymptotes 
of the conic thus generated. By means of the above mentioned 
lemmas he shews how to describe a conic when five points 
on it are given, f or four points and a tangent, or three points 
and two tangents (props. 22 — 4). Next follows lemma 22, 

Figums in alias ejasdem generis mutare^ in whicli it is shewn 
that any curve may be transformed into another of the same 

order by substitutions of the form F=:^~ [p. 330 ]^ 

and two applications of the lemma follow. (1) In order to 
describe a conic passing tlirougli two giv(m points and touching 
three given lines, he transforms two of the given lines into 
parallels, and the third given line and the join of the given points 
into parallels (prop. 25); and (2) to describe a eonic passing 
through a given point and toneliing four given lines, he transforms 
the four lines into the sides of a parallelogram (prop. 26). 

B. 

The lemmas next following lead up to some important 
properties of the tangents to conics, tlic discovery of which 
by Newton is commonly overlooked. First it is shewn that 
'A AG and lU) be lines given in position, tenninatxid at A. and 5, 
and having a given ratio to one another, the locus of the point 
which divides CD in a given ratio is a straight linel (lemma 23). 


Cf. Ex. S;'),'] [p. .‘{aS]. Tli(i U) i.liti loeurt iu Icumnii, 21 is given in the 

Arithimtlm rnirer^inlh prob. 5.*) ((Eaitab. 171)7). 

t A solution of tliiH enw is roiiiid in Ibippi ilolhilo (p. I(i77 od. 1] ultscth). 

I It also divides Ali in the sninu ratio, i-.ince ./I Gaud liil vaui.^-ii btgeUier. 
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Next, if two given parallel tangents viz, at A and ^ to a conic 
be cut by any third tangent in M and I respectively, the semi- 
diameter parallel to the two tangents is a mean proportional to 
AM and BI (lemma 24j. From this, which is identical with lib. 
III. prop. 42 of the Conies of Apollonius, be deduces two corol- 
laries: (1) if any fourth tangent meet AM^ BI, MI in F, Q, E 
respectively, then 


from the first of which proportions it follows (2) that FI and MQ 
intersect upon ABF The next lemma and its corollaries are of 
peculiar importance in relation to the modern geometry. 


Lemma xxv. 


If ML, LK, KI, IM be the sides of a parallelogram touching 
a conic in A, <7, B, I) respectively, and if any fifth tangent cut 
them in F, H. Q, E respectively, then by lemma 24 cor. 1, 

ME : EI= AM : BQ = BKi BQ-, 
or ME : = BE : BK^ BQ = BKi KQ. 



H 


In like manner 


KE-.HL= BE: AF= AM : AF, 
KH-. EL AM-. AF- AM= AM : MF. 


* It is easy to generalise this result by transforming the parallel tangents into 
non-parallels by Newton’s method. Cf. Art. 121 Cor. [p. 276 j. 
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Corollary 1, 

If the parallelogram and the conic be fixed and the fifth 
tangent variable, then 

KQ,ME-MI.BK= a constant, 

and KH.MF has the same constant value. The result may 
be expressed in words as follows : ywen tioo tangents to a jixd 
conic^ the product of the intercepts upon them between the diameter 
parallel to their chord of contact and any third tangent is constant. 
The relation between the intercepts IE and IQ\^ of the form 
[IM-IE] [IK- IQ) = a constant, or 

a, IE, IQ I ,IE-\- g,IQ^- a — v, 

which is the “ tangential equation to any conic referred to any 
two fixed tangents, and also expresses that any two given tangents 
are cut homographically by a variable third tangent. 

Corollary 2. 

If eg be any other position of the tangent E^ It follows that 
KQ : i¥e = Jfg : ME^ Qg : Ee. 

Corollary 3. 

Since QK is to eilf as Qg to eE,^ it follows by lemma 23 that 
the middle points of KM and gE arc in a straight line with the 
middle point of Qe, Ilcnce, the middle poirit of /Of being the 
centre of the conic, if a conic he inscribed in a quadrilateral^ its 
centi'c lies on the straight line bisecting any pair of the diagonals 
of the quadrilateral:- This theorem suggested to Ih'ianchon and 
Poncelet the investigation of the centre-locuH of a conic passing 
through four given points [p. 282], and prepared the way for 
die general consideration of systems of conics subject to four 
conditions. 

c. 

In prop. 27 the conic touching five given lines is described, 


* It may or may not hare occurrorl to Newton that thin ilioomni might be 
generalised by projection ; but in any case he would not liave turned aside to notice 
results BO distantly related to his InveiUio orhium. It miiy be sliewn that he must 
have been acquainted with the theory of Ptjlars. 
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its centre being first determined as the point of concourse of 
the diameters of any two of the five quadrilaterals formed by the 
given tangents. In a Scholium he remarks that an asymptote 
is a tangent at infinity^ and also shews howto determine the axes 
and foci of a conic described by the oi'ganic method of lemma 21. 
There are also other lemmas which he might have used for the 
construction of conics, such as that the locus of the middle point 
of a chord drawn through a fixed point to a conic is a parallel 
conic: sed propero ad magis utilla.” In lemma 26 and a 

corollary it Is shewn how to describe a triangle of given species 
and magnitude having its vertices severally on three given lines, 
and how to draw a transversal the intercepts upon which by 
three given lines shall be of given lengths. This lemma is used 
in prop. 28. In lemma 27 and a corollary it is shewn how to 
describe a trapezium of given species having its vertices 
severally on four given lines, and how to draw a transversal 
which shall be cut in given ratios by four given lines, which is 
a special case of section in a constant ratio [p. 296]. 

An application follows in prop. 29, and the section concludes : 

Hactenus de orbibus inveniendis. Superest ut motus corporuin 
in orbibus inventis determinemus.” 

§13. Curvarum Descriptw Organica. 

A well known generalisation of Newton’s description of a conic 
by angles would certainly have been passed by in the Frincipia 
with a propero ad magis utilia,” since it merely shews how to 
describe a conic by assuming that a conic is already described. 
When however he is treating of pure mathematics, he extends 
his method to the utmost, applying it not merely to cubics, as in 
Ex. 760, but to curves of all ordershaving “double” points. In 
the case of a cubic, of which a double point A and six other 
points BQDEFG are given, let the angle GAB turn about A 
and the angle ABC about B] then as the intersection C of 
the arms AC^ BG assumes the new positions DEFO^ the inter- 
section I of the other arms determines four other points, say 
FQRS. Draw the conic APQRSj and let I move round its 
circumference: then C traces the cubic as required {OpiicJiS^ 
II. 160, 1704), 



PROLEGOMENA. 


Ixx 

If instead of the point G a ta 7 irjent BC be given, the angle 
GAB vanishes, and the curve is described by means of one 
finite angle and a straight line, which latter moves pamllel 
to itself when the fixed point through which it passes is at 
infinity.-^ How was Newton led to his organic description of 
conics and other curves? Possibly he took a suggcslion from 
JEuclid III. 21 [p. 172], and first described a circle by means 
of an angle and a line parallel to one of its aims, or by 
two angles having one pair of their arms constantly parallel. 

gl4. Proof and extension of Newtoii s ])escriptio Organim. 

Let two angles A OB and Aa>B of given magnitudes turn 
about 0 and co respectively, and let the intersection trace a 
curve of the 72 th order. Jbor a given position of the aim OB 
there are n positions of A and therefore n of B, When OL is in 
the position Oca the n jB’s coincide with o), which is therefore 
an 72 ~fold point on the locus of B^ as is also the point 0 5 and 
since any line through 0 (oi' co) meets the locus of ./> In n other 
points, the locus is of the order 2n. Its order Is the same when 
AcaB is a zero-angle or straight lino. 

Let a given trihedral angle 0 {ABO)~()t a plane OBG and 
a line OA rigidly attached to It— turn about 0, and let a 
variable plane through a tix(*-d point (o meet (Jx\. m and the 
plane OBG In BGj then if the line BG descrllxis a ruled surfece 
of the order n the point A describes a surface of tlui order ‘k.t 
Lor a given position of the line BG the locus of at is a conicj 
and when the director surface is a cone ot tlu^ 2 ith order cveiy 
plane through co and its vertex meets the surface which is the 
locus of A in oi conics. 

When the director is a plane, B(> must be made to pass 
tlirougli a fixed point or toueli some curve in it, vxvcjft in the 
case in which OA is normal to the plane OBG. in the last 
case the locus of A is a (puidric, which becomes a sphere when 
the director is at infinity. 


Em* Horne uiirlicr iiss.-ivs ;lI, ncHcrip! io Oirniiir-a re-. Chn I . ’ p. IdO. 

•j* Eor Uio dfjLuriniti:iU«>ri of Uie ordtjr of Ihc Hurfun; dc.scrit)(*d by Lhc point A 
I iini indebted to rroEcssor Cayloy. 
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§ 15. Colin MacLaurin developed Newton’s theory of curves 
in his Oeometrica Oi^ganica^ sive descriptio curvaruin universalis 
[p. 34o], He also wrote a treatise on Fluxions^ (Edmb. 1742). 
The work Algebra with an Appendix etc [p. 128] was first 
published, after the death of the author, in 1748, and in the same 
year An Account of Sir Isaac Newton^ s Philosophical Discoveries, 
The Appendix to the Algebra (pref. p. xi) was founded on 
Cotes’ theorem of harmonic means, of which turther use has 
been made by Poncelet and other modern geometers (Salmon’s 
Higher Flam Curves § 132 1879). 

§16, The property of the focus, directrix and determining 
ratio I'cmaining buried in the CoUectio of Pappus, modern 
writers looked to later works for the first notice of the focus of 
the parabola and the directrix of the general conic. Thus 
Robertson in his Sect Conic, pp. 340, 363 (Oxon. 1792) refers 
for the focus of the parabola to an anonymous work De Speculo 
Ustorio — known to Roger Bacon, and perhaps translated from 
the Arabic — ^which was published at Louvain in 1 548. Gregory 
St. Vincent knew the property of the directrix for the case 
of the parabola, and virtually arrived at it for the ellipse ( Opus 
Qeomet lib. IV. prop. 139, p. 317, 1647), in the form of Ex. i6 
[p. 35] ; as did De la Hire for the hyperbola, measuring dis- 
tances from the directrix parallel to an asymptote [p. 155 
Ex. 397], in his Sect Conic lib. VIII. prop. 18 (1685). In 
prop. 25 De la Hire introduces the directrix as the polar of the 
focus: in props. 23-4 he had proved that the tangents at the 
extremities of any focal or other chord subtend equal angles 
at the focus. It remained for Newton to bring the property of 
the determining ratio fully to light, and for Boscovich, with 


* On the ri¥al claim of Leibnitz to the first discovery of the differential calculus 
see Montucla Hist, des Math. vol. Ii. 330—343 (1758) j Gerhardt’s Hist, et Origo Calc. 
Diff. (Hannover 18-1(3) and other publications; Brev/ster’s Life of Newton ii, 23—47 
(1855); Weissenborn I)k Priimipkn der hoheren Analysis (Halle 1859); Sloman 
The claim of Leibnitz to the incejition of the JDifferentud Calculus, translated 
from the German (Cambridge 18(30). It is disputed to what extent Leibnitz 
was indebted to the letters and MSS. of Newton. Leibnitz several times discovered 
things already in print {Biographk Unimrselle XXlll. 627—8, 634) ; and it is a 
strildng fact that the leading propositions of the Ppjncipi.^. reappeared under the 
name of G. G, L. in the Ada Eruditoriim pp. 82—96 (cf. p. 36), IGSO. 
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tlie help of it, to compose the first really complete Sectionum 
Conicarum Elementa. The term Directrix, formerly used in the 
case of the parabola, is now used of the general conic (p, viii.) ; 
as in the following year also (1758) by Hugh Hamilton, who 
added a construction for the focus and directrix in the Cone 
[p. 204] ; but the term was still used only for the parabola by 
Le Seur and Jacquier (1760) in their edit. 2 of tlie Princifia 
(l. 134, 179), and the characteristic property of the line itself 
in the general conic was not familiarly known even some years 
later, to judge from Lexell’s elaborate discovery of the simplest 
of corollaries from it in the Nova Acta Petropol. I. (147), 1787. 

Later works founded upon the properties of the determining 
ratio and the eccentric circle [p. 3] were those of Thos. Newton 
(Camb. 1794), G. Walker of Nottingham (Lend. 1794), and 
John Leslie (Edinb. 1821), who describes Thos. Newton’s work 
as “ clear, neat, and concise,” whilst Walker’s “ though in- 
genious and strictly geometrical, is unfortunately so prolix and 
ponderous as to damp the ardour of the most rc.soluto student.” 
Walker was under the impression that he was the first dis- 
coverer of what he called the Generating Circle,’^' but Thos. 
Newton rightly referred it to Boscovieh. [jcslie’s account of 
the work of Boscovicht is that it consisted “ of only a few 
propositions, but drawn out into a string of corollaih^s.” It is 
nevertheless a clear and compact treatise, which for simplicity, 
depth and suggestivcncss will not readily be surpassed. 

* Compare Mr. S. A. lioTiRliaw’s 'fhe Cone and Us Herfiont^ pp. (Lorid. 1875); 
Messenger of Mathematics vol. 1 1. 97 (187,'>). Walker’s complete Ireati.se was to be in 
five Looks, but one only appeared. 

f From the preface to voL in. of the Fikmenla, rnir. Math, (IToT) we gather 
that Boscovich’s scheme of Conics was first puLlished “in Itomiuio liltdratorurii tliario 
ad annum 174Cf in the form of a short article, “schedinsma Lrevis.4irnuin” ; and that 
several years elapsed before the complete work, .'ift.er ropear.(*(l tlelays, was given to 
the world. Leslie says that it was published in 174*1, and Walker’s in 1795. Walker 
had discovered the generating circle “near thirty years” behtre publication. An 
edition of Boseovicli’s Eknianta seems to have betm published at Koine in his name 
in 1752—13 ; but I have only seen the “editio prima Ycneta.” 
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SECTION IV. 

MODEEN GEOMETEY. 

§ 1. ALTHOUaH the law of Continuitj, the vital principle of Continuity, 
the modern geometry, had been decisively laid down by Kepler, 
it was not until the great discovery by Poncelet of the circular 
points at infinity in any plane that it came to be universally 
acknowledged. The principle as enunciated by Kepler w'as 
wholly independent of algebraical considerations, but its later 
developments were suggested by the occurrence of negative 
and imaginary roots In equations applied to geometry, whilst 
the discovery of the differential calculus gave a new zest to 
speculations De infinito and De nihilo. The earliest thorough 
and geometrical treatment of the subject with which we are 
■acquainted is found in Boscovich’s appendix^* to his Sectionum 
Comcarum Elementa [p. 311], of which a slight account is given 
below. The complete dissertation occupies more than two- 
thirds as much space as is devoted to the entire subject of 
conics in 'piano. The writer cautiously abstains from the too 
bold assertion of novelty in his speculations, but remarks that 
the essay contains many things which “ ego quidem nusquam 
alibi offendi,” and many which, although found elsewhere, 
nusquam ego quidem ad certos reperi redacta canones, et 
geometrica methodo pertractata.” 

§2. His first principle Is, that every member of a georac- 
trically defined locus must have the same nature and properties,]' 


* Elementa Univ. Math. tom. in. 228-356 (Yenet. 1757). 

t See Chasles’ Aper^^u Jiistorique p. 197 on Monge’s use of the principle of cuntvml 
irdatioiis. 
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which are wrapped up in the definition itself, so that whatsoever 
is demonstrable of one part of the locus should be demonstrable 
in like manner of every other. On this principle we conclude 
a ■priori from the nature of the problem, to trisect a givea 
circular arc, that any construction must give a series of solutions, 
three of them geometrically distinct [p. 141]. In geometrical 
demonstrations a determinate configuration is present to the 
senses, but the reasoning applies to an infinity of cases. This 
is clearly seen when, for example, we bisect a given finite 
straight line; hut it is true none the less in cases in which 
a new configuration seems to render the proof nugatory, 
although some artifice may he re(][uucd, ad seivandam 
analoglam, et retinendam solutionis ac demonstrationis vim" 
(p. 229). Notice his use of the term Analogy, by which the 
idea of geometrical continuity was first expressed. 

The correspondence of change of sign with change of direc- 
tion in lines carries with it the idea of negative rectangles and 
squares, and thus of imaginary magiiitiidcs (pp. 2 34, 308), 
Change of sign implies a transition through za-o or fn/niiy, 
and never takes place per salUim (p. 2.')0). To illustrate this, 
take an indefinite line AB and a point G without it, draw 
OIT perpendicular to AZ?, and let a line turning continuously 
about G meet AB in P. As GB passes through If, the sign of 
JZP changes, say from positive to negative: when C/Miecoines 
parallel to AB, the point /•* is at inlinity on the ■iir(i<itive side 
of U, and the next instant it is at inlinity on the ])Ositive 
side of i/. Thus the passage througii inlinity carries with it a 
change of sign aiul, like tlio passage through zero, is eifeeted 
by the coidiiiiwus rotation of GB, and not per sul/ain. The 
opposite extremities of an inlinite .straight line are thus in 
a manner joined, as if the line were an inlinite circle (p. 254), 
whose centre may bo eonsidereil to be at inlinity on either 
side of the line. In illustration of the principle that o[)p()sltc 
infinities are thus adjacent, take the case of ;ni infinite double 
ordinate to the axis or any diameter of the parabola, regarded 
as a closed curve (pp. tiCif), 

The consideration of a circle of infinite radius lead.s to the 
idea of a “ vcliiti plus quam inlinita oxtensio” (pp. XV, 281). 
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Throngli fixed points AO on an indefinite straight line MACN 
draw a circle, and bisect Its minor segment AIG in I and Its 
major segment in 7'. If now the centre be removed to infinity, 
the arc AIG becomes the line AG^ w^hilst of the arc AT G 
part coalesces with the infinite segments AM and CiV, and 
the rest recedes to infinity with the point 1\ ^^nt nusqiiam jam 
sit or as we may say, the circle degenerates into the endless 
line MA GN together with the line at infinity* [p. 344], Hence 
it Is deduced that whilst the line AG bisected in a point J, 
its complement AM go NO is bisected at a point T at infinity 
(p. 274) ; which might also have been arrived at by dividing AG 
harmonically, and making one point of section coalesce with 
the middle point of AG (pp. 6, 344). 

If ^ 0 be a segment of an infinite right line, the remainder 
Aqc G may be regarded as its “ complementum ad quendam 
veluti Infinitum circulum” (pp. 276, 280, 292, 297 &c.). The 
hyperbola, regarded as a quasi-ellipse, has for its axis AooA' 
the complement of AA' (pp. 264, 276, 289, 292), The further 
developments of this idea already given [pp. 18, 22, 102, 153, 
311] are in accordance with the views of Boscovich; but 
the note on Art. 13 was written, and a Scholium in continua- 
tion planned [p. 102], before his dissertation on continuity 
had been consulted.f 

The change from the real to the imaginaiy state is con- 
tingent upon the transition of some element of a figure through 
zero or infinity, and never takes place j)er saltum (p. 277). 
Examples ot imagiuaries are the exterior diameters of a 
hyperbola, whose squares are negative ; for the so-called 
secondary” axis and diameters have no real analogy to the 
minor axis and conjugate diameters In the ellipse, although 
the unwary geometer may be imposed upon by the conjugate 


Altliongli the arc AI'C seems to lie whoUy on one side of the line AB, it is to be 
remembered that opposite infinities are adjacent. Thus every line-cii'cle passes through 
all points at infinity in its plane. 

t Without reference to the idea of an infinite line-circle, I had used the term 
COilPLEMENT of a straight line several years before I was acquainted with any work 
of Boscovich. See Oxf. Camb. Buhl. Messenger of Matheinutlcs iv. 110 (18G7). 
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hyperbola, and persuaded to think that there can be a curve 
of the second order which a straight line meets in four points 
(pp. 311—317). In comparing properties related to diameters 
in the ellipse and in the hyperbola, we should endeavour to 
bring in the sq^aares of the diameters, the signs of certain 
of which will merely have to be changed in passing from the 
one curve to the other (p. 320). The general method of 
procedure in dealing with a geomeh-ical figure one or more 
of whose elements is evanescent, infinite or imaginary Is 
summed up in eleven Canons, formally stated and fully illus- 
trated (pp. 284-339). The 5th relates to negative angles, 
and the 11th to the Ratios of infinite magnitudes. He might 
have added a Canon 12 on the ratios of the Newtonian nascent 
or evanescent quantities, but promises another volume when 
time permits (p. 348) ; whilst on p. 353 he refers to his 
former dissertation D& Natura et usu infinitormn ct infinite 
parvorum (1741). In the course of the essay now under cod- 
sideratlon he treats of curves of all orders, their infinite branches 
and asymptotes, their curvature, cusps, points of inflexion, 
and the tangents thereat (pp. 245, 2G7, 270—3, oio). 

§ 3. The general solution of the problem, given tlia _ 
directrix and determining ratio, to find the 'intersections of an 
arlitrary line xoith the conic, completely determines^ by im- 
plication the nature and properties of the curve (p. 28G). His 
construction Is as follows. Take a point w exterior to the 
given lino, instead of a point 0 upon it [p. lOj ; draw aZ 
parallel to FQ meeting the directrix in /j, and let the^ parallel 
through Z to 8B meet the eccentric circle of co in ;/ and j. 
Then the focal radii parallel to wji and an/ ineet^ the given 
line at its intersections with the conic (p. 3'.);. Tins construc- 
tion failing (1) when FQ is parallel to the directrix, in which 
case the line Zpr/ is indcterinlnatc, and (2) wheii FQ passes 
through 8, in which case the parallels through 8 to aip and 
coalesce with instead of cutting it mmh in one point; 

he shews how to meet the difficulties thus arising. The former 
case however leads only to a simplification when the centre 
of the circle is taken upon FQ, as in the present work. Con- 
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sidering the second case in relation to Art. 16 Cor. 1 [p. 20], 
let a fixed chord drawn through the focus 8 be intersected in S 
by a variable chord containing a given angle with the axis. 
Then the products of the segments of the two chords are as 
the squares of the parallel tangents, however near S be taken 
to 8j and therefore in the limit the products of the segments 
of any two focal chords are as the squares of the parallel 
tangents. 

A line still meets a conic in two points, even though, for 
example, one of them should disappear at infinity. In the 
parabola, any two chords as they become infinite are in a ratio 
of equality. In the hyperbola, if from any two points LL' 
parallels be drawn meeting the curve in FP’ and its adjacent 
asymptote in hh! respectively, then as the latter points recede 
to infinity the intercepts Ph and P’h' remain finite [p. 146], 
and the ratios of LP to Lh and LP' to L'li tend to equality 
as their limit. The infinite segments LP and UP' are as the 
distances of L and U respectively from the asymptote hh' (p. 347), 


§4. It is remarkable that Boscovich enters upon these 
abstruse speculations in an elementary treatise for beginners, 
and even several times touches upon the subject of the appendix 
in the text itself, as for example when he notices that the 
properties of chords of a conic may be transferred to one of 
its limiting forms, the line-pair (p. 100). The preface to the 
volume contains an earnest plea for the introduction of the 
modern ideas into the schools. He had taught the appendix 
viva voce to his own tyros with the happiest results. The 
mind of the tyro is commonly overwhelmed wfith a multitude 
of details not reduced to any system ; demonstrations are put 
before him in an unsuggestive form which gives no play to 
his Inventive faculty; and thus It comes to pass that of the 
many students so few turn out genuine geometers. Let the 
learner be furnished with principles, and not alone with fully 
explained facts, and be continually stimulated to exertion by 
the intense pleasure of finding something left to discover for 
himself. 
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§5. The newly founded Ecole Folytechnique led the way 
in the geometrical revival of the nineteenth century. From this 
source issued first the works of Carnot and Monge, which 
further illustrated the principles of continuity above described. 
The leading conception of Carnot’s Oeometne ch jposition (Paris 
1803] is the doctrine of quantities “dites positives et negatives” 
(p. ii), to which he recurs in his Essai sitr la tlieorie des Tram-^ 
versales &c. p. (96), Paris 1806. This essay is in great measure 
based upon the ancient theorem of the six segments [p. I.j. 

Referring to the Apercu Jiistorigiie for a good description 
of the works of Monge, we pass from the master to one of his 
most illustrious scholars, whose short incisive essays in pur- 
suance of the ideas of Desargues, Pascal and Newton were the 
prelude to their fuller development by Poncelct, Steiner and 
Chasles. 

§ 6. Second In Importance only to the principle of Continuity 
is the principle of Duality^ of wdiich Brlanchon’s hexagram 
(1806) occasioned the discovery [p. 290]. Noticing again the 
important article of Erianchon and Poncelct on the Equilateral 
Hyperbola [pp. 175, 282], wc next come to the separate 
publications 

(1) Mernoire sur les Hynes da Second Onlre^faisant suite am 
reclierches puhlUes dans les jour naux da V Ecoh royah pohjtech 
nique. Par C. J. Erianchon, capltaine d’artillcric, ancicn dhve 
de I’Ecolc Polytechnique. Paris 1817. 

(2) Application de la tlieorie des Transmrsales (Erianchon. 
Paris 1818]. 

The latter memoir consisted of Leyons donnves a Vkoh 
d^artillerie de la garde royale en mars 1818, The former, which 
is of greater interest, must be described in detail. A line of 
tbe Second Order is defined as the section of any circular cone 
by an arbitrary plane: the term projection is introduced in 
relation to perspective: poles ^lApolars arc defined: as also is 
the expression Gcometrie de la regie, ^riic term polar had 
been introduced by Gergonne as correlative to “ pole,” an old 

It would be worth wliilc to rc‘i)ubii«h Briaiidioir.s lU’Uclcs iiiid luemoirs in 
one volume. 
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expression for a fixed point, whicli was beginning to be used 
in its restricted modern sense (Gergonne’s Amiales i. 337 ; 
III. 297). 

Pp. 7—10. The property (afterwards called anharnionic) of 
four radiants is enunciated, the case of the harmonic pencil 
specially noticed — the term faisceau liarmonique being intro- 
duced apparently as new — and it is noticed that the harmonic 
property holds ‘‘ pour toutes les projections de la figure,” a 
reference being given to Gregory St. Vincent’s O’pus Geome-^ 
tricum p. 6, prop. 10 (1647), A fourth harmonic to three given 
points in a straight line is found avec la rfegle seule” by the 
property of the complete quadrilateral, and a reference for this 
is given to De la Hire’s Sectiones Gonicce p. 9, prop. 20 (1685). 

Pp. 10—16. Any transversal is cut in involution (1) by the 
sides and diagonals of a quadrilateral, regarded as projection 
of a parallelogram : and (2) by these and any circumscribed 
conic regarded as the projection of a circle. The latter theorem 
(§ xi) was due to Desargues and had been preserved by Pascal. 
The case in 'which a conic degenerates into a line-pair is noticed. 
In a note (p. 14) he refers, on the theory of transversals, to 
the works of the ancients — the Almagest for example; to Pr. 
Maurolycus Opuscula Mathematica p. 281, 1575 ; and to Schubert 
in the Nova Acta Petropoh tome xii. ann. 1794. 

Pp. 17 — 28. Pascal’s theorem is proved by considering the 
six points of concourse of a conic with any triangle, and in a 
note is added the property of triangles in homology. The 
extension of the theory of polars to quadidcs is ascribed to 
Monge (p. 19), although in reality due to Desargues [p. 329], 
who would however have thought definitely only of the quadrics 
of revolution. The theorem that the joins of four points on a 
conic determine a self-polar triangle with respect to it [p. Ixii] 
is proved, and the reciprocal property of four tangents deduced. 
Hence follows “ une propriety bien remarquable des lignes du 
second ordre,” viz. that the intercepts on any two fixed tangents 
ly the diameter MN parallel to their chord of contact and a 
variaUe tangent El have their product EM,NI constant (gxxvill). 
He does not seem to be aware that this is one of Hewton’s 
theorems [p. Ixviii] although he refers to Newton more than 
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once (pp. 38, 45), has a general acquaintance with lib. i. sects 
of the Principia from which it is taken, and knows the third 
corollary of the lemma to which it is the first corollary. 

Pp. 28 — 53. He draws conics passing through 7i points (one 
or more of which may be at infinity) and touching 5 - w lines 
(where n is 0, 1, 2, 3, 4 or 5), referring also to Newton’s 
methods, and in one case to Maclauriu’s Ahjehra. He makes 
use in these constructions of his own property of the hexagram, 
the reciprocal of Pascal’s; and from the two together deduces 
(p. 35), that the six summits of two triangles touching a conic 
lie on a conic, and conversely. 

Pp. 53—60. The theorem of Desargues (§xi) “va nous 
d^couvrir de nouvelles propridtes dcs coniqucs a branches 
infinies.” Take four points XJXYZ on a conic, of which Zr 
are at infinity and TJ variable, then any fixed chord AB is met 
by TJX and UY in points G and F, such that the cross ratio 

-^is constant (p. 54). If AXYZ bo fixed points on a 

parabola or hyperbola, of which Z only is at infinity, and JJ a 
variable point on the curve, the lines UX and UY meet AZ 
at distances from A which arc in a constant ratio. 15y making 
U coincide with each of the points XY^ he deduces Ex. 429 
[p. J 59 ] and its analogue for the parabola; as also Ex. 427 , 
that the arms of any angle in a fixed segment of a hyperbola 
intercept a constant length on cither asymptote. By means of 
these results he shews how to describe a hyperbola, having 
given an asymptote, and in addition three pioints or a point 
and two tangents or two points and one tangent. All that 
remained to bring the anharmonic i)oint-i)TOi)trhj of contes fully 
to light was a simple application of the method of projection, 
which the writer had already used witli such effect. Knowing 
so wxll the importance of the projective property of the an- 
harmonic pencil, it is remarkable that ho should have left it 
for otlicrs to take the final step. 

Toutes les proportions contcniics dans cc Memoire se 
rattachent au thdorhmc XI ” (p. 6*1). Thus the name of 
Desargues is brought cfFectually into notice, lie also refers 
to Lambert [Perspective cd. 2 , 177dJ, Blondcl, Muller &c. 



SECTION IT. 


Ixxxi 


Pp. 61—65. He deduces from Pascal’s hexagon the pro- 
perties of similar central conics^ and concludes with some new 
properties of the tangent cones to quadrics. If a conic passes 
through two fixed points AB and touches two given lines, the 
chord of contact passes through a fixed point on the line AB 
(p. 20). Hence, if a quadric passes through two fixed points 
AB and has a given enveloping cone, the plane of contact 
passes through a fixed point on the line AB, A construction 
is deduced for a quadric passing through four given points and 
having a given enveloping cone, 

g 7. To Poncelet as a geometer belongs the double honour 
of supplying what was lacking in the theory of Continuity by 
his discovery of the focoids [p. 311],* and bringing to light the 
principle of Duality by his method of reciprocal polars [p. 346] ; 
whilst, like Desargues and Archimedes before him, he was no 
less a master of the principles and practice of mechanics. Born 
at Metz on the first of July 1788, he was allowed to grow up 
almost without instruction at St. Avoid, until in his seventeenth 
year, at the end of 1804, he entered the Lyc6e imperial de 
Metz. Three years later he gained his admission to the Ecole 
Polyteclinigue^ was employed in 1811 upon the fortifications of 
Kammekens in the island of Walcheren, marched in 1812 with 
Napoleon to Moscow, and was taken prisoner and interned at 
Saratov on the Volga until the general peace of 1814. In his 
captivity he set to work, in spite of all hindrances, to reconstruct 
for himself a course of mathematics, and entered upon those 
bold speculations which are the characteristic of his famous works 
on geometry. For a full list of his scientific publications see 
Dldion’s Notice sur la Vie et les Ouvrages du Gen, J, V. Poncelet 
(Paris 1869). The appearance of his Cours de Mecanigue 
appliguie^ dating in part from 1826, is described as having 
“ fait sensation dans le monde de la science et de I’industrie” 
(p. 33). The dominating idea of his geometrical works was to 
increase the resources of pure geometry, to generalise its con- 

Poncelet, before Plucker, spoke of a conic as baying four foci {rropricUs 
Projectives p. 271, 1822). 

/ 
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ceptions and language, and thus to raise it to the level of 
analysis. See the Introduction to his TraM dest Proprikk 
Projectives des Figures edit. 1 p. xxxiii. (1822); edit. 2 tomei 
p. xxii (1865-6). At the end of the year following he died 
(Dec. 23 1867), with his thoughts turned again to mechanics; 
^^Matete est bonne, et j’csphre bion pouvoir cct hiver publler 
ma Mecanique (p. 45).” 

Steiner. §8. Oiie of the leading contributors to the further system 
inatlsation and, development of geometry w^as Jacob Steiner, 
the author of numerous mathematical articles and of the works: 

(a) Systematische Entioichelimg etc. 1832 [p. 262]. 

(S) Die geometrisclien Konstmctioncn.^ ausgvfuhrt mitteht h 
geraden Lime mid einesfesten KreLses (Berlin 183,')). 

The wmrk [a) was a first instalment of a treatise in five 
parts, of which no further part appeared iu the author’s life- 
time ; but his Vorlesimgen ulher syrthetlsvlie Geometric were 
edited posthumously by Gelscr and Hchrliter (Leipzig 1867, 
1876). Of the second part of the Verh sintgcti.^ containing the 
projective geometry of conics, the third section is on 
schnitthilschel and Kegelsclin itiscJuiar, 

chiiflios §9. Michel Chasles, the most famous of livlim'** p'cometers, 
is perhaps best known as the author of the A])(r(j.u Imtorifi^ 
sur Vorigine et h dcrcdoppenumt des Mediodes en Geometm ek 
(Paris 1837, 1<S75), which contains an invaluable scries of notes 
on the history of g(',OTnetiy from tlic earliest times, followed 
by a Memoire de Geometric (pp. 573— H I S) devoted to the ex- 
position of the two general principles of Duality and Homo- 
graphy. Supplementary to the Apmu was his Piapport surh 
jrrogrh dc la Geom6tric (1870), forming one of a scries of 
official reports on the various branches of literature and science, 
lie is also author of treatises on tlie Geometric SajicricHTC (1852, 
1880), PorUmes di" End idc (i860), Seeiioos (Joirigaes^ premien 
(1865), and of a multitude of separate articles, several of 
which relate to Slaclaiirin’s theorem in attractions (Gomptis 

* Thwe p:i;reH wore ulroiidy iu l.yp.; when l.lu; (it-iiUi of (jluiKlfS l.ouk pliicc, on tlie 

IStli Deccinbci*, J8Sl). 
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Sendus V. 842. Vi. 808-812, 902-915. 1837-8, &c.). At this 
point we may fitly offer some remarks upon the history of 
the “ anharmonic” properties of conics and the general principle 
of homography,” with which the name of Ghasles is so 
intimately associated. 

{a) The anliarinoniG poiiit-pi-'operty of conics. 

From the Collectio of Pappus we are led to infer that 
Euclid was acquainted with a form of the theorem (1) that the 
cross ratios of four fixed radiants are constant, and Apollonius 
with the theorem (2) that the locus ay = k.^S is a conic. From 
the union of these two at once arises the well-known “Pro- 
prlele anharmonique des points d’une conique,” which never- 
theless remained unnoticed for upwards of 2000 years longer. 
Although the. theorem (1) was rediscovered by Desargues and 
taken as his fundamental property in Perspective, whilst (2) 
was brought into notice by Descartes and afterwards proved 
synthetically by Newton, the combination of the two was not 
yet thought of.^ The third and last stage in their history was 
inaugurated by Brianchon, who proved that, if AB he a fixed 
chord of a conic and XY its points at infinity.^ the chords from a 
imriahle point on the curve to ABXY cut AB in constant cross 
ratios. Ghasles shewed, in course of an account of his Trans- 
formation Parabolique,” that the same is true when X and Y 
are any two fixed points on the conic; and he deduced that 
the locus of the point at which four given points subtend a 
harmonic pencil is a conic through the four points. See 
Quetelet’s Cori'espondance Math, et Physique tome V. 293—4, 
SOI (1829) : Ghasles Piapport etc. p. 268. All that was still 
wanting was a familiarity with the thdorie complete des 
rapports anharmoniques,”f which might have been found in the 
Barycentrische Calcul of Mobius (1827). The property of 
conics now under consideration is fully stated, and its impor- 


Althougli it is convenient to deduce Newton’s description of a conic by anglcis 
from the four-point property [p. 264], we ought, historiciilly speaking, nitlier to 
reverse the process, and say that the anharmonic property is evidently contained in 
his Descrlptio Organica. 

t Seethe Preface to Cremona’s Geovietrie Projective p. xv (Paris 1870). In this 
work, originally written in Italian, the reader will find references to many of the 
leading treatises and historical facts of geometry. 
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tance pointed out in the Apergu liistoriqiie (pp. 80, 334-34|]^ 
which was presented to the Brussels Academy in a rudimentarj 
form In 1829, and ultimately published in 1837 : It is also 
found in Steiner’s Systematische Entwiclcelung ^ published k 

1832 [p. 262 ]. 

(5). The anharmonic tangent’-property of cojiics. 

It was shewn by Newton that, if IM and IK be certain fixed 
segments of two given tangents to a conic, any third tangent 
cuts them in points E and Q respectively such that the 
rectangle [IM—IE) {IK- IQ) is of constant magnitude; and 
the same theorem was reproduced by Brianchon in 1817 
[p. Ixxlx]. Poncelet, who refers to Brianchon’s Memoire^ proves^ 
that, if the opposite sides AB and CD of a fixed quadrilateral 
circumscribed to a given conic be met by any fifth tangent in 
L and N respectively, and if BG^ DA be met by any sixth 
tangent in M and P, then 
DP 

AP^ aW^ AL * YJA’ 

and by fixing the tangent ilfP he deduces that the cross-’ratia 

2X * IW ^ seg7nents of AB and CD by a/ny fifth tangent 

is co7istant:\ In the case of the parabola this cross ratio Is equal 
to wiity [p. 205] — a theorem which he believes to be due to 
Halley (p. 118)4 Ohasles gave a second ])roof of Ponceleth 
generalisation, regarding tlie tangents to a conic as projections 
of the generators of a ruled hyperboloid, and shewed how to 
pass from it to Newton’s tlieorcin, which however he asciibeJ 
only to Brianchon (Quctclct’s (hrnispovAxivce IV. ;UM-70. C£ 
Chaslcs Rapport p. 239), lie afterwards proviid it again in 
the form, that the ratio of the prodiuds of the <llstances of the 
fifth tangent from A, G and P, J) n^spectively is constant 
(ibid. V. 289, 1829); and also shewed that the envelope of a 

projectivvs 115 (l.Sii2); vol. I. p. Ill (l<sr;r>). 
t Tills is nlivious from Nowlon’s ]>, |lxvii| for ilio case of two pairs oi 

tanjii'inits : if, bluin. foll<j\vs Iiy ])niioct.ioii for any t wo pairs of tangents, tk 
“ cross-rati(,>” having hut constant vahiirs for (lili'crr.iit }jIa,ncH. SocArfc. 133 

(ii) [p. 3ia]. 

Apnlloiiii Pergiui Jh’ ^iartionn Jittiionh; tj'vr. Jili. i, pp. (I-I — 5, cd. HallEf 
(Oxon. ITOO). 
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line cut harmomcally by four fixed lines Is a conic touching 
them (p. 294). The property of which this last is a special 
case was at length completely stated, simultaneously with its 
reciprocal (a), by Steiner and Chasles. It might have been 
deduced at once by projection from Lambert’s solution of 
Sir Christopher Wren’s problem [p. 296]. 

(c). A conic regarded as the projection of a circle. 

Chasles, in his Sections Gonigues (at the suggestion of 
M. J. Delbalat), defines a conic as the projection of a circle 
(p. 7), deduces its anharmonic properties, and founds his treatise 
upon them. The eiffectiveness of this method and the ability 
with which he applies it are known to all. Nevertheless, 
however excellent in a supplementary course of geometry, 
it is less suited for beginners, owing to the difficulty of proving 
conversely that every conic — secondarily defined by the an- 
harmonic properties — can be placed in perspective with a circle. 
The problem is indeed solved concisely on p. 5, but not without 
references to a later paragraph and a separate work for further 
reasoning in justification of the construction. It naturally 
presents some difficulty to the tyro, being in fact a form of a 
problem which no geometer was able to solve generally before 
Desargues. 

{d] Somograyhic figures in two and in three dimensions. 

The general principle of homographie” — as it was named 
by Chasles — is somewhat obscurely set forth in the works of 
Desargues, who regarded figures in homology as special cases 
of figures in perspective in space, at the same time taking for 
his Proposition Fondamentale de la pratigue de la Perspective 
a form of the property of the anharmonic pencil.''^^ The idea of 
transforming solid figures also is briefly hinted at by Desargues 
[p. 329], Poncelet studied the relations of figures in “homology” 
(to use his own expression), and devoted a supplement of his 
Traite des Propr. Projectives pp. 369-416 (1822) to the pro- 
jective properties of figures in space. Not the least valuable 
part of the Apercu historigue is the full exposition of the 


^ Poudra (Euvres de Desargues I. 425. 
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principle of Homograpliie^ as applied to plane and to solid 
figures, with which it concludes. 

§10. The following works may be mentioned as having 
advanced the knowledge of the new geometry in this countiy. 
The essay on Transversals in the 12th edition of Hutton’s 
Course of Mathematics, by T. S. Davies, also an editor of the 
journal the Mathematician Salmon’s compendious works on 
the various geometrical and other methods, to which we have 
so often referred ; Gaskin’s Geometrical Construction of a Conio 
Section^ Mulcahy’s Principles of Modern Geometry; and 
Townsend’s two volumes on the Modern Geonietry of th 
Pointy Line and Circle^ which within their prescribed limits are 
as complete an exposition of the principles of the subject as 
could be desired. We must not omit to notice also Prof. 
H. J. S. Smith’s article on the Focal Properties of llomografm 
Figures in vol. II. 196 — 248 of the Proceedings of the London 
Mathematical Society, some of the results of which are given 
V, with especial reference to the case of reverse figures. 

Properties §1^* If be any angle winch is equal to its reverse 

^figureaf*^ cqual to MON [p. 32 :]]. Hence (1) for a 

given position of P there arc an infinity of angles d/ZW, each 
of which reverses into an equal (or supplenumtary) angle; and 
the arms of such a system of angles constitute a pencil in 
involution, since the points MN always lie on a circle of the 
coaxal system tlirough 0 and P (2) If O' and od bo the 
points such that the base-line bisects 00' and cijco' orthogonally, 
every angle subtended at 0 or O' revtu’ses into an equal 
angle subtended at co or w'. (3) Kvery cuale which has 0 or 

O' for a focus reverses into a conic luiving oo or co for a focus 
[p. 317 (i)]. (4) An ellipse (or liyperbohij having () and O'for 

foci reverses into a hyperbola (or ellipse) having w and d for 
foci; their normals at reverse points Pp eornjspond— 'being 
fourth harmonics to the focal distances and tangmUs at P and 
p respectively; and therefore their eenires of curvature and their 
evolutes correspond, (o) Th(‘. coaxal circles of which 00' are 
the limiting points reverse into those of which coo)' arc the 
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limiting points. (6) The parallels through co and co' to the 
base-line are such that every segment of either reverses into 
an equal seginenL And (7) on any two reverse lines MP and 
mp there are two sets of equal corresponding segments, which 
determine two pairs of involutions having their centres on the 
base-line — as may readily be deduced from the constancy of 
the product MP.mp [p. 328] for given positions of the two 
lines. These results apply miitatis mutandis to homographic 
plane figures in general, however placed. 

§ 12. The organic description of curves has within the last Uv. 
few years received developments of the greatest theoretical 
interest and practical importance, consequent upon the dis- 
covery (1864) by Peaucelller, an ofScer of engineers in the 
French army, of an apparatus for the Inversion of circular 
into rectilinear motion. Let AOB be an angle of equal arms, 
and A GBP a rhombus whose sides are less than the arms 
of the angle. Then OCP is a straight line, and the product 
OC.OP^ being equal to OA^ — AG'\ will be constant if the 
sides of the rhombus and of the angle be constant. Let these 
be now replaced by bars or ‘Minks” jointed at the five points 
OABCP^ then the whole linkage is called a PeauceUier celL 

If this linkage be moved about a fixed pivot at 0 in any 
possible manner in one plane, then whatever be the locus 
of G the point P will trace its inverse with respect to 0, on 
account of the constancy of the product OG.OP, To make 
P describe a straight line we must make C describe a circle 
through 0] which is at once effected by joining G to an 
“ extra link” GQ^ whose end Q works about a fixed point 
at a distance equal to its OTvn length from 0. This apparatus 
may evidently be applied also to produce Parallel Motion ; and 
we may make P describe an arc of a circle of as great a radius 
as we please by making the distance OQ sufficiently 7 iearly 
equal to the length of the “extra link.” The principle of 
linkages is well explained by Mr. A. B. Kempe in his concise 
work Hoiv to draio a Straight Line^ a lecture on Linkages 
(London 1877), and references are given in it to the chief 
articles that had been written upon the subject. To conclude, 
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in the words of Sylvester * to whom Peaucellier’s method of 
linkages owes so much of its further development: “/i « 
possible.) hj means of an apparatus consisting exclusively of rigii 
rods, compass joints, and pivots, to convert circular into linear, 
hyperbolic, elliptic, and parabolic motion ; and, in general, to 
describe any curve of the form x^lyd, if) + (x\ if) = 0, wkn 

f are homogeneous forms of functions of any degree resyoor 
lively in x^, y‘f 


* Educational Times Reprint vol. ixi. 58 (1874). Later information is to be 
souglit in the same and other scientific periodicals. 


NOTE, 


Jn coniinmtim of Kote f p. hx. 

The order of the surface is thus dotorTiiiiiod by Professor 
Townsend. For a given position of OA, tlio piano 0110 onvolopes 
a quadric cone, 2?t of whoso tangent pianos pass each through 
a generator of tire director scroll. Those generators give 2» 
positions of tho piano mJIO and 2« of the point A ; and wlion 01 
coincides with Oio all tho A’h coahisrs) at m, which is therefore 
a 2?i-foId point on tho locus. Again, ovory lino through w meets 
tho scroll in n points, through each of whicli passes a gonorator; 
and tlicsG gonerators sovorally dotorrnino n conics, cutting the 
line through w in 2u points, all of which, wlion tho lino ie wO) 
coalesce aj 0. Thus 0 also is a 2?4-fohl point ; and every line 
through 0 or <o passes through 2« other points on tho locus, which 
is accordingly of the order 4m. 
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A Conic Section, or, briefly, a Conic, Is a curve traced by 
a point which moves in a plane contaming a fixed point and 
a fixed straight line in such a way that its distance from the 
fixed point is in a constant ratio to its perpendicular distance 
from the fixed straight line. The Conic Sections were so named 
from the circumstance that they are, and were originally defined 
as, the plane sections of a cone. 

The fixed point is called the Focus', the fixed straight lino 
the Directrix', and the constant ratio the Eccentricity, or the 
Determining Batio. 

A Conic is called an Ellipse, a Parabola, or a Hyperbola, 
according as its eccentricity is less than, equal to, or greater 
than unity. 

Similar Conics are such as have the same eccentricity. 

The Axis Is the straight line through the focus at right 
angles to the directrix, and the point between the focus and 
the directrix in which it cuts the conic is called the Vertex. 

When the eccentricity is either greater or less than unity, 
the conic cuts its axis in a second point, which is also called 
a vertex. • In such cases the term Axis may denote the finite 
straight line which joins the vertices. Its middle point is called 
the Centre of the conic, and the conic is called a Central Conic. 

The Latus Bectum, or, as it is sometimes called, the Para- 
meter, is the chord through the focus at right angles to the axis 

B 
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Other uses of these terms will be noticed in the course of the 
work, 

A Diameter is the locus of the middle points of a system of 
parallel chords. It will be shewn that the diameters of conics 
are straight lines. The points in which diameters and chords 
meet the curve are called their ends or Extremities, The 
extremities of diameters which do not meet the curve will be 
defined in the chapter on Central Conics. The diameter at 
right angles to the axis of a central conic is called the Minor^ 
or Conjugate^ Axis, 

Two diameters are said to be Goiijugctte when each bisects 
the chords parallel to the other ; and two chords are said to 
be conjugate when they arc parallel to conjugate diameters. 

Supplemental Chords are such as join the extremities of a 
diameter to a point on the curve. 

A Tangent to a conic is the limiting position of a secant, 
whose two points of intersection with the curve have become 
coincident. Thus, if P, Q be adjacent points on the curve, 
and if the chord joining them be turned about P until its 
further extremity Q coincides with P, the chord in its limiting 
position will have become the tangent at P, II once a tangent 
is said to be a straight line which passes through two conseeutm 
or coincident points on the curve. 

If the point of contact of a tangent to a hyperbola be 
removed to infinity the tangent will coalesce witli one of two 
straight lines tlirough the centre, whldi arc called Asynqytoks, 

The Normal at any point of tlic curve is the straight line 
drawn through that point at right angles to the tangent. 

The perpendicular upon the axis from any point is called 
absolutely the Ordinate of that point ; but the ordinates of a 
specified diameter are the segments of the chords wlilcli Ibat 
diameter bisects. The term Abscissa will be deliued later. 

The portion of the axis intcrccptcul between the tangent at 
any point of the curve and the ordinate of that point is called 
the Sultangant, 

The portion of the axis intercepted between the normal at 
any point of the curve and the ordinate of that point is called 
the Subnormal, 
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A straight Kne is said to be divided harmonically at four 
points P, 8^ Qj P, when FQ^ and FQ producedj are cut in the 
same ratio by 8 and P, so that 


since, when this is the case, the lengths PP, P/S, FQ are in 
harmonical progression, the extremes being to one another as 
their differences from the mean. In the case in which 8 is the 
middle point of PiQ, the point P is at infinity, or F8Q co is 
divided harmonically. 

The locus of intersection of the tangents at the extremities 
of a chord which passes through a fixed point, or Pole^ is called 
the Folar of the point. It will be shewn that the polar of any 
point with respect to a conic is a straight line; and that the 
polar of an external point coincides with the chord of contact 
of the tangents to the conic from that point. 

If about any point in the plane of a conic, other than the 
centre of the conic, a circle be described, such that the ratio 
of Its radius to the perpendicular distance of its centre from 
the directrix is equal to the Eccentricity^ the circle may be 
called the Eccentric Circle of the Conic with respect to that 
pointy or, briefly, the Eccentric Circle^ of the point. It Is evident 
that the circle will cut, touch, or fall short of the directrix, 
according as the conic Is a hyperbola, a parabola, or an ellipse. 

The circle which is described according to the same law 
of magnitude about the centre of an ellipse or hyperbola is called 
the Auxiliary Circle of the curve. This latter is commonly 
defined as the circle described upon the axis as diameter, but 
It will be seen that the two definitions are coincident. The 
circle described upon the Minor Axis as diameter is called the 
Minor Auxiliary Circle. 

In a central conic, the locus of intersection of tangents at 
right angles to one another is a circle, which is called the 


* The properties of this circle form the groundwork of the treatise of Eoscovich, 
Sectionum Comcarum Ehmenta nova quadam metliodo concinnata, contained in his 
JEhmenta Vniversca MatJieseos, Yenexiis, 1757. Boscovich gave no name to his circle, 
but some later writers have called it the Generating Circle, sjncQ it affords a ready 
means of tracing a conic whose elements are given. 

b2 
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Director Circle. The corresponding locus in the parabola is 

The Order^ or Degree^ of a curve is determined by the 
number of points in -which it can be met by a straight Hue; 
and the Glass of a curve by the number of tangents which can 
be drawn to it from a point. Thus, a curve of the second 
order, or degree, is one which a straight line meets generally 
in two, and never in more than two, points; and a curve of 
the second class Is one to which generally two, and never more 
than two, tangents can be drawn from a point. 



CHAPTER 1. 


dbsoeiptioh of the curve. 

1. To trace a conic whose focus^ directrix^ and eccentricity 
are given. 

Let 8 be the focus,* MM! tbe directrix, and X tbe point 
in whicb the axis meets the directrix. In SX take a point A. 



such that the ratio of SA to AX may be equal to the eccen- 
tricity. Then A is the vertex. 

Let a straight line cut the axis at right angles in N. About 
8 as centre, with radius /9P, such that 

describe a circle cutting the straight line in P, P'. From these 
points draw perpendiculars Pif, P'M' to the directrix. Then 
evidently 

8P'.PM=8A\AX, 


* The planets describe approximately ellipses about the sun in one focus. I’or 
tliis reason the first letter of SoL is here used, as by Newton, to denote the Fvcus^ or 
as he called it, the Umbilicus, 
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or jP Is a point on tlie curve. And In like manner P' is a 
point on tlie curve. 

If now we suppose the straight line PNP' to move parallel 
to Itself, the points P, P' upon It will trace out the entire curve. 
From this construction It is evident that the curve is symraC' 
trical with respect to its axis, since its points are always 
determined in pairs, as P, P', which ai’e symmetrically situated 
with respect to the axis. It appears also that the tangent 
at the vertex is at right angles to the axis, since when the point 
N coincides with the vertex, BP= 8A — 8P' ] that is to say 
the points P, P' coalesce at A, and the chord joining them, 
which is always at right angles to the axis, becomes the tangent 
at A, 

In order that pairs of real points may be determined by 
the above construction, it is ncccssaiy and sufficient that 8N 
should be less than PP, and therefore 

8N:NX<8A:AX, 

a condition which enables us to disciiminate between the three 
species of conics as follows ; 

(i) The Parabola. 

If the eccentricity be equal to unity, wc must have 8N <NX^ 
a condition which is satisfied by taking N anywhere in XA 
produced. The point N therefore may be supposed to start 
from Ay and to move in the direction A8 to infinity, so that 
the extremities of the chord PP' trace out a single infinite 
brand]. 

(ii) The Ellipse, 

If the eccentricity be less than unity, the curve will have 
a second vertex A' in XA produced, and in oi'dcr that the 
condition 

8N: NX<8A : AX 

may be satisfied, it may be shewn tliat the point N must be 
taken between d, A'. Ilencc the ellipse consists of one oval 
branch, as in the figure of Art. 3. 

(iii) The lluperbola. 

If- the eccentricity be greater than unity, the curve will 
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have a second vertex A' lying in AX produced beyond the 
directrix ; and the point JV may He anywhere in AA' produced 
either way, but not between Ay A'. Hence, the hyperbola 
consists of two infinite branches situated on opposite sides of 
the directrix. 

A point is said to He within a conic when it lies between 
the extremities of a chord perpendicular to the axis; and all 
other points in the plane of the conic, with the exception of 
those which are upon the curve itself, are said to lie WITHOUT 
the conic. 

Let OX be the ordinate of an internal point (9, and let XO 
be produced to meet the conic in P, then evidently 

80:XX<SF:XXy 
< SA : AX. 

Next let 0 be an external point. Then if iV, the foot of 
its ordinate, fall within the curve, it may be shewn in like 
manner that 

SO:XX>SA: AX. 

But if X fall without the curve, then 

SX: XX > SA : AX, 
and a fortiori SO : XX > SA : AX. 

Hence, in every case, a jpoint loill lie loithin or without a 
conic according as the ratio of its focal distance to its jper- 
pendicular distance from the directrix is less or greater than 
the eccentricity. 

SCHOLIUM. 

The Ciecle is the limiting form of an ellipse whose eccentricity 
is indefinitely diminished, and whose directrix is removed to an 
infinite distance from the focus. For if, in the next figure, 
FU, F’M’ be perpendiculars on the directrix from any two points 
F, F' on a conic, and if the distance of the directrix from S be 
increased indefinitely whilst SP, SF'' remain finite, then (i) the ratio 
SF : FM is diminished indefinitely; and (ii) the ratio FM : FM' 
tends to equality. But 

SF : FM\ 

Therefore ultimately SF : SF' is a ratio of equality, and the conic 
becomes a circle about S as centre. 



.8 


DESCRIPTION OF THE CURVE. 


2. The focal distances of all points on a conic are to ou 
another as their parallel distances from the directrix. 

Let 8 be the focus; P, P' any two points on tbe curve; 



M' their projections upon the directrix. Then from the 
definition 

From P, P' draw a pair of parallels meeting the directrix 
in P, E. Then by similar triangles. 

Therefore BP: BP' : FR\ 

Hence the focal radii 8P, BP' arc to one another as tie 
parallels PP, PE ; and, whatever be the position of the point 
P on the curve, the ratio of BP to Pit ivill be constant if 
PP be drawn to meet the dircctinx at a constant angle. 

3 . A conic is a curve of the second order. 

For if P, Q be any two points on a conic, as in the figure 
of Art. 4, and if the straight line joining them meet the directrix 
in P, then, drawing perpendiculars P3l^ QN to the directrix, 
we have 

BP: BQ=^PiM: QN 


Hence 8B makes equal angles with PP, SQ; and, con- 
versely, if P be a point on the curve, and BQ he drawn 
meeting PP, and equally inclined with BP to PP, then Q will 
be a point on the curve. 

It is evident from tills construction that no thii^d point can 
be found on the conic in the same straight lino with P, ft 
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Hence a straight line which meets a conic will in general meet 
it in two points, and no straight line can meet a conic in more 
points than two. It is for this reason that conics are called 
curves of the second order, or of the second degree. 

Let a straight line parallel to the axis meet the directrix 
in M and the cmwe in P. Make the angle MSB equal to 
MSP, and let RS meet MP in Q', then, from above, the 
point Q lies on the curve. In the case of the ellipse the 



points P, Q will lie on the same side of the directrix; for, 
since SP is less than PM, the angle SMP is less than MSP, 
and therefore the alternate angle MSX is less than MSP or 
MSB. Hence the straight line SR falls without the angle 
MSX, and meets MP on the same side of the directrix with P. 
By similar reasoning it may be shewn that a straight line 
parallel to the axis of a hyperbola intersects the curve in two 
points on opposite sides of the du'ectrix. In the case of the 
parabola, SB coincides with the axis, to which MP is parallel. 
Hence a straight line parallel to the axis of a parabola meets 
the cmwe in one point only. 

4. To describe a conic of given focus, directrix, and, eccen- 
tricity by means of the eccentric circle of any given point. 

Describe the eccentric circle of any point 0 in the plane 
of the conic, and let a straight line through S meet the circle 
in p and the directrix in B. Let BO meet the focal radius 
parallel to^6> in P, and let OD, PM be the perpendiculars from 
0, P to the directrix. , 
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Then by parallels, 

SF: Op : OR 

^FM: 01), 

or BFx FM^ Op : 01) 

=:the eccentricity. 

Hence, as^ moves round the circle, /^traces tlic conic wtidi 
was to be described. 

In the case of the hyperbola’’^' it may be seen that tie 
directrix divides the circle into two parts, each of which cor* 
responds to one branch of the curve. 

5. To (leicrmine, the points in v^hich a given straight Im 
intersects a conic of given focus, directrir,, ami eccentricity. 

Let the given straight line meet the din^etrix in IL Describe 
the eccentric circle of any point O on the straight line, afll 
let it cut 8R ID 2 . Jjct the focal radii parallel toj?OjjO 


* Sinco the locus of p in a coniinuouf! curve?, the conic, which is the locus of P| 
is also to be re^anled as in all enses a continuous curve. In tiu* cumc of the hyperbola, 
as the point y; crosses the (lirc<-.trix, tin* jioiiit /' parucr. from inhnily on one sideoftlie 
axis to infinity on the other side, of the axir,. Ihuicc the two branches of tk 
hyjM.'rbola may be con<v.civc<l of il;^ coimccdod idar/unttUi/ at inliiiity. 
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meet the straight line in P, Q. Then, as above, if OD^ PM 
be perpendiculars on the directrix, 

SPiPM^Op: OP 

= the eccentricity, 

or P is a point on the conic. 

Similarly it may be shewn that ^ is a point on the conic. 

From this construction it follows that a conic is a curve 
of the same order as the circle; that is to say, it is a curve 
of the second order, as was shewn in Art. 3. 

6. A come is a curve of the second class. 

If the points^, become coincident, the points P, Q likewise 
become coincident, since Op, Oq are always parallel to /SP, 8Q 
respectively; that is to say, if SB touches the circle, BO 
touches the conic. 



Hence the problem of drawing tangents to a conic from 
a point 0 Is reduced to that of drawing tangents from 8 to 
the eccentric circle of 0; for if the tangents from 8 to the 
circle meat the directrix In P, B\ then PO, EO will be the 
required tangents to the conic. 
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Since the same number of tangents can be drawn from 0 
to the conic as from 8 to the circle, it follows that a coait 
is a curve of the same class as the circle ; that is to say it 
is a curve of the second class. 

In order that two real tangents to the conic may be deter^ 
mined by the above construction, it is necessary and su 
that 8 should lie without the circle. The point 0 must ■ 
be so situated that 80 may be greater than the radius of tie 
circle, and therefore 

80: OD>Opi OD 

> the eccentricity, 

where D is the projection of 0 upon the directrix. 

When 0 is on the curve the circle passes through /?, aiil 
the two tangents coalesce. 

No tangent can be drawn to a conic from any point betweei 
the curve and its axis, since at cvciy such point 

SO : OD eccentricity. 

Hence no tangent can pass between the curve and its axis/ 
and the curve is therefore concave at all points to its axis. 


EXAMPLES. 


I- If an ellipse, a parabola, and a hyperbola have tie 
same focus and directrix, tlic ellipse will lie wholly witliiu tk 
parabola, and the parabola wholly within, the hyperbola; d 
no two conics which have the same focus and directrix can 
intersect one another. 

2 . If parallels from the focus and any point P on a conk 
meet the directrix In P, and if L be c(|ual to half tie 
latus rectum, then 


* III part, icuLir iL is- to be no can U; Ui-awn to 

of a lOTCrbula from any pobiL witiiiii the other bnuieii. 
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3. If the focus and two points of a conic be given, the 
directrix will pass through one of two fixed points. 

4. If PN be the ordinate of any point P on a conic, then 

PP+ L : )SA^=the eccentricity. 

Hence shew that if PSP he any focal chord, then 

1 1 2 
SP^ 8P'~ L' 

5. Determine the condition that the chord of a conic may 
be greater than, equal to, or less than the diameter of the 
eccentric circle of its middle point. 

6. In the figure of Art. 4, if O^fiPbe a quadrilateral formed 
by drawing through 0, /S a pair of parallels, and a pair of 
straight lines which intersect on the directrix, then p will lie 
without or within the eccentric circle of (9, according as the 
ratio of 8P to PM is greater or less than the eccentricity. 
Prove also by means of this construction that a tangent at 
any point to a conic cannot meet the curve in any other point. 

7. If 23 be made to describe a series of circles about 0 as 
centre, P will describe a series of conics having a common focus 
and directrix; and the eccentricities of the conics will be to one 
another as the radii of the circles. 

8. If p be made to describe a curve of any degree, P will 
describe a curve of the same degree; and the corresponding 
arcs of the two curves will subtend equal angles at the points 
(?, S respectively. 

g. If pm be the perpendicular from p to the directrix, then 
PM. pm = OD . 8X. Hence shew that the sum of the reciprocals 
of the segments of a focal chord of a conic is constant, and any 
focal chord is divided harmonically by the focus and the direc- 
trix. Shew also that if OP=OQy then is divided 

harmonically. 

10. Shew from the construction of Art. 6 that the tangents 
OP, OP' subtend equal angles, and that PP, BP' subtend right 
angles, at the focus. 



CHAPTER IL 


THE G-EJSTBRAL OONIO. 

In this chapter we shall prove some of the principal 
properties which are common to the Parabolaj the Ellipse) 
and the Hyperbola, reserving for future consideration the 
properties which are distinctive of the three species of conics, 

PEOPEETIES OF TANGENTS. 

PROPOSITION I. 

7. The tangents to a conic from any point on the directru 
svhtend right angles at the focus. 

Let P, Q be adjacent points on the curve, and let 
produced meet the directrix in P. Then, as in Art. 3, 

EP: 8Q = PR: QB, 



and SB bisects the angle which 8Q makes with PS produced. 
Let PS produced meet the conic in 0. Then since the 
angles BSQ, BSO are always equal, therefore in the limit, 
when SQ coincides with SPj each of these angles becomes a 
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right angle, and BP, which becomes the tangent at P, subtends 

a right angle ai S. , . 

Hence, (i) to draw the tangent to a conic at a given point 
P on the curve, make P8R a right angle, and draw PB to 
the point in which 8B meets the directrix; and (ii) to draw 
tangents to a conic from a given point B on the directrix, draw 
the focal chord 08P at right angles to 8B, and join BP, BO. 

Corollary. 

Hence it appears that the tangents at the extremities of 
any focal chord PO meet at a point B on the directrix; and 
conversely, if tangents be drawn from any point B on the 
directrix their chord of contact PO will pass through the focus. 

The Directrix is therefore the Polar of the Focus. 

PEOPOSITION II. 

8. If from any point T on the tangent at P perpendiculars 
TL, TN le drawn to 8P and the directrix respectively, then 
SL : TN = the eccentricity.* 

(ij For if the tangent at P meet the directrix in B, and 



if PM be a perpendicular to the directrix, then, since 8B is 
at right angles to 8P, and is therefore parallel to TL, we have 


8L:8P = TB: PB 


^TN: PM. 


* It win be shewn at the end of the chapter that this theorem, which, with its 
applications as in the text, was discovered by Prof. Adams, is the geometrical 
analogue of the polar equation between ST and its inclination to the axis. 
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SL ; TN= SP : PM 
= 8 A ; AX, 

where A is the vertex, and X the foot of the directrix. 

(ii) It appears from the above proof, that this proposition 
may be regarded as a corollary from the preceding; but tie 
two may be proved at once, as follows, if we consider the 
tangent to be defined mutatis mutandis after the manner of 
Euclid. 

Let P be a point on the curve, and It a point on the directrix, 
such that PB, subtends at right angle at 8. Take any point T 
in the same straight line with P, P, and let fall the perpen- 
diculars PM, TX on the directrix, and the perpendicular TL 
on 8P. Then, as before, 

8L : TX= 8A : AX. 

Plence 8T ■. TN> 8A: AX, 

and the point Plies without the curve in every case except that 
in which it coincides with P. The straight line PB is therefore 
the tangent at P. 

Corollary. 

It is evident that if L, N be the projections of a point T 
upon a fixed focal chord and the directrix respectively, and if 

8L ; TN= 8A : AX, 

the point T will lie on the tangent at one or other of the 
extremities of the fixed focal chord. 

Hence, a second construction analogous to that of Art. 6, 
for drawing tangents to a conic from a given point T. Ahont 
8 describe a circle equal to the eccentric circle of T, and 
draw TPj, PPL touching the circle at Jj, M. , then 81j, SM 
will pass through the points of contact of the two tangents 
which can he drawn to the conic from T. Tlierc is an apparent 
ambiguity in this construction, since each of the focal chords 
through P, If meets the conic in two points; but to determine 
the actual tangents, draw 8B at idght angles to 8L to meet 
the directrix, and join P2’; and draw 8B' at right angles 
to 83f to meet the directrix, and join if 21 
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PEOPOSITION III. 

9. The, two tangents which can he drawn to a conic from 
any external point subtend equal or supplementary angles at 
the focus. 



For if TP, TQ be the two tangents, and TL, TM, TN be 
perpendiculars upon 8P, 8Q, and the directrix^ respectively, 
then since T lies on the tangent at P, 

8L : TN= 8A : AX. 

In like manner 

since T lies on the tangent at Q. Thei'efore in the right-angled 
triangles 8TL, 8TM, the sides 8L, 8M are equal; and the 
hypotenuse 8T is, common to the two triangles ; therefore 


Now (I) if TP, TQ touch the same branch of the conic, the 
angles which they subtend at 8 will be either equal to T8L 
and T8M, as in the above figure, or supplementary to T8L 
and T8M. In either case TP, TQ will subtend equal angles 
at 8. 

But (II) if TP, TQ touch opposite branches of a hyper- 
bola, so that one, and one only, of the radii 8L, 8M has 

c 
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to be produced backwards to P or tlicn the angles TSL^ 
P/S'ikT being equal as before, the tangents TI\ TQ will subtend 
SUPPLEMENTARY angles at 

CoTollary 1. 

If the chord of contact PQ of a pair of tangents PP, TQ meet 
the directrix in P, then 8T^ 8R bisect supplementary angles 



at and ai’c tlierefoi'ii at angles to one another. And 

the cliord of contact is divided i ntern a, lly and externally in 
the same ratio SP: that is to say, it is divided hannonlcally, 

at the points at which it nuuits ST and the directrix. Since 
the straight line ST is evidently the {lolar of it follows 
that the chord PQ is cut ]ianuoni(*-ally hy the point P, and 
the polar of IL 


^ Bui in ihifJ cn,;ie a!;:o, v/o may tliai Uiry fsiihuuKl KQUAf. angles, 
nccordniifio wiLli (Jie pnnciplu of iln^ NnO- on I'n.)., vn, we regard 2'Cl 
at S, not the angle but iiu aujijjlcment... 
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Corollary 2. 

If 0 be any point on or PQ produced, and M the 
projection of 0 upon the directrix, and if the perpendicular 
from 0 to 8T SPj or SQ^ in L- then, since this perpen- 
dicular is parallel to 8R^ it follows, precisely as in Prop, ii., 
that 

8L : Oil/— the eccentricity. 

THE NOEMAL. 

PROPOSITION IV. 

10, If the normal at P meet the axis in Gj then 8G : 8P=^the 
eccenti'icity . 

For if the tangent at P meet the directrix in i2, the circle on 
PR as diameter will pass through /S', since the angle P8R is 
a right angle; and likewise through the projection of P 
upon the directrix ; and PG^ which is at right angles to Pi?, 
will touch the circle. 



Therefore I 8PG — 8MP^ in the alternate segment. 

Also L P8G = /SPif, by parallels. 

Hence the triangles SGP^ P8M are similar, and 

SG : 8P= 8P: PJf= 8A : AX. 

Conversely, if in u4/S produced a point G be taken such that 
8G : 8P=^ 8A : AX, 
then will PG be the normal at P. 

This suggests an obvious method of drawing a normal to a 
conic at a given point on the curve, or from a given point 
on the axis. 
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PROPOSITION Y. 

11, The ])er 2 :>endicular let fall upon the focal radius to any 
point of a conic from the foot of the normcd at that point meets 
the focal radius at a distance equal to half the latus rectum from 
emity. 

•Liet G be the foot of the normal at a point 
is PN^ and let a perpendicular GK be drawn to 



by similar right-angled triangles 

SK: SG^SN: SF. 

Therefore by the preceding proposition 

8K: 8A:=8N:AX. 

But, from the definition of the curve, 

8P: 8A^NX:AX. 

Therefore 8P^ SK : 8A = 8X : AX, 

Therefore SP^SK^ or P/v", is constant, and equal to half 
the latus rectum. 

ANGLE PROPERTIES OF SEGMENTS. 

PROPOSITION VI. 

12. The chords containing the angles in a focal segment of 
a conic intercept on the directrix lengths loliich subtend riylit 
angles at the focus. 

Let P8p be a focal chord, and PQp an angle which it 
subtends at the circumference. Let PQ, Qp meet the directrix 
in P, T respectively. Produce Q8 to q. 

Then since SPi SQ = Pll : Qll^ 
and 8p : SQ= pr ; Qr^ 
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therefore SB and Sr bisect the supplementary angles which Sp 
makes with Qq^ and consequently the angle BSr is a right 
angle, or Br subtends a right angle at S. 

Corollary, 

The opposite sides of a quadrilateral whose vertices are at 
the ends of a pair of focal chords PSp^ QSq intersect upon the 
directrix, and the portion of the directrix which they intercept 
subtends a right angle at the focus. For, proceeding as above, 
we see that each of the straight lines PQ^ qp meets the directrix 
oil the bisector of the angle p8Q\ and each of the straight 
lines Pq^ Qp meets the directrix on the bisector of the sup- 
plementary Single 27 8q; that is to say, the two pairs of opposite 
sides of the quadrilateral intersect upon the directrix at points 
Bj r, such that Br subtends a right angle at /S'. 

PROPOSITION VII. 

13 . The choi^ds containing the angles in a fixed segment of a 
conic intercept on the directrix lengths lahich subtend C07istant 
angles at the focus^ the constant angles being equal or stipple- 
mentary to half the angle ivhicJi the chok'd of the segment subtends 
at the focus. 

Let PQ be a fixed arc of a conic, and PB Q a variable angle 
at the circumference. Let PiZ, QB meet the directrix in p, q 
respectively. 

Then since SP : SR — Pp : Pp, 
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the straiglit line 8p bisects tlie angle USP^^ and likewise the 
straight line /% bisects the angle B8Q, externally or internally. 



Hence, by addition or subtraction, as the case may be, the 
angle is equal or supplementary^' to iPSQ. For example, 
in the figure drawn, 

z BSq = i supplement of B8Q, 
and ^ B8p = ^ supplement B8P; 

whence, by subtraction, 


Corollary. 

In like manner it may be shown, by successive applications 
of Prop. III., that if the tangents at P, Q meet the tangent 
at B in f and i?', tlic angle ]_>' 8<i will be equal or supplemen- 
tary to ]}8q, or \P8Q. 


SCHOLIUM A. 

The Angle Paornimus of eoiiics compriso some simple gene- 
ralisations of l'uiKlamontal th.s.roms in _tho goomotry of the circle, 
as luav i)(! sudu by iMsiuoviug tho diroctrix to mtmity, when, as has 
bclou rilriijuly skown, tlio conic bccoiiios a circle about b as centre. 

(il Itomovliig tho diroctrLK to infinity, wo have, roforring to the 
fi.vuro of Art. 8,' tlio tiuigmit l‘ll parallol to kill, and therefore at 
rhdit'angloH to kiP. That is to .say,_ at any point 1> on a circle the 
tangent is at right angles to tho radius. 


* Tl.c thorom appears to fail wl.cu I\ U arc ou oin)03ite hrancliea ot a hyperhola, 
in which caeo /_ pN./ = oompleincnt o£ iJ’m. But iu tins case “ 

thcBcgiueutisuottlic fiuito straiijht lino I'U, winch '’“‘J 

portion of tho unlimitoa straight lino through ./>, (2 ^ 

Lgle 3 nl>toudod at if by tiio chord of the scginout is thorcloro not kSQ, but tM 

;fin|>})lcmciit ol PSQ^ 
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(ii) Eemoving the directrix to infinity in Art, 12, we have PQ 
parallel to SEj since E is at infinit}^ ; and parallel to Sr, since 
r is at infinity. Therefore PQ, Qp contain an angle equal to ESr, 
or the angle in a semicircle is a right angle. 

(iii) Proceeding similarly with reference to Art. 13, we have 
PE parallel to Sp, since p is at infinity ; and QE parallel to Sq, 
since q is at infinity. Therefore the angle PEQ, or its supplement, 
is equal to ^PSQ, Hence, by varying the positions of the points 
upon the circumference, we come to the properties of the circle, 
that the angle at the centre is double of the angle subtended by 
the same arc at the circumference ; that angles in the same segment 
are equal to one another ; and that the opposite angles of an 
inscribed' quadrilateral are together equal to two right angles. 
Lastly, by making E coalesce with P, we deduce that the tangent 
at P makes with a chord PQ an angle equal to PEQ in the alter- 
nate segment. 


DIAMETEES. 

PEOPOSITION VIII. 

14. The locus of the middle points of any system of parallel 
chords of a conic is a straight line which meets the directrix 
on the straight line through the focus aVrighi angles to the chords. 

Let PQ be any one of a system of parallel chords, and V the 
point in which the focal perpendicular upon them meets the 
directrix. Let PQ meet in F, and the directrix in R. 



Then since 8P : PR SQ : QB ; 
therefore ^SQ^: PE^ - QE^ - SF^ : PE% 

or, subtracting /SF^ from each of the magnitudes and 

PY^^ QY^^ : PE^r^ QR^^SP^^ : FE\ 
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But, if 0 be the middle point of PQ, the sum of PY and QY 
will be equal to 2 OF, and their difference to PQ^ or vice versa. 

Therefore PY'^ ^ QY'^ = 20Y. PQ, 

and in like manner PE^ ~ QE^ = 2 OE . PQ. 

Therefore 0 F : OP - 8E ; PE\ 

which, by Art. 2, is a constant ratio for all parallel chords. 

Hence the locus of 0 is a straight line through F.* 

Corollary 1. 

The tangents at the extremities of diameters are parallel to the 
ordinates of those diameters, since a bisected chord as PQ may 
be supposed to move parallel to itself until its segments vanisk 
together, and its extremities coalesce, viz. at the end of 
its diameter. Hence the diameter through the point of contact 
of any tangent meets the directrix at a point F such that 8V is 
perpendicular to the tangent. If a diameter meets the curve in 
two points, the tangents at those points are parallel to one 
another, and to the ordinates of that diameter. Conversely, 
the chord of contact of any two parallel tangents is a diameter. 

Corollary 2. 

If PO(), iw<i be double ordinates of a given diameter Oq 
then since PQ^ pq arc both bisected by the same diameter, 


I 



^ TIiiH may also bn proved by niciniM fjf Uu; cocoiif.ric <;jrdc of 0. For in Art. 16, 
if OP ho ma<Ic eqnal to Oil, tlicTi Pp : P<{ - pR ; ryA', or is divided harmonictilly ; 
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the directions of i^5 Qq^ will intersect at some point T on that 
diameter. Hence, making coalesce with FQ^ so that Fl\ 
become the tangents at P, we see that the tangents at 
the exty^emities of any chord meet upon tJie diameter which hisects 
the chord; and conversely, that the diameter through an external 
point bisects the chord of contact of the tangents from that 
point. 

GoroUary 3 . 

If the chord FQ be parallel to the axis, so that 8Y the 
focal perpendicular upon it is parallel to the directrix, then, 
proceeding as before, and supposing FQ to meet the directrix 
in Jf, we have 

OF: OJf=/SP^: PilP; 

and, the ratio of OY io OM being thus constant, the locus of 



0 is a straight line perpendicular to the axis. Let It meet the 
axis in (7, which (Def. p. 1) is the Centre of the conic. Then, 
evidently, GO divides the curve symmetrically, since it bisects 
every chord FQ to which It is at right angles ; and the conic 
has therefore a second focus and directrix NW^ which are 
the exact counterparts of the original focus and directrix with 
reference to which the curve was considered to be described. 

From the symmetry of the curve, it is manifest that every 
chord through the centre is bisected at that point, and hence 
that all diametei's pass through the centre."^ Other immediate 


and therefore the focal perpendicular SY is the polar of B with respect to the circle, 
and OY. OR, being equal to the square of the radiusj is in a constant ratio to OR-, 
if the inclination of FQ to the directrix be invariable. Therefore OY : OR is a 
constant ratio, and the locus of (9 is a straight line through V. 

A diameter is sometimes defined as a straight line through the centre. 
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consequences of the twofold symmetry of Bifocal Conics will 
be assumed as self-evident in the course of the work. 

In the case of the parabola, since : PM^ is a ratio 
of equality, 0 Y ; OM and C8 : GX are likewise ratios of 
equality. Hence the parabola may be regarded as a conic 
whose centre is at infinity. Its diameters are straight lines 
parallel to the axis, since they all co-intersect at the infinitely 
distant point 0 on the axis; and conversely, every straight 
line parallel to the axis is a diameter. 

Corollary 4 . 

In a central conic, if one diameter bisect chords parallel to a 
second, the second will bisect chords parallel to the former. 
For if the two diameters meet the directrix in F, F', and if 
>SFbe perpendicular to GV* ] then, G8 being perpendicular to 
FF', the focus is the orthocentre of the triangle CVV\ or 87' 
is perpeudicular to GV. Tiiat is to say, if CV bisects chords 
parallel to CF', then GV bisects chords parallel to CV. 

If CV, CV bo thus related, it is easily seen that 


THE SEG31ENTS OF CEOEDS. 
niorosiTioN ix. 

15. The scmi-laius rectum is a harmonic mean between th 
segments of any focal chord. 

Let a focal chord FCQ meet the directrix in E, and let 
I/, BX, QNXid perpendiculars to the directrix. 
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Then SF: SQ^FII: QN- 

= FF : QBj 

or FQ is divided harmonically at 8 and E. 

Bat by parallels, and from the definition of the curve, if L 
be the semi-latus rectum, 

FB: 8E: QE = FM: 8X : QN 

^8F: L : 8Q. 

And, from above, Pi?, SE^ QE are in harmonical progression. 
Therefore also 8F^ 8 Q are in harmonical progression. 

Corollary, 

This result may also be written in the forms 

Jl - _ 

' 8Q^ L ' 

and 

Hence, if FQ^ pq^ be any two focal chords, 

or focal chords are to one another as the rectangles contained ly 
their segments. 


PROPOSITION X. 

16. A chord of a conic Icing divided at any pointy to determine 
the magnitude of the rectangle contained hy its segments. 

Let 0 be any point on a chord FQ of a conic, or on the 
chord produced ; it is required to determine the magnitude of 
the rectangle OF, 0 Q, 

Let the chord, produced if necessary, meet the directrix 
in P, and let OD be a perpendicular to the directrix. Describe 
the eccentric circle of 0, and let it cut 8E in^ and g. Then, as 
in Art. 5, the radii Opj Og are parallel to F8^ Q8 respectively. 

Therefore OF : 8p = OE ; Ep^ 

and OQ ; 8g = OE : Eg. 

Hence OF. OQ : 8p.8g== OE^ : Ep . Eg^ 

= OE^ : Et\ 
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if Bt be a tangent from B to the circle ; or (Euclid III., 35) 
if it be a scml-cbord at right angles to the diameter througli 
B, in the case in wliich B Mis within the circle.--- 

In this result it is to bo noticed (i) that the magnitude 
8p.8n depends only upon the position oi 0, since when 0 is 
eiven, its eccentric circle being given, is constant ; and 

(il) that the ratio OB ^ : Bf depends only upon the direcMonU 
pi, since when the angle OBD is given. Oh varies as OS, 
and therefore as Of, and therefore as OB ~Ol,oiBt. 




Corollary 1. 

If through any other point O' there lie drawn a chord PQ 
paralM to FQ^ and if//, '> be the points corresponding top, 2, 
Vi., on the eeeenlrie circle of , then,_ tlie ratio O./f : Bt^ being 
the same for any two parallel chorda, it follows that, 

OF.OQ : 8j).8<i = 0'F’.0' Q : 8/>.8(/, 

where the conseipicnts depend only upon the positions of 0, 0. 
If therefore any second ]iair of parallel chords bo drawn throng , 
the i!ame point.s 0, O', we have the general theorem that^ 

* Tills liiiiT'sis t’^ '' "f since j), 5 

thci) lie on oprosilJi slats c.ri.l.('0inTn-i::. tlie oirde 

t This full., tvs ...usi, rfa.lilv in Lhn ", llni |,. sc, bull. - 
{omhtsUio .thvotrix in /I nn.l II, n niliu in MinrOun l„;nun„.'.. U..,l ' f 
vvliicU is cunsLaut f»r a ;f>vun innlinnU.,n ui U„- nliur.i- 
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The ratio of the rectangles contained Toy the segments of any 
two intersecting chords of ^ a conic is egual to that of the rect-- 
angles contained hy the segments of any other two chords parallel 
to the former^ each to eacli^ 

Taking special cases, we see that this ratio is equal to 
that of the parallel focal chords (Prop, ix., Cor.) ; and to 
that of the squares of any pair of tangents parallel to the 
chords ; and, in a central conic, to the ratio of the squares of 
the- semi' diameters parallel to the chords. 

Hence also, any two intersecting tangents are to one another 
in the suhdupllcate ratio of the parallel focal chords ; and, in a 
central conic, they are in the ratio of the semi-diameters to which 
they are parallel. 

Lastly, to take a case which will be made use of in Prop, xir., 
if OTO' touch a conic in T, and if OTQ^ O'F Q be a pair 
of parallel chords, then 

OT : OT^OP.OQ : OT\aQ\ 

, Corollary 2. 

If a circle and a conic intersect in four points, their common 
chords will be equally inclined, two and two, to the axis of 
the conic.*^* For if POQ^ pOg be one of the three pairs of 
common chords of a circle and a conic, the rectangles PO, OQ 
and pO.Og will be as the focal chords parallel to PQ-^ pg\ 
and the same rectangles will be equal to one another, by a 
property of the circle. Therefore the focal chords will be equal, 
and therefore equally inclined to the axis. 

Corollary 3. 

Let the conic be a parabola, t so that the eccentric circle 
touches the directrix in D ; and let BD meet the circle again 
in Z. Then, for a given inclination of the chord, the rectangle 
OP^OQ varies as SD.8Z. Let V be the extremity of the 

* That is to say, each pair of chords will forra an isosceles triangle with the axis ; 
but they will not he parallel to one another, except when they are parallel or peipen- 
dicular to the axis. 

t Another proof will be given in the chapter on tlie Parabola. 



30 


THE GENEEAL CONIC. 


diameter through I). Then, since OZ is equal to OD 
parallel to it is easily seen that 

OF: SZ^VD: SD^SD 

Hence OP.OQ varies as 2SX.0V, and Is equal to F.OV 
where F is the focal chord parallel to PQ. 

This may also be deduced as a special case from Cor. 1 
by regarding any two diameters as chords F oo and V cc , whose 
further extremities are at infinity; for, if the parallel chords 
PQj P' Q' meet the two diameters in 0 and O', then 

OP.OQ : O’P'.O'Q'^ OF.Ooo; O'F'.O'od =0F: O'F', 

since it may be shewn that Ocyo : O'co is a ratio of equality; 
and therefore OP.OQ varies as OF. 

POLAK PEOPEETIES.® 

PKOI'OSITION XI. 

17. If a chord of a conic pass tlirovgh a fixed point., th 
tangents at its extremities will intersect on a fixed straight 
line ; and conversely, if pairs of tangents he drawn to a conic 
from points on a fixed straight line, their chords of contact 
will pass through a fixed point. 

If 0 be any point on the choi'd of cont.ict of the tangents 
from T to a conic, and if TL be a perpendicular to 80, and 



The tlieoiy of Poftvr^, t.lic uaino i.4 of Inl.cn' oriY^In, was known to 

Desargnes. Sec Poiulra’s (Kavren th Ihmrfjwi',, vt>l. i., p, (PauiSj ISG-l), 
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OM^ TN be perpendiculars to the directrix, then will the 
rectangle 80, SL be in a constant ratio to 03£, TN, 

Draw 8P to one of the points in which the chord meets 
the conic, and let TL' be a perpendicular to 8PP Upon let 
fall the perpendicular OK^ and produce it to meet 8P in 
Then, since each of the ratios SL' : TN^ and 8L" : OM 
(Prop. 111.5 Cor. 2), is equal to the eccentricity, the rectangle 
8L',8L" is in a constant ratio to 031, TN, 

And because the angles at jST, A, L' are right angles, the 
points Z, r, 0, and the points Jf, T, Z, L'\ are concyclic. 
Therefore 

80. SL^ 8K. ST= SL'. 8L", 

which has been shewn to vary as 03f, TN. Hence, if 0 he a 
fixed 'point,^ SL varies as 2W, and the locus of T becomes a 
straight line,t which meets the directrix at a point i?, such that 
OSB is A RIGHT ANGLE. Conversely, if T be taken on the 
fixed straight line TB^ the chords of contact will co-intersect 
at 0, 

When the Pole 0 lies without the conic, its Polar, the 
locus of T, is the chord of contact of the tangents from 0, since 
these points of contact are evidently points on the locus. 

Corollary 1. 

From the above investigation it Is evident that, if a point T 
lies on the polar of (9, then 0 lies on the polar of T. Take 
any two straight lines -4, Z, and let a, h denote their poles. 
Then the polar of any point on A passes through a, and the 
polar of any point on B passes through 5, and therefore the 
polar of the Intersection of -4, B passes through both a and h. 
That is to say, the intersection of any two straight lines is the 
Pole of the straight line which joins their two Poles, 

Corollary 2. 

Since every point at infinity In the plane of a central conic 
is the point of intersection of a pair of tangents whose chord of 


See the lithographed figure, No. 1. 
t See Scholium B, 



32 


THE GENERAL CONIC. 


contact, being a diameter (Prop. Viil, Cor. 1), passes throngh 
the centre, all such points at infinity are on the polar of the 
centre, and may therefore be regarded as lying on a straight 
line, which Is called the Straight Line at Infinity, 

Corollary 3. 

Since when 0 is a fixed point 8L varies as TN^ the straight 
line which is the locus of T is a tangent (Art. 8), viz, at the 
point in which it meets BO^ to a conic having the same focus 
and directrix, and whose determining ratio is that of 8L to TiV* 
and further, it will be a tangent to the same conic if 0 be ? 
no longer fixed, but subject only to tlie condition that the ratio 
of /SO to Oilf is constant. Hence, if a point 0 lie on a conic 
the envelope of its polar with respect to a conic having the 
same focus and directrix wfill be a third conic having the same 
focus and directrix, and conversely; and the eccentricities of the 
three conics will be proportionals. 

PROPOSITION XIT. 

18. All chords dranm through any iioint to a conk an 
cut harmonically hj that pointy and its polar %oith respeot to 
the conic. 

Let /fr, HT’ be a pair of tangentB to a conic, and PF 
a chord which passes tliroiigli //, and cuts tiic chord of contact 
T'r in K- so that //is on the polar of ir, and K on the polar 
of //. Through 1\ F' draw parallels to TT'^ and let them ' 
meet the curve in Qj Q\ and the two tangents in (?, O' and 
/?, Il respectively. ■■ 
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Then since the straight line which bisects TT^ and passes 
through H bisects also OB and O'R' ; and since, by Prop, viii., 
Cor. 2, the same straight line is the diameter which bisects 
the chords PQ^ P' Q ] therefore the intercepts OQ^ PB are 
equal, and likewise the intercepts O' Q\ P'B\ 

Hence, and by Prop, x,, Cor. 3, 

or : OT^ OP.OQ : 0P\0'Q 
^OP.PB : O'P'.P'E 
= OR^ : aH\ 

by similar triangles. That is to say, ROTO' is cut harmo- 
nically, and therefore RPKP* is cut harmonically. 


Corollary, 

The diameter through R is divided harmonically at that 
point, and the point in which it meets the double ordinate TT\ 
Let it meet the latter in F, and the curve in D and U, Then, 
if G be the centre of the conic, and therefore the middle point 
of DD\ it follows from the nature of harmonic section that 
CV.CR== GR\ But in the case of the parabola, if D and co be 
the extremities of the diameter through R^ then RV is divided 
harmonically at D and co , and therefore RV is bisected at 

SCHOLIUM B. 

In Prop. XI, having shewn that SLy the projection of on a 
fixed straight line SO, varies as the perpendicular distance of T 
from another fixed straight line, the directrix, we inferred that the 
locus of T was a straight line ; and that it met the directrix at a 
point B such that Z. OSB ~ a right angle. This is virtually proved 
in Art. 8, where, leaving the curve out of consideration, we may 
regard the eccentricity as any constant ratio. In Prop. xr. there is 
the same ambiguity as in Prop, ii, Cor., the locus of T apparently 
consisting of two straight lines through B, This arises Iroin tlio 
circumstance that when the magnitude only, of the ratio S 0 : OM is 
given, the point 0 is not completely determined, but the choico 
lies between two points 0, O' collinear with the focus, each of 
which has its own polar. If, however, the actual position of 0 bo 
given, as in the proposition, then taking into consideration tljo 
sign of the ratio SZ : IW as well as its magnitude, let the direction 
/SO be regarded as positive, and that of OS negative ; and let 
perpendiculars to the directrix from its /S-side bo positive, and 

D 
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those from the further side negative. Then, SZ^ TJSf hein^ 
positive or negative together, the locus of T is seen to be the sinc^le 
straight line TR, ^ 

The polar of 0 is the straight line through R parallel to the 
ordinates of the diameter through 0 ; for if co be the pole of that dia- 
meter, and V its point of concourse with the directrix, then 
(Prop. HI., Cor. \) S co is at right angles to and is therefore 
(Prop. Yiii.) parallel to the ordinates of the diameter OV. 
the case of central conies this follows at once from Prop, vm 
Cor. 1. . 

If e denote the eccentricity, then, referring to the proof of 
Prop. XI., we see that 

SO 

Hence (i) if be less than e. Olf then will and « fortiori ST^ 
he greater than e . TJV; but (ii) if SO bo greater than e. OM, then 
will SZ be less than e. TJZ, and S2] which may have any magnitude 
not less than SZ, may bo either less or greater than e . iw. It 
follows that the polar of 0 will cut or 7iot cut the conic according m 
0 lies without or ivithin the conic. 

SCHOLIUM 0. 

The Polau Equation of a conic referred to its focus and axis 
may be seen, from Examj)lo 4, to bo of the form 

I 

- = 14^ COsO, 
r 

where r denotes SP', 0 the anglo ASP] and c, I denote the eccen- 
tricity and the somi-latus rectum. The corresponding equations of 
the Tangent, the Normal, of any Chord, and of tiui j?oIar of any 
point, may be doducod, as bolow, from gcomolrical tliooroms which 
we have already proved. 

(i) llie TangeM. 

In Prop. JL, iotr, 0 bo the (toordiiuib^s of T, and lota be the 
angular coordinate of tlio point of contact P. 

Then SL = ST cos TSZ - r vm {() - a), 

and ^ ^ {SX- ST cos A ST) ^ I ~-c,r cos 0. 

Hence 

r 

(ii) The Normal. 

In Prop. IV., let a parallfd to the axis (nit SP in Z, and Pffin 
Q. Denote LASP by a, and let r, 0 liij the coordinates Q. 

Then Z(p 
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and 

Hence 

or 


ZQ , _ sin (0 - g) BZ sin d 
r sin a * r sin a * 


e . BF sin a 
r 


= sm(0 ~ a) + ^ sin0 ; 


I 


e sin a 


= sin (6 - a) + e sin 6, 


since SPj a are the coordinates of a point on the curve. 

(hi) An^/ Chord. 

Trom Prop, iii., Cor. 2, it is easy to deduce the equation 


cos(d - a), 

representing the chord which cuts the conic at the points whose 
angular coordinates are a ± /3 respectively. 

(iv) The Polar of any Point. 

In Prop. XI., let r, Q be the coordinates of and p, a those of 
0. Then it is easily seen that 

l-e.rcosd; e,OM-I-e.p co^a; S^.8T-p cos {6- a). r> 

Hence, equating SE‘. ST to e^. OM . TPT^ we deduce that 

^ cos cos ^ = cos (0 ~ a), 

which is the equation of the polar of the point (p, a). 


EXAMPLES. 

1 1 . Determine the pole of the latus rectum of a conic, 

12. Every tangent is the polar of its point of contact. 

13. The segments of any focal chord subtend equal angles 
at the point in which the directrix meets the axis, 

14. If two conics have a common focus, their common chord 
or chords will pass through the intersection of their directrices. 

15. The tangents at the ends of a focal chord meet the 
latus rectum at points equidistant from the focus. 

16. The focal distance of any point on a conic is equal to 
the ordinate at that point produced to meet the tangent at an 
extremity of the latus rectum. 

D 2 
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17. The directions of any two tangents to a circle are 
equally inclined to the diameter through their point of inter- 
section. State this theorem in a form applicable to all conics. 

18. Given the focus of a conic and a focal chord, the locus 
of the extremities of the latus rectum is a circle. 

19. Given the focus, the length of the latus rectum, a 
tangent, and its point of contact, shew how to construct the 
conic. 

20. When the focus and three points of a conic are given 
shew how to construct the curve. 

21. Given the focus of a conic inscribed in a triangle, 
determine the points of contact. 

22. Given a chord of a conic and the angle which it 
subtends at the focus, shew that the focal radius to the pole 
of the chord passes througli a fixed point. 

23. With given focus and eccentricity construct a conic 
which shall pass through two given points. 

24. Determine in what cases a chord of a conic will be a 
maximum or a minimum. 

25. The portion of any tangent intercepted between the 
tangents at the ends of tlic parallel focal chord is divided at 
its point of contact into scfrincnts whereof each is equal to the 
focal distance of that point. 

26. If the tangent at any point of a conic meet the directrix 
in Z?j and the latus rectum in 1/, then 

SLi 81 ):=. HA ; ^IX 

27. If Pi/, QN be the ordinal cs of the extremities of a 
focal chord PQ^ and if the direeliun of the eJiord meet the 
directrix in P, then will llN meet HP at a distance from the 
axis equal to 

28. If 1 / be the projection upon the directrix of any point 

Pon a conic, tlien will /bil/ jnect the tang(:Ht at the vertex upon 
the bisector of the angle PPM focal chord of central 
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conic meet the tangents at the vertices in F, F', give a con- 
struction for determining the points in which the circle on VV 
as diameter meets the conic. 

29. Prove the following construction for drawing tangents 
to a conic from a given point T, Divide ST in so that 

St: ST=AX: TN, 

where TN is a perpendicular to the directrix; about 8 as 
centre describe a circle touching the conic, and from t draw 
tangents to the circle, and let them meet the tangent at the 
vertex in F, F'; draw TV^ TV\ which will be the tangents 
required. 

30. If a chord of a conic subtend a constant angle at the 
focus, the locus of its pole will be a conic having the same focus 
and dmectrix. Shew also that the envelope of the chord will 
be another conic having the same focus and directrix, and that 
the eccentricities of the three conics will be proportionals. 

31. The vertex of a triangle which circumscribes a conic, 
and whose base subtends a constant angle at the focus, lies on a 
conic. 

32. Two sides of a triangle being given In position, if the 
third subtends a constant angle at a fixed point, determine 
its envelope. 

33. If a fixed straight line intersect a series of conics which 
have the same focus and directrix, the envelope of the tangents 
to the conics at the points of section will be a conic, have the 
same focus, and touching both the fixed straight line and the 
directrix of the series of conics. 

34. The focal perpendicular upon any tangent to a conic is 
a mean proportional to the segments into which it divides the 
portion of that tangent intercepted between the tangents at the 
extremities of any focal chord. 

35. If >SFbe the focal perpendicular on the tangent at any 
point P to a conic, and X the point in which the axis meets 
the directrix, then 

8 Y:YX^SA: AX, 
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Determine the locus of Y, and shew that it is the envelope 
of the circle on £iP. 

36. If P.N' he the perpendicular from any point P on a 
conic to the latus rectum, the straight line connecting iV with 
the point in which the axis meets the directrix will pass through 
the foot of the perpendicular let fall from the focus upon the 
tangent at P. 

37. If the diameter at a point P on a conic bisects the 
chord normal at <9, the diameter at Q bisects the chord normal 
at P. 

38. In 'Art. 10, shew that the normal F& becomes equal 
to the semi-latus rectum when P coincides with the vertex 
of the conic. 

39. The perpendicular from on ST varies as the ordinate 
of P; and the foot of this pei-pendicular lies upon the straight 
line which passes through the foot of the ordinate of P, and 
is parallel to /SM. 

40. If Q be any point on the normal at P, and P and Mhz 
its projections on 8 P and the ordinate of P, shew that 

QL : Pi¥= BA ; AX. 

41. The perpendicular upon a focal chord from the inter- 
section of the normals at its extremities meets the chord at 
a distance from one extremity which is equal to the focal 
distance of the other; the locus of the foot of this perpen- 
dicular is a conic ; and the straight lino drawn parallel to the 
axis through the intersection of the normals passes through 
the middle point of the chord. 

42. If P be the pole of a normal chord which meets the 
directrix in Q, shew that the circle 8 PQ passes through an 
extremity of the chord. 

43. If a circle touch a conic on opposite sides of its axis^ 
it will intercept a constant length upon the focal chords through 
the points of contact. When the circle passes through the 

, determine the focal radii to the points of contact. 
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44. The rectangle contained by the focal perpendicular upon 
the tangent at any point to a conic and the portion of the 
normal intercepted between the curve and its axis is equal 
to the rectangle contained by the semi-latus rectum and the 
focal distance of the point. 

45. If be a focal chord of a conic, and if the normal at 
P be at right angles to the chord and meet the axis In then 

pa^=SQ.8g. 

46. Shew also that, if a parallel to the chord be drawn 
through Q and meet the direction of PB In then PTJ 

47. If the normal to a conic at P meet the axis ‘In Gj and 
if BY the focal perpendicular upon the tangent meet the 
directrix In F, shew that 

PGi BY=SV: VY. 

48. The ratio of the normals, terminated by the axis, at any 
two points of a conic Is equal to that of the tangents at those 
points. 

49. Given an arc of a conic, shew how to construct the 
curve. 

50. The parallel diameters of two similar and similarly 
situated conics bisect the same systems of parallel chords. If 
the two conics be concentric ellipses or hyperbolas, or equal 
parabolas whose axes are coincident, shew that any chord of 
the exterior conic is divided into pairs of equal segments by 
the interior, and that any chord of the former which touches 
the latter is bisected at the point of contact. 

51. The angle between any two chords of a conic Is equal 
to the angle subtended at the focus by the portion of the 
directrix intercepted by the diameters which bisect the chords, 

52. ^he arms of the angle which a focal chord of a conic 
subtends at any point on the circumference meet the directrix 
upon diameters through the points of contact of tangents at 
right angles. 

53- The polar of any point with respect to a conic meets 
the directrix on the diameter which bisects the focal chord 
through that pointc 
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54. The diameter through any point, and the polar of that 
point, meet the directrix and the axis respectively on a straight 
line parallel to the focal distance of the point. Hence shew 
that the foot of the ordinate of any point in the plane of a 
central conic is at a distance from the centre which varies 
inversely as the distance therefrom of the intersection of the 
polar of the point with the axis. 

p'rom the preceding example deduce a construction for 
drawing tangents to a conic from a given point. 

56. The triangle whose angular points are the focus of a 
conic and the intersections of the tangent and the diameter at 
any point with the axis and the directrix respectively has its 
orthocentre at the point In which the tangent meets the directrix, 

57. Given the focus and the directrix of a conic, shew that 
the polar of a given point with respect to it passes through a 
fixed point. 

58. If the polar of a point 0 with respect to a conic intersect 
a conic having the same focus and directrix in .Z , and if 8 Q be 
drawn at rigid angles to 8 P to meet the directrix in Q, the 
locus of the intersection QO and BP will be a conic. 

59. Deduce from Art. 16 that the square of the ordinate at 
any point of a conic varies cither as tlic distance of the foot 
of the ordinate from the vertex, or as the rectangle contained 
by the segments into which it divides the axis. 

60. A focal chord of a conic and the diameter which bisects 

it meet any fixed straight hue perpendicular to the axis at 
points whose ordinates contain a constant rectangle; and the 
square of the ordinate of the middle point of the chord varies 
cither as the distance of the foot of the ordinate from the focus, 
or as the rectangle contained by its distances from focus 

and the centre of the conic. 

61. If a chord of a conic passes through a fixed point in the 
axis, dctcrniiuo the locus ot its middle point, and in the case 
of a central conic, the locus of its intersoedion with another 
chord which passes through a fixesd i)oint in the axis and is 
p;i;’allel to the diameter wliieh bisects the former. 
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62. If a tangent be drawn parallel to any chord of a conic, 
the portion of it terminated by the tangents at the ends of the 
chord is bisected at its point of contact, 

63. Two tangents being applied to a line of the second 
order, if from any point in one of them a straight line be drawn 
parallel to the other, the portion of it intercepted by the chord 
joining the points of contact will be a mean proportional to 
its segments made by the curve. Examine the case in which 
the secant become^ a tangent. 

64. In Art. 16, investigate the case In which 0 coincides 
with 8^ and shew that 8X is then a mean proportional to the 
distances of P and p from the directrix. 

65. Shew also that, if SZ be drawn parallel to PQOPi to 
meet the directrix, then 

OP.OQ : Sp.Sq^SZ ^^ ; 8Z^-L\ 

where L denotes the semi-latus rectum. 

66. If a chord of a conic subtends equal angles at the 
extremities of another chord, it likewise subtends equal angles 
at the extremities of any chord parallel to the latter. 

67. If (7 be a triangle whose sides touch a conic at the 
points «, 5, c, then 

Ah .Bc,Ca — Ac.Ba.Cb. 

68. If any conic be drawn through four given points, and 
if a fixed straight line meet the conic in P, and one of the 
pairs of straight lines joining the four points in A^ B^ then will 
the ratio of the rectangle PA.AQ to the rectangle PB.BQ 
be constant, 

69. Any tangent to a conic Is divided harmonically by its 
point of contact and the three points in wdiich It meets any two 
other tangents and their chord of contact. Examine the cases 
in which two of these four straight lines become parallel. 

70. If from any point on a conic parallels be drawn to two 
adjacent sides of a given inscribed quadrilateral figure, the 
rectangles under the segments intercepted by those adjacent 
and by the other two opposite sides will have a given ratio. 
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71. liABG be a triangle inscribed in a conic, and if from 
any point 0 on the curve there be drawn a parallel to BA 
meeting BC and the tangent at A in P, and a parallel to 
BG meeting AB, AG in P', Q then will OP.OQ be to 
OP'.OQ' in a constant ratio, viz, that of the focal chords 
parallel to BA and BG respectively. 

72. If from any point on a conic pairs of perpendiculars 
be drawn to the opposite sides of a given inscribed quadrilateral, 
the I'ectangle contained by the one pair of perpendiculars will 
be in a constant ratio to the rectangle contained by the other 
pair. 

73. The perpendicular from any point on a conic to a fixed 
chord is a mean proportional to the perpendiculars from that 
point to the tangents at the extremities of the chord. 

74. If from any point on a conic straight lines be drawn 
at given angles to two adjacent sides of a given inscribed 
quadrilateral figure, the rectangle under the segments inter- 
cepted by those adjacent and by the other two opposite sides 
will have a given ratio. 

75. Hence shew that, if from a given point M there be 
drawn two fixed straight lines meeting a conic in A^ B and 
G P; and likewise a variable straight line meeting the curve 
in E, E'l and the straight lines AG^ JU> in A', X; then 

EM - ; E'M" = LE. KK : LEJ.EJK-^ 


I 

I 

I 


and investigate the form which this relation assumes when the 
fixed straight lines become tangents to the conic. i 

76. Deduce trom the preceding exanqilc that, if H, B, C,D b 

be any four points on a conic, the three straight lines joining • 
the intersections of C'P; BG,.I>A-, and Cbl, ilP, are cut 

liarmonically by the curve, and that each of these points is the 
pole of the straight line which joins the other two. 

77. llcncc shew how to draw tangents to a conic from any 
external point with the help of the ruler only. 

78. If i’FP' and Q IT/ be any two intersecting chords of a 
conic, and if the circle through f/ (/ meet PP' in jS, then 
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will the ratio of VP' to VB be equal to that of the focal chords 
parallel to PP' and QQ'. Examine the cases in which two or 
all of the points P, Q, Q' coalesce. 

79, If PQ be any chord of a conic, and Pthe parallel focal 
chord, and if the direction of F meet the tangent at P in T, 
then 

PQ. 8 T=F. 8 P. 

80. If there be a quadrilateral figure Inscribed In a conic 
section, and if from one of its angular points there be drawn 
parallels to the sides about the opposite angle ; and if from the 
two remaining angles there be drawn straight lines to any point 
in the curve to meet the parallels; the intercepted portions 
of the parallels, estimated from their common point, will have 
a given ratio, wherever in the curve the fifth point be taken. 
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CHAPTER III. 

THE PAEABOLA. 

19. The parabola being a conic whose determining ratio 
is one of equality, some of its properties may be at once 
deduced by equating SA : AX to unity from properties of the 
general conic already proved; thus 8L becomes equal to Tif 
in Art. 8, and 80- equal to 8P in Art. 10. The semUatns 
rectum of the parabola is equal to 8X ; that is, to 8A + AZ, 
or 2 8 A, 

Other properties of the parabola may be derived from those 
of central conics by regarding it as a conic whose centre^ and 
second focus are at infinity, and the further extremities of whose 
diametersf are likewise at infinity ; but in the present chapter 
we shall give independent proofs of such properties, commencing 
with the original definition of the parabola. 

The portion of any diameter intercepted between the curve 
and the ordinate of any point with respect to that diameter is 
called the Abscissa or Absciss of the point ; and any focal chord 
of a parabola is called the Parameter of the diameter which 
bisects it. 


CHOED PROPERTIES.^ 

PROPOSITION • I. 

20. The ordinate of any point on the parabola is a mean 
proportional to the abscissa and the latus rectum. 


* See Art. 14, Cor. 3. 
t See Art. 16, Cor. 3. 

X Under this head are included such propositions only as can be proved ante* 
cedently to the definition of a tangent ; but the restriction does not apply to the 
CaroUaries from those Propositions. 
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Let be the abscissa of any point P on the curve, and X 
the point in ■which the directrix meets the axis. Then, by 
Euclid I. 47, and from the definition of the parabola, 



Hence PiV^ + A8Y = {AN^~ A8]\ 

Therefore PN’^ -4.A8,AN^ or PN is a mean proportional 
to AN and 4AlyS', which latter, by Art. 19, is equal to the 
latus rectum. 

Conversely, if the square of the ordinate of any point P 
vary as its abscissa, the locus of the point will be a parabola. 

The above proposition suggests an obvious method of tracing 
the curve, since for any assumed magnitude of AN the 
magnitude of PN and the position of P are determined. 

Corollary, 

Hence, to find two mean proportionals between a given pair 
of stoight lines, ^ with latera recta equal to the given lines 
describe two parabolas, having a common vertex, and their 
axes at right angles ; then will the ordinates of either of their 
points of intersection be mean proportionals to their latera recta, 
as required ; for it is evident that the ordinate in either parabola 
will be a mean proportional to its own latus rectum and the 
ordinate in the other. 


* This problem, which is of great historical interest, was solyed as above by 
Mensgchiniis, according to the statement of Entokius. Compare Bretschnsider’s, 
Die Geometrie %md die Geometer vor EukUdes^ p. 160 (LEIPZIG, 1870). 
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PKOPOSITION II. 

21, The locus of the middle points of any system of parallel 
chords of a parabola is a straight line parallel to the axis ; and 
the bisecting line meets the directrix on the straight line through 
the focus at right angles to the common direction of the chords. 

Take QQ\ any one of a system of parallel chords, and let 
if and if be the projections of its extremities upon the directrix. 

Let the focal perpendicular upon the chords meet QQ' in T, 
and the directrix in 0 ; and through 0 draw a parallel to the 
axis meeting QQ' in V. Then will V be the middle poiat 
of QQ'. 

For Oif = OQ^- «if'= OQ^ - SQ^ 

and Oif ® may he shewn to have the same value. 

Therefore OM, OM' being equal, the straight line through 



0 parallel to the axis bisects QQ ' that Is to say, it bisects 
every chord which is at right angles to 08. 

Hence it is evident that every straight line parallel to the 
axis of a parabola Is a diameter of the curve, and that all 
diameters are parallel to the axis and to one another. 

Corollary. . 

It follows, as a particular case of the above proposition, that 
the direction of the focal perpendicular 8Y on the tangent at P 
to a parabola meets the directrix at a point M such that FM 
is parallel to the axis. 
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Hence it appears that the tangent at P bisects the angle 
S'PJ/, as will be otherwise proved in Art. 25 ; and it may also 
be deduced, independently of Aid:. 7, that the intercept on the 
tangent made by the curve and the directrix subtends a right 
angle at S* 


PROPOSITION III. 

22. To find the length of any focal chord of a parabola. 

Let QQ be any focal chord; M and M' the projections 
of its extremities upon the directrix ; and 0 the point in which 



the focal perpendicular upon the chord meets the directrix. 
Let a parallel through 0 to the axis meet QQ! in which, 
by Prop. II, will be the middle point of the chord. 

Hence, and from the definition of the curve, 


And because 08v is a right angle, and /SP= PO : therefore 
Pt = SP =POj and therefore vO = ' 
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Hence QQ'^lSP^ or the parameter of any diameter of a 
parabola is equal to four times the focal distance of the ex- 
tremity of that diameter. In particialar, as we have already 
seeoj the latus rectum is equal to ASA, 

PROPOSITION IT. 

23. The ordinate of any point on a parabola with respect 
to any diameter is a mean proportional to its parameter and 
the abscissa of the point. 

Let QV and PFbe the ordinate and abscissa of any point Q 
on the curve ; let VP meet the directrix in 0, and the focal 



chord parallel to QVin Vj and let 08^ which (Prop. Ii.) is at 
right angles to Sv and Q F, meet the latter in Y. 

Then, as in Art. 21, if D and M be the projections of Q on 
the diameter PF, and on the directrix^ 


And since, by similar triangles, the lengths QD^ OY^ SY 
are proportional to QV, OV,vV, therefore, from above, 


And since Pv— SP—PO, as in Art. 22, the sum of OF and 
-rFis equal to 2PF, and their difference to 2/SP, or vice versa] 
and therefore, in either case, the difference of their squares 
is equal to 2SP.2PV. 
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Therefore ^F^ = 4/gP.PF, or the ordinate ^FIs a mean pro- 
portional to the parameter 4/SP (Prop. Ill), and the abscissa PF 

Corollary J. 

It may be shewn that — 4iAS.PV] and further, that 
If a straight line QD' be drawn in any direction from Q to the 
diameter PF, it will be a mean proportional to the parallel 
focal chord and the abscissa PF. This follows most readily 
with the help of the theorem (Art. 30, Cor. 1), that if the base 
of a triangle he parallel to the axis of a parabola the squares 
of its remaining sides will be as the parallel focal chords.^ 

Corollary 2. 

If the tangent at P meet QM in P, then the figure PVQB 
being a parallelogram, it follows that PP^==4/8P.PQ. Hence, 
if B be any point on the tangent at a given point P to a 
parabola, and if the diameter through B meet the curve in 
then will PP^ vary as BQ. 

Corollary 3. 

On the tangent at a given point P to a parabola take any 
two points T and B ; and let the diameters through them meet 
In curve In E and and let the former diameter meet PQ 
in P. Then, by Cor. 2, and by similar triangles, 

TE:BQ= TP '^ : PP"= : BQ\ 

Hence TP: PP- TF : BQ =PF : PQ, 
or, the portion of any diameter intercepted by any chord and the 
tangent at either extremity of the chord is divided at the curve in 
the same ratio as that in which it divides the chord, 

PBOPOSITION Y. 

24. A chord of a parabola being divided at any point, to 
determine the magnitude of the rectangle contained by its segments. 

Let any chord QB be divided Internally or externally at the 
point 0 ; and let the diameters through 0 and the middle 

* This may be deduced \'sdthout the help of tangent-proiDerties from the second 
note on p. 28, or from Art. 22, -where QQ' varies as 3Q.SQ', that is to saj^, as SO-, 
the angle QOQ' being a right angle. It follo-ws that the focal chords of a parabola 
vary inversely as the squares of the sines of their inclinations to the axis. 

E 
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point V of the chord meet the parabola in M and P, Then 
by Prop. IT, and by Euclid ii. 5, Cor., if MU be the ordinate 
of M with respect to the latter diameter, 


or the rectangle whei*eof the magnitude was to be found varies 
as JfO, which depends only upon the position of the point 0 ; 
and as the parameter 4/SP, which depends only upon the 
direction of the chord QR, 

Corollary. 

Hence, if QR' be any second chord through 0, and iSP' 
the corresponding parameter, 

QO.OR: go 

or these rectangles are proportional to the focal chords parallel 
to QB^ QR\ was proved also for the general conic in 
Art. 16. Hence also, the squares of any two intersecting 
tangents are as the focal distances of their points of contact, 

TANGENT PEOPEETIES.^ 

PROPOSITION VI. 

25. Tlie tangent to a paralola at any point is the lisector 
of the angle which the focal radius makes with the diameter 
produced. 


^ See also tlie Corollaries in Articles 21. 23, 24:. 
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(i) Let the tangent at any point P meet the directrix in P, 
and let the diameter produced beyond the curve meet the 
directrix in IL 



Then since PP subtends a idght angle at /S', and since 
SP^FMj and PP is common to the idght-angled triangles 
fiPPj JiPP, therefore their angles at P are equal, or the 
tangent PP bisects the angle 8PM. 

It Is likewise evident that 8P and MP make equal angles 
with PP produced towards as in the figure of Art. 21, Cor.; 
and that if PP, or PP produced, meet the axis in P, the 
angles at P and T in the triangle >SPP, and therefore also 
the sides /SPand PP, will be equal to one another. 

(ii) Or we may proceed as follows, taking EucLId’s 
definition of a tangent. 

Draw the straight line bisecting the angle 8PM^ and take 
any point upon it. The distance of any such point from 8 is 
equal to its distance from and therefore greater than Its 
distance from the directrix, except when the point coincides 
with P. Hence every point except P on the bisector of the 
angle SPM lies without the curve, and the bisector of 8PM 
is therefore the tangent at P. 

Corollary 1. 

It Is evident from the above that the tangent at P bisects 
the angle 8RM between the directrix and the focal distance of 
the point P in which it meets the directrix ; and, in like 
manner, that the second tangent P Q from P bisects the 

e2 
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supplementary angle SBN between SB and the directrix. 
Hence the two tangents to a parabola from any point on its 
)r at tlie extrenilties of any focal chord, are at right 
; and conversely, the directrix of a parabola is the locus 
intersection of tangents at right angles. 


Corollary 2, 


s meet curve 


, as readily 
tl 


Corollary 3. 

The subtangent at any point is double of the abscissa; since, 
figure, 8T=SP=NX=^AN‘\A8^ and therefore 
AS=^AT,ox NT the suhtangent is equal to 2 AN. 

PEOPOSITION yil. 

26. The normal at any point of a paralola hisects the interior 
angle between the diameter and the focal distance of the point 
If the normal at P meet the axis in then, by Ait. 19, 



ugh P 
might 

preceding proposition. 


as a 
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Corollary. 

If be the abscissa of P, then since 8G = 8P= JSfX^ 
therefore NG — NX — 8N = 8X = 2 8Aj or the subnormal is 
equal to the semi-latus rectum. 


PEOPOSITION VIII. 

27. The tange7it at the vertex of a jyarahola u the locus of the 
foot of the focal perpendicular upon the tangent at any point ; 
and the focal perpendicular is a mean propositional to the focal 
distances of the vertex asid of the point of contact of the variable 
tangent 

(i) Let the diameter at any point P of a parabola be pro- 
duced to meet the directrix in if, and let the tangent at A 
meet /Sifin Y, 

Then, 8Y being evidently equal to MY^ and SP being 
equal to Pif, and PY common to the triangles 8PY^ MPY\ 
therefore PY is at right angles to 8M^ and it bisects the angle 
/SPir, and is therefore the tangent at P. 

Hence Yj which by construction lies on the tangent at A^ 
is the foot of the focal perpendicular upon the tangent at P; 
and conversely, the locus of the foot of the focal perpendicular 
on the tangent at P is the tangent at A, 

This suggests an obvious method of drawing a second tangent 
to a parabola from a given point on the tangent at its vertex. 

(li) Again, since the two tangents from Y to the parabola 
subtend equal angles at 8^ the right-angled triangles 8AYj 
SYP are similar, so that 

8A: 8Y=8Y: 8P, 
or 8Y'^^SA.8P. 


Corollary. 

Since (Art. 24, Cor.) any two intersecting tangents to a 
parabola are in the subduplicate ratio of the focal distances of 
their points of contact, they are in the same ratio as the focal 
perpendiculars upon them. 
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PROPOSITION IX. 

28, The exterior angle betiveen any two intersecting tangents 
to a yarahola is egual to the angle lohicli either of them siiltends 
at the focus; and the inclination of either tangent to the axis is 
egual to that of the other to the focal distance of their common 
nt 

(i) Let the tangents at P and Q intersect in and meet 
the axis in Pand 27; and let 0 be a point in AS produced. 



Then the exterior vertex angle P80 of the Isosceles triangle 
E8T being double of the interior base angle STP^ and the 
angle Q80 In like manner being double of 8UQ^ therefore by 
subtractioBj in the figure drawn, 


Therefore, since the two tangents subtend equal angles at 
8j the angle subtended hj either is equal to the exterior angle 
TE V between them. 

Hence Z TE U will be acute or obtuse according as the 
focus lies without or within the segment of the curve cut off 
by PQ. In either case it will be seen that the acute angle 
between the tangents is equal to half the angle which their 
chord of contact subtends at the focus, 

(ii) Since the angle P227is equal to P/SP, therefore 
z 8E PSR + PR 8= 8PT 


or the angles •which QE makes with 8R are equal to those 
which TE makes with the axis. 
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Hence also, subtracting the angle TETJ^ 

L 8ItF= BTP- TBU= BUQ 


Corollary 1. 

If from any point R on the tangent at a fixed point P the 
second tangent P Q be drawn, the angle 8R Q will be constant^ 
since the equal angle 8PR is fixed. If one of the tangents 
be the tangent at the vertex, 8R v/ill be the focal perpendicular 
upon the other. 

Corollary 2. 

The triangles 8PR^ 8RQ are similar, having their angles at 
B equal, and likewise those opposite to 8P and 8R respectively. 
Hence 8R^— 8P.8Q^ or the focal distance of the intersection of 
any two tangents to a parabola is a mean proportional to the 
focal distances of their points of contact; and each tangent 
is to the other as 8R to the focal distance of the point of 
contact of the latter. 

Corollary 3. 

If two fixed tangents be cut by any third in points P 
and Qj as in the next figure, the triangle 8PQ will have 
its angles constant, since, by Cor, 1, its angle at Pis constant, 
and likewise its angle at Q. Again, In the same figure, if 
the three tangents be fixed, and if any fourth cut them in points 
Z-, if, iV, then, the angles of the triangles 8LN^ 8MNy 
being constant by the former case, the ratio of LN to MN 
is constant. Conversely, the envelope of a straight line which 
is cut in a constant ratio by three fixed straight lines is a 
parabola touching the three fixed lines. 

PBOPOSITION X. 

29. The circumscribed circle of any triangle whose three sides 
touch a parabola passes through the focus. 

Let PQR be any triangle whose three sides touch a parabola, 
and let PR meet the axis in T. Then, by Art. 28, 
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Therefore the points 8, P, Q are concyclic ; that is to say 
the focus 8 lies on the circumscribed circle of the triangle 

Corollary 1, 

Let p, q, be the points of contact of the tangents QB 
BP, PQ, and let PQ meet the directrix in P, so that irSD 
is a right angle. Let the pei'pendicular drawn from B to FQ 
meet the directrix in 0, and 8D in N. Then the angles i 
and Q8r are equal by Prop. tt.. and therefore their 


or 'lies on the circle QB8, which also circumscribes the 
g-Ie PQB. lloreover, PQ bisects the angle OPJSf (Art. 25' 
therefore also the line ON, to which it is at right 
angles. Hence 0 is the orthocentre of the triangle PQB or 
if any parabola be inscribed in a triangle, its directrix toillpm 
through the oi^thocentre. 

Corollary 2. 

If four tangents to a parabola be given, its focus is de- 
termined by the intersection of the circumscribed circles of any 
two of the triangles formed by the four tangents, and its 

nf a.nv two 

01 lucm. 

A *. 

be described touching four given straight lines. 


* See the lithographed figure, Ko. 2, 
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Corollary S. 

Since (Art. 13, Cor.) BQ and Pq subtend equal angles at S\ 
and since, in the circle, L 8Pq — 8QB-^ therefore the triangles 
SPgi^ 8QB are similar, so that 

QBiPq==8B: Sq. 

Hence, and by Art. 28, Cor. 2, 

QB : Pq = Bp : Bq= Qp : PB ; 

or, if two tangents to a parabola be cut by any third, their 
alternate segments will have the same ratio, and this ratio 
will be constant if the two tangents be fixed. 

SOHOLIUM. 

The above proposition, with several deductions therefrom, is 
found in Section I. §§ 15 — 24 of I. H. Lambeet^s hisigniores Orlitce 
Cometanm Proprietates (Augustae Vindelicorum, 1761). The pro- 
position itself, together with Cor. 1, may be applied to prove 
certain properties of the straight line and circle, as below. 

(i) In any given triangle, and with any point on its circum- 
scribed circle as focus, suppose a parabola to be inscribed. Then, 
since the sides of the. triangle are tangents to the parabola, the 
feet of the three focal perpendiculars upon them must lie on the 
tangent at the vertex. Hence, if from any point on the circum- 
scribed circle of a triangle perpendiculars be let fall upon its three 
sides, the feet of the three perpendiculars will be collinear. 

(ii) Supposing a parabola to be described touching four given 
straight lines, its focus must lie on the circumscribed circle of the 
triangle formed by any three of the said lines. Hence the circum- 
scribed circles of the four triangles formed by any four straight 
lines meet in a point. 

(iii) The directrix of the parabola touching four given straight 
lines passes through the orthocentres of the four triangles formed 
by those lines. Hence the orthocentres of the four triangles formed 
by any four straight lines are collinear. 

For the proof of Cor. 1 given above I am indebted to Mr. 
Eawdon Levett, of St. John’s College, Cambridge. Another 
elementary proof, based upon the property that the feet of the 
focal perpendiculars on the three tangents are collinear, was given 
in No, 160, p. 63, of the Lady's and Gentleman's Liary (1863). 
The theorem in question, which is in reality a particular case 
of Briauckon’s theorem (Salmon’s Conic Sections, Art. 268), was 
propounded by J. Steixee in Crelle’s Journal fiir die reine und, 
migeioandte Mathematih^ vol. ii. p. 191 (Berlin, 1827), and was 
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demonstrated by Mm in ;onne’s Anmles de MatJiematiqiies pares 
appliquees, yoL xix. p . (Paris, 1828), with the help of Pascal’s 
"r.iinws. I: be any point on a conic, FQR an in- 

seri QQ! chords through any point en 

in ' the points {F 8, QR) and ( Rp\ 

will raigni line through 0. If the conic be a circle, and 

0 ire of the triangle, the straight line through 0 will 

eYicieniiv rntjeu the continuations of the perpendiculars from 8 to 
the sides of the triangle at distances from 8 wh ich are respectivoly 
double of those perpendiculars, and will therefore be the directris: 
of the parabola drawn with 8 as focus to touch the sides. Steiner 
himself likewise applied his theorem as in §iii. (Crelle, ii. 97 . 
Gergonne, xix. 59). ^ 


PROPOSITION XI. 

30. The po'rtion of any diameter intercepted ly any tangent 
and the ordinate of its point of contact with respect to that 
diameter is bisected at the cnrve,^ 

Let the diameter at P be met by the tangent at Q in 
and by the ordinate of in F; and let the tangent at P meet 
that at Q in P. 

Complete the parallelogram QBPO by drawing PO parallel 



to BQ, Then the diagonal BO bisects the diagonal PQ^ which 
is also the chord of contact of the tangents PP, BQ. Therefore 
BO is a dlanietei of the parabola^ and hencCj all diameters 
being parallel, 

or FPis bisected at P. 


^ TMs is included in Art. 23, Cor. 3. See also Art. 18, Cor., and Art. 25, Cor. 3. 
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CoToUai'y 1 . 

Any triangle whose base is parallel to the axis of a parabola 
lias its remaining sides in the ratio of the parallel tangents; 
for supposing those sides pai'allel to the tangents In the figure, 
their ratio will be that of RP to PT^ whereof the latter is equal 
to 

Corollary 2. 

If from any external point R there be drawn a tangent 
meeting the curve in P, and a chord meeting the curve in 
If, and the diameter through P in F, then by Cor. 1, and 
by Art. 16, Gor. 1, it is easily shewn that RV^ — RM.RN. 

Corollary 3. 

It may be deduced from the proposition that the intercepts 
upon any diameter made by any two tangents and the ordinates 
of their points of contact are equal ; and hence, that the area 
between the two tangents and the diameter is equal to half the 
area between their chord of contact, the ordinates of its ex- 
fremities, and the diameter ; and hence, that the triangle made 
by any three tangents is equal to half the triangle formed by 
joining their points of contact. 

QTJADEATURE. 

PROPOSITION XII. 

32. The area of ike 'parabolic segment upon any chord as 
base is equal to once and one-third of a triangle having the same 
base and altitude:^ 

Take RR' as the base of the segment, and suppose it parallel 
to the tangent at P. - 

Let the diameters through R and through an adjacent 
point Q on the curve meet the tangent at P in M and 0; 
and let the diameter through P meet RQ in P, and RR in Z7; 


* This theorem, one of the great discoveries of Archimedes, was the first 
example of the exact quadrature by infinitesimals of a continuous curvilinear area. 
It forms the twenty-fourth and last proposition in his special treatise on the Quad- 
ratme of the Parabola. See the Oxford edition of his works, p. S3 (1792). 
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and let FY be the abscissa of Q. Complete the parallelooram 
TITLE by drawing TL parallel to the base of the segment 

Let Q coalesce witB i?, so that the chord QE becomes a 
tangent, and P becomes the middle point of VT^ and therefore 
PM bisects the parallelogram QL. 



Hence, and by Euclid I. 43, 

the parallelogram QU= QL-'iQM. 

Through any number of points on the arc PR draw parallels 
to RE and P?7, so as to form with PU two series of paral- 
lelograms, the one corresponding to QU and the other 
to QM^ and let the number of the points be increased and 
their successive distances diminished indefinitely. 

Then, as above, the several parallelograms in the former 
series become double of those in the latter, and the sum of 
the former, which is ultimately the parabolic area RPU, becomes 
double that of the latter, or of the parabolic area RPM. 

Hence the semi-segment RPU Is equal to two-thirds of the 
parallelogram MU, or to four-thirds of the triangle RPU] and 
the whole segment RPE is equal to four-thirds of the triangle 
RPR', which has the same base and altitude. 

Corollary. 

Let the tangents at R, E meet In T. Then the area of 
the segment is equal to two-thirds of the triangle formed by 
these tangents and its base, or the portion of the triangle on the 
concave side of the arc is double of that on its convex side. 


EXAMPLES. 
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This might have been proved by connecting the points JS, B' by 
an infinity of consecutive chords, drawing the tangents at their 
extremities, and shewing, after the manner of Prop, xi.. Cor. 3, 
that the area between the successive chords and BB' is double 
of that between the corresponding tangents and the tangents 
at B, B'. 


EXAMPLES. 

8 1. The radius of the circle through the vertex and the 
extremities of the latus rectum of a parabola is equal to five- 
eighths of the latus rectum. 

82. A point on a parabola being given, if the focus also 
be given the envelope of the directrix will be a circle,- or if 
the directrix be given the locus of the focus will be a circle. 

83. If two parabolas have a common focus their common 
chord passes through the intersection of their directrices and 
bisects the angle between them. 

84. The common chord of two parabolas which have a 
common directrix bisects the straight line joining their foci 
at right angles. 

85. Deduce from Prop. i. that the ordinate of the middle 
point of a chord whose direction is given is of constant magni- 
tude. 

86. The perpendicular to a chord of a parabola from its 
middle point and the ordinate of that point intercept on the 
axis a length equal to the semi-latus rectum. Hence shew 
that the locus of the middle point of a focal chord, or of any 
chord which meets the axis in a fixed point, is another parabola. 

87. Prove the following construction. Let AN be the 
abscissa of any point P on a parabola, and let MP be equal 
and parallel thereto. Divide NP into any number of equal 
parts and through the points of section draw parallels yj,, 

to the axis, and divide MP into the same number of ecjual parts 
in points 1, 2, 3 .... _ Then will the lines p^,.. meet 

Al, A2, As... respectively on the pai’abola. 
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88. If PQ be a focal chord of a parabola, 8 A.PQ = 8 P. SQ. 

So. If the ordinates or the focal distances of all points on 
a parabola be cut in a given ratio the locus of the points of 
section will in either case be a parabola. 

90. Circles whose radii are in arithmetical progression touch 
a given straight line on the same side at a given point. If to 
each circle a tangent parallel to the given line be drawn it 

cut the circle next larger in points lying on a parabola. 

91. Find the locus of the centre of a circle which passes 
through a given point and touches a given straight line; or 
which touches a given circle and a given straight line. 

92. If a parabola be made to roll upon an equal parabola, 
their vertices being initially coincident, the locus of the focus of 
the former will be the directrix of the latter. 

93. rind the locus of a point which moves so that its 
shortest distance from a given circle is equal to its perpendicular 
distance from a given diameter of that circle. 

94. The circle described on any focal chord of a parabola 
as diameter touches the directrix ; and the circle on any focal 
radius touches the tangent at the vertex. 

95. Given the focus, or the directrix, and two points of a 
parabola, shew how to construct the curve, and state the number 
of solutions in each case. 

96. The diameters through the extremities of any focal 
chord of a parabola meet the chords joining them to the vertex 
upon the directrix and intercept upon it a length which subtends 
a right angle at the focus. 

97. Two circles whose centres are on the axis of a parabola 
touch the parabola and one another. Prove that the difference 
of their radii is equal to the latus rectum, 

98. Semicircles being described upon the segments of a 
focal chord, shew that the squares of their common tangents 
vary as the length of the chord. 
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gg The arms of any angle in a focal segment of a parabola 
meet the directrix at distances from the axis to which the semi- 
latus rectum is a mean proportional. 

100. Shew how to place in a given parabola a focal chord of 
given length. 

101. A parabola being given, find its axis, focus, vertex, 

and directrix^ 

102. If a cliord be drawn to a parabola from the foot of 
its directrix, tbe rectangle contained by its segments will be 
equal to tbe rectangle contained by the segments of the parallel 
focal chord. 


103. If -4 <3 be a chord drawn from the vertex A of a 
parabola, and QB be a perpendicular to it at its extremity 
Q meeting the axis in then will AR be equal to the focal 
cliord parallel to A Q* 

104. If PQ be a focal chord of a parabola, and E any point 


on the diameter through Q, then will 


PQ 


be equal to the focal 


chord parallel to PE. 


105. Find the locus of the points which divide parallel 
chords of a parabola into segments containing a constant 
rectangle. 

io5. The latus rectum is a mean proportional to the ordi- 
nates of the extremities of any cliord which passes through the 
focus or through the foot of the directrix ; and the rectangle 
contained by' the abscisses of the extremities of the chord is 
equal to the square of the focal distance of the vertex. 


107. If a chord subtends a right angle at tbe vertex, shew 
that it passes through a fixed point on the axis, and that 
the latus rectum Is a mean proportional to the ordinates, and 
likewise to the abscisses, of its extremities. 


108. Shew that tbe absciss cut off by any chord from any 
diameter is a mean proportional to the abscisses of its ex- 
tremities with respect to that diameter, and that the corre- 
sponding ordinates are proportionals. 
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109. The distances from the focus at which the straight 
lines joining the ends of a focal chord to the vertex meet 
the latiis rectum are alternately equal to the ordinates of 
the ends of the chord. 

1 10. In a given parabola inscribe, and about it circumscribe 
a triangle whose sides shall be parallel to three given straight 
lines. 

111. A chord of a parabola and the chord joining the two 
points on the curve at which' it subtends right angles intercept 
on the axis a length equal the latus rectum. 

1 12. Deduce from Ex. 54 that the intercept on the axis 
made by any polar and the ordinate of its pole is bisected 
at the vertex. 

1 13. The intercepts upon any diameter by any two polars 
and the ordinates of their poles with respect to that diameter 
are equal. 

1 14. On a chord through a fixed point 0 a mean pro- 
portional OM is taken to the segments of the chord. Shew 
that the locus of M is a diameter. 

1 15. A circle being described on a chord of a parabola 
w^hlch is parallel to a given line, shew that its centre is at a 
constant distance from the middle point of its opposite chord 
of intersection wdth the parabola. 

1 1 6. If a circle cut a parabola in four points the ordinates 
of the points of section on one side of the axis will be together 
equal to the ordinate or ordinates of the point or points of 
section on the other side. 

1 1 7. If three of the points of section coalesce their common 
ordinate will he equal to one-third of the ordinate of the fonrtli 
point; and the common chord of the circle and the parabola 
will be equal to four times their common tangent raeasured 
from its point of contact to the axis. 

1 1 8. Three chords of a parabola drawn at right angles to 
a focal chord through its extremities and the focus are pro- 
portionals. 
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1 19. If from the vei'tex of a parabola a pair of chords be 
drawn at right angles, find the locus of the further vertex of 
the rectangle of which they are adjacent sides, 

120. If a chord perpendicular to the axis be produced to 
meet the tangent at an extremity of the latus rectum, the 
rectangle contained by its segments will be equal to the square 
of its distance from the focus. 

12 1. A chord of a parabola drawn from a given point on 
the curve is Intersected by any ordinate of the diameter through 
that point and by the diameter through the extremity of the 
ordinate. Shew that the chord is a third proportional to its 
segments estimated from the given point to the ordinate and 
the diameter through Its extremity respectively. 

122. The ordinate of a point Q on the curve being inter- 
sected by its diameter in F, by any other diameter in i?, and 
by the straight line joining the vertices of those diameters in H', 
shew that 

123. The straight lines joining any point on a parabola 
to the extremities of a given chord meet any diameter at 
distances from its extremity which have the same ratio as 
the segments into which it divides the chord. 

124. If from the point of contact of any tangent straight 
lines be drawn to two points on the curve, each to intersect 
the diameter through the other point, the two points of inter- 
section will lie on a parallel to the tangent. 

125. If the diameter through any point P of a parabola 
meet a given chord In <2, and the tangents at Its extremities 
in 5 , c, shew that Pa^ = PS . Pc, and deduce the theorem of 
Ex. 73^ for the case of the parabola. 

126. Three fixed points and a variable point being taken on 
a parabola, shew that the chords joining the latter to two of 
the fixed points cut off abscisses from the diameter through the 
remaining fixed point which are in a constant ratio. 


* In the example referred to, f-or is ” read va?'ie9 a$, 

F 
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J57. Shew that the preceding theorem is a special case of 
Ex. 80. 

128. If a parabola which bisects the sides of a triangle 
ABC meet its sides again in a, c, then will Aa^ Cc be 
parallels. 

129. Through a given point within a parabola draw a chord 
which shall be divided in a given ratio at that point. 

130. Describe a parabola through four given points; or 
through three given points, and having its axis in a given 
direction ; and shew that the latter is a particular case of the 
former. 

131. Shew that a circle can be described touching any two 
diameters of a parabola and the focal radii to their extremities; 
and hence, that any two intersecting tangents to a parabola 
subtend equal angles at the focus. 

132. The four points of Intersection of two parabolas whose 
axes are at right angles lie on a circle, and the sums of the 
ordinates of their points of intersection on opposite sides of the 
axis of either are equal. 

133. If AGP he a sector of a circle of which GA is a fixed 
radius, and if a circle be drawn to touch CA^ GP and the arc 
AP^ the locus of its centre will be a parabola. 

134. If a circle and a parabola touch at one point and 
intersect in two others, the diameters of the parabola at the 
latter points will meet the circle again on a parallel to the 
tangent at the former. 

135. If a straight line be drawn from a fixed point on 
a circle to bisect any chord parallel to the diameter through 
that point, find the locus of its intersection with the diameter 
through an extremity of the variable chord. 

136. If the two tangents from any point on the axis of 
a parabola be cut by any third tangent, their alternate segments 
will be equal. 
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137. If OPj OQhe the tangents at P and ^ to a parabola, 
and P^5 Qi chords parallel thereto, the distances of 0 from 
pq and PQ will be in the ratio of five to one. 

158. If there be three tangents to a parabola, whereof one 
is parallel to the chord of contact of the other two, shew that 
the three tangents contain an area equal to half the area of 
the triangle whose vertices are at their points of contact, and 
apply this result to prove Prop. xii. 

139. The locus of the vertex of a parabola which has a 
given focus and a given tangent is a circle. 

140. If the tangents at P and Q intersect in P, the circle 
through P touching QR in R passes through the focus. 

14 1. The tangent at any point meets the directrix and 
the latus rectum at equal distances from the focus. 

142. A chord of a parabola being drawn through a given 
point, determine when the rectangle contained by its segments 
will he a minimum. 

143. Two equal parabolas have the same axis and directrix, 
and from a point on one of them two tangents are drawn to 
the other ; shew that the perpendicular from that point to the 
chord of contact of the tangents is bisected by the axis. 

144. If a leaf of a book be folded so that one corner moves 
along an opposite side the line of the crease will envelope a 
parabola. 

145. The three sti-aight lines drawn through the points of 
intersection of three tangents to a parabola at right angles to 
their respective focal distances meet in a point. 

146. The centre of the circle through any two points on a 
parabola and the pole of the straight line joining them lies upon 
the focal chord at right angles to the iocal distance of the 
said pole. 
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147. Any two parabolas wbich have a common focus and 
their axes In opposite directions intersect at right angles. 

148. The portion of any tangent intercepted by the tangents 
at two fixed points subtends a constant angle at the focus. In 
what case will the subtended angle be a right angle? 

149. If <QF be the ordinate of any point (Q on a parabola, 
and if the diameter bisecting QV meet the curve in P, then 
will FP meet the tangent parallel to QV at a distance from its 
point of contact equal to ^QV. 

150. The tangent from the vertex of a parabola to the 
circle round SPN^ where PN is the principal ordinate of a 
point P on the curve, is equal to ^PN. 

15 1. The focal vectors to the points of contact of a common 
tangent to a parabola and the circle on its latus rectum as 
diameter are equally inclined to the axis. Express the distance 
between the points of contact in terms of the latus rectum, 

152. Describe an equilateral triangle about a given parabola ; 
and shew that the focal distances of its vertices pass each 
through the opposite point of contact, and that the centre of 
gravity of the triangle must He upon a certain fixed straight 
line perpendicular to the axis. 

153. The segments of the sides of a regular polygon cir- 
cumscribing a circle subtend equal angles at the centre. State 
an analogous property of the parabola. 

154. Find the envelope of a straight line which cuts the 
sides OAj OB of a given triangle OAB in points P, Q such 
that the rectangle OP.OQ is equal to AP.BQ. 

155. Find the envelope of the straight line connecting the 
feet of the perpendiculars let fall from any point of a parabola 
upon the axis and the tangent at the vertex. 

156. If P§ be a chord at right angles to the axis of a 
parabokj the perpendicular from P to the tangent at Q will 
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€iit off from the diameter Q 2i length equal to the latus 
rectum. 

157. A circle being drawn through the focus of a parabola 
to cut the curve In two points, compare the angles between 
the tangents to the parabola and the tangents to the circle at 
those points^ 

158. If the tangents to a parabola at P. and Q meet in 0 ^ 
and if the diameter through 0 meet PQ in F, shew that 
0 P. 0 Q= 208 . 0 V. 

159. If the tangents at P, Q Intersect in 0 and meet the 
tangent at E in P\ then will OE pass through the inter- 
section of PQ and P'< 5 * 

160. A parabola being inscribed in a triangle so as to bisect 
one of its sides, shew that the perpendiculars from the vertices 
of the triangle upon any tangent are in harmonical progression. 

161. The vertex of a constant angle whose sides envelope 
a parabola traces a hyperbola having the same focus and 
directrix. 

162. in Art. 29 , if PB and QM be perpendiculars to QE 
and the directrix, 0 the point in which the perpendicular from 
Q to PE meets the directrix, and PF a diameter of the circle, 
shew that 

BQ ; QBiPQ^QO ; PP\ 
and deduce Steiner’s theorem. 

163. To two parabolas which have a common focus and 
axis, two tangents are drawn at right angles. Shew that 
the locus of their intersection is a straight line perpendicular 
to the axis; and examine the case in which the directrices 
of the two parabolas coincide. 

164. Chords of a parabola being drawn to touch an equal 
parabola having the same vertex, their axes being in opposite 
directions, shew that the locus of the middle points of the chords 
is a parabola, whose linear dimensions are one-third of those 
of the original parabola. 
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165. Two parabolas have a common vertex, and their axes 
are in opposite directions. If the latus rectum of one of them 
be eight times that of the other, the intercept on any tangent 
to the former made by their common tangent and the axis 
will be bisected by the latter. 

166. If the vertex of an angle of constant magnitude move 
on a fixed straight line, and one of its arms pass through a 
fixed point, the other will envelope a parabola of which the 
fixed point and line are the focus and a tangent. 

167. If a focal chord meet any tangent at a given angle) 
determine the locus of their point of intersection. 

168. If the tangents to a parabola at points P and Q 
intersect in 0 and meet the tangent at any point P in P' 
and Q', and if OB meet FQ in Z, then 

PZ: QZ=F'B ^ : Q’B\ 

169. The locus of the foot of the focal perpendicular upon 
a normal chord of a parabola is a parabola. 

170. If PQ be a chord normal at P and parallel to the 
focal chord PP', then 

PQ:FF' = SY: SA, 

where A is the vertex and SY the focal perpendicular upon 
the tangent at P. 

171. If from a given point on a parabola any two chords 
be drawn making equal angles with the normal at that pomt, 
the focal distances of their further extremities will contain 
a constant rectangle. 

172. The intercept on any tangent made by the curve 
and the tangent at the further extremity of the normal at 
its point of contact is bisected by the directrix. 

173. If P be the pole of a chord PQ normal at P, and 
the abscissa of P, shew that 
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174. The perpendicular to a normal to a parabola at the 
point in which the normal meets the axis envelopes an equal 
parabola, and the focal vector of the point at which the normal 
is drawn meets the envelope at the point in which the per- 
pendicular touches it. 

175. The normals at the ends of a focal chord intersect 
upon its diameter, and the locus of their intersection is a 
parabola. 

176. The normal, terminated by the axis, is a mean pro- 
portional to the segments of the focal chord to which it is 
at right angles. 

177. The squares of the normals at the extremities of a 
focal chord are together equal to the square of twice the 
normal perpendicular to the chord. 

178. The normal at any point is equal to the ordinate 
which bisects the subnormal at that point. 

179; The locus of the centre of the circle circumscribing 
the triangle SYP^ where is the focal perpendicular on the 
tangent at any point P, is a parabola. 

180. All circles which have their centres on a parabola and 
touch the tangent at its vertex are cut orthogonally by a circle 
which touches the parabola at its vertex and whose diameter 
is equal to the latus rectum, 

18 1. From a point on any double ordinate QQ' o. per- 
pendicular is drawn to Its polar to meet the polar in and 
the axis in K Shew that ilf, iV, Q\ and the point in which 
the polar meets the axis are concyclic with the focus. 

182. The continued products of the focal vectors to any 
three points on a parabola and of those to the poles of the 
chords joining the three points are equal. 
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183. If tlie tangents at r intersect in P, P, as In 
Art. 29, and if 0 be the point in which the diameter through r 
meets ^2, shew that 

pQ : QR- 

Shew also that 

■PQ.PB^Qr.Rri BP-BQ = Pq.Qp', 

and PQ.QR.BP=Pq.Qr.Bp = Pr.Qp.Eq. 

184. Prove that in general two parabolast and any number 
of central conics can be drawn through four given points ; and 
that no two parabolas or other conics can intersect in more 
than four points; and that no two parabolas can touch one 
another in more than one point. 

185. If one triangle can be inscribed in a given circle 
(or ellipse) so that its three sides touch a given parabola, 
shew that any number of triangles can be so inscribed, and 
that the locus of their centroids is a straight line. 

186. Any number of parabolas being described with the 
same vertex and axis, the polars with respect to them of all 
points on a fixed ordinate to the axis will meet in a point. 

187. If a polygon be described about a parabola the 
continued products of the abscissae of its vertices and of its points 
of contact respectively will be equal. 

188. If T be the point of concourse of the tangents to a 
parabola at P and (?, and if y, q be the points in which any 
third tangent intersects them, then 


i8g. If from any point on the chord of contact of any 
two tangents to a parabola parallels to them be drawn each 
to intersect the other tangent, the points of intersection will lie 


* This is proved by Apollonius in Lib. iii., Prop. 41, of Ms Conics, 
t Two chords of a parabola being given, it may be deduced from Art. 30, Cor, 2, 
that there are two possible directions of its axis. 
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OH the tangent at the extremity of the diameter through the 

assumed point. 

I go. If P and Q be any two points on a parabola, and if 
PM QN be the principal ordinates of P, Q, and AL the principal 
abscissa of the pole of FQ^ shew that FM.QN^iAS.ALF 
Shew also that if O' be the pole of any chord drawn through 
any point 0 , and O'V'j OV he the ordinates of O' and 0 with 
respect to the diameter at any point P on the curve, then 

V.0'r^28P{PV+PV') 

191. If two parabolas be described each touching two sides 
of an equilateral triangle at the points in which it meets the 
third side, prove that they have a common focus and that 
the tangent to either of them at their point of intersection 
is parallel to the axis of the other. 

192. If two parabolas be described each touching two 
sides of any tidangle at the points in which it meets the third 
side, determine the area common to the two curves; and if 
three parabolas be so described, determine the area common 
to the three. 

193. Any two tangents to a parabola intercept on two fixed 
tangents lengths which are in a constant ratio. 

194. If P and Q be fixed points on a parabola, and BR' 
any double ordinate of a given diameter, then will BP and 
PuQ meet that diameter at distances from the curve which 
will be in an invariable ratio. 

195. The projections of any two tangents upon the 
directrix by lines radiating from the vertex are equal. 

196. A triangle is revolving round its vertex in one plane; 
prove that at any instant the directions of motion “^of all the 
points of its base are tangents to a parabola. 


* Tins follows with the help of Examples 108 and 112, whereof the former may 
be deduced f^om Art. 30, Cor. 2, or from Prop. iv. 
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197. If three parabolas be Inscribed in a given triangle, 
when will the area of the triangle formed by joining their 
foci be a maximum ? 

1 98. The area of the parabolic sector cut off by any two 
focal radii is equal to half the area bounded by the arc of 
the segment, the diameters through Its extremities, and the 
dhectrix. 


199. The difference of the ordinates of two points on a 
parabola being equal to shew that the chord joining them 

will cut off a segment whose area is equal to 242^' 


is the envelope of a straight line which cuts off an area of 
given magnitude from a given parabola ? 


200. If the foci of four parabolas whereof each touches 
the straight lines joining the foci of the other three lie on a 
cu’cle, the tangents at the vertices of the four parabolas will 
meet in a point. 
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CHAPTER IV. 

CENTRAL CONICS. 

In this chapter we shall deal with the common properties 
of the Central Conics, and in the next chapter with certain 
properties, viz. those of its asymptotes, which are peculiar to 
the Hyperbola. 

The Alscissce or Abscisses of any point with respect to any 
diameter of a central conic are the segments of that diameter 
made by the ordinate of the point; and the Central Abscissa 
is the distance of the foot of the ordinate from the centre 
of the conic. 

THE ORDINATE. 

PROPOSITION I. 

33. The square of the principal ordinate of any point on a 
central conic varies as the rectangle contained by its abscissce. 

Let the straight lines connecting the vertices A of a 
central conic with any point P on the curve meet the directrix 
in Z and Z’ and let PN be the ordinate of P, and X the point 
in which the directrix meets the axis. 



* For the hyperbola, use the figure on p. 80, supplying the lines PAZ, PZ'A\ 
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Then (Art. 12) the intercept ZZ' subtends a right angle 
at and therefore ZZ.Z'Z has the constant magnitude 8X‘\ 
And since PXf : AN : AX^ 

and iW : AN : A'X: 

therefore PN“ i AP , AN= ZX ,Z X i AX . A'X 

lAX.AX, 

which is an Invariable ratio. 

Let N be taken at the centre C of the conic, and let JPX^ 
In virtue solely of the above proportion, and without reference 
to the form of the curve, become equal to CS, so that 
CB ^ : GA ^ - SX^ : AX. A'X. 

Then : AKAN=^PN^ : <7-4^- ON^=- CB'^ : CA\ 



In the ellipse it Is evident that CB is equal to half tlie 
conjugate axis. In the hyperbola the conjugate axis does not 
meet the curve ; nevertheless, for the sake of uniformity of 
expression, we shall define GB as the half of Its length,* and 
the point B and a corresponding point B' equidistant from the 
axis as its extremities. 

Corollary 1. 

If the ordinate of P be divided in the ratio of the transverse 
to the conjugate axis at the point then 

* The conjugate axis of any central conic is occasionally called its Minor Axu, 
although not necessarily less than the transverse axis, unless the curve be an | 
ellipse, ; 
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Hence when P lies on an ellipse, the locus of p is the circle 
described upon its major axis as diameter, and when P lies 
on a hyperbola, the locus of p is the hyperbola whose transverse 
axis kJA'j and whose conjugate axis is equal to AA'. 

Corollary 2. 

If Pn be the ordinate of P with respect to the conjugate axis, 
it follows from the proposition that 

PiV‘^ : GA:^ - Pn^ = CB ^ : GA% 

and Pn^ i GB^^ Cn^ ^ CA^ x GB^\ 

Hence also it may be shewn, after the manner of Cor. 1, 
that the locus of the point which divides Pn in the ratio of the 
conjugate to the transvei'se axis is either the circle on BB' as 
diameter, or the hyperbola whose transverse axis is BB\ and 
•whose conjugate axis is equal to BB\ Some of the uses of 
this corollary and the preceding will be pointed out in the 
chapter on Orthogonal Projection. 

Corollary 3. 

From Cor. 1 it appears, conversely, that if the ordinates of 
any number of points lying on the circle upon AA'^ as diameter 
be cut in any given ratio of minority OB : CL4, the points of 
section will lie on an ellipse whose transverse axis is AA'^ and 
whose conjugate axis is equal to 2 CP. The smaller GB in 
comparison with CA^ the less nearly circular is the ellipse ; and 
ultimately, when CB vanishes, the ellipse becomes coincident 
with its major axis AA\ In like manner, the complement”^ 
of AA' is the limit to which the hyperbola described upon it as 
transverse axis tends when its conjugate axis Is indefinitely 
diminished. 


PROPOSITION II. 

34. The square of the ordinate of any point on a central 
conic with respect to any diameter is in a constant ratio to the 
rectangle contained hy its ahscissce on that diameter. 

* It may sometimes be convenient to speak of the remainder of an unlimited 
straight line from which any part has been taken away as the Coviplemmt of that 
part. 
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For by Art. 16, if QQ be any chord parallel to a fixed 
straight linej and PP' be a fixed diameter meeting the chord 
in F, then the ratio QV.7Q : PF.FP' is constant. It follows 
as a special case that, if QQ' he a double ordinate of the 
diameter PP', then QV ^ : PF. FP' is a constant ratio. 

It is evident in the case of the ellipse that this result is 
equivalent to 

gF':PF.FP' = < 

where OB is the semi-diameter parallel to the ordinate QV. 

In the case of the hyperbola, supposing that OP meets and 
OB does not meet the curve, we might define the length of the 
semi-diameter OB and the position of its extremity B by the 
condition that OB^ must be to GP^ in the above-mentioned 
constant ratio, viz. that of the focal chords parallel to CB 
and CP, so that 

QV ^ : PF.FP^ = ^F^ : GV^-^CP^^OB ^ : CP^, 

and therefore QJ ^ OV'^iGP^ 

but we shall at present merely remark that such a definition 
would be in accordance with the conventions usually adopted •* 


THE SECOND FOCUS AND DIRECTEIX. 

PROPOSITION III. 

35. Every central conic has a second focus and directrix; 
and the sum of the focal distances of any jyoint on the curve 
in the case of the ellipse^ or the difference of the same in the 
case of the hyperlola^ is constant and egual to the transverse 
axis; 

The existence of a second focus and directrix has been 
proved in Art. 14, Cor. 3 ; but it may also be deduced from 
the relation 


Upon this subject, see Scholium C, 
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where ordinates of any point P on the curve 

with respect to its transverse and conjugate axes. 

for since the ordinates with respect to either axis of the 



points In which a parallel to that axis meets the curve are 
equal, and since, from the above proportion, the corresponding 
ordinates with respect to the other axis must consequently be 
equal, it is evident that points on a central conic may be 
determined in pairs as P, F' or p' on opposite sides of and 
equidistant from the one axis, and likewise in pairs as P, p 
or P'j p on opposite sides of and equidistant from the other 
axis. 

The curve is therefore divided symmetrically by its con- 
jugate axis as well as by its transverse axis, and it has a 
second focus S' equidistant with S from the centre, and a 
coiTespondIng directrix meeting the axis at a point X' whose 
distance from the centre is equal to OX» 

Hence, if P be any point on the curve, 

ST : NX' = S' A ' : AX' = SA : AX^ ST : NX. 

Therefore ST j; S'T : NX i NX' ^ SA : AX. 

Hence, in the ellipse, since NX+NX' or XX' is 'constant, 
therefore SP+S'T is equal to a constant length, viz. to 
SA -p S' A. or A A ; that is to say, the sum of the focal distances 
of any point of the curve is equal to the major axis. 

In the hyperbola, in like manner, NX'^ NX' is constant, 
and therefore ST ST' is constant and equal to SA ~ S' A or 
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AA'; that is to say, the difference of the focal distances of 
any point on the curve is equal to the transverse axis. 

Corollary 1. 

Since SA SA' : = | (jSA t SA'} : (AXt AJ); 

and since the latter ratios are equal respectively to GA : CX 
and OS : OAj or vice versa ; therefore 

CS^ GA =. GA : OX= SA : AX, 
and CS.CX^OA\ 

Corollary 2. 

It may now be shewn, as in the next proposition, that 

Hence, in the hyperbola, CS'^ = GA^ + GB"^, or GS is equal to 
the distance AB between two adjacent extremities of the axes; 
and in the ellipse, CS'^ -f OB^ = CA^, or SB is equal to the 
semi-axis major. In the case of the ellipse it follows more 
directly that, SB^ S'B = GA ; and hence, conversely, that 

CB'^^CA^--CS^^AS,A'8. 
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Corollary 3. 


Hence 08. 8X= 0B^~C8.CX^CS‘~ C. 
1 SX : CZ= CS.SX: CS.CX= CB^ 


GB\ 


THE LATHS EECTUM. 

PROPOSITION IV. 

36. The lotus rectum is a third proportional to the transverse 
and conjugate axes. 

Since C8:0A = 8A: AX^ 8A' : A'X; 
therefore C8 + OA t OA — 8 A + AX : AX ~ SX : AX^ 
aad 08 ~CA:CA = 8A' ~ A'X : A’X= 8X : A'X. 
Hence, and by Art. 33, 

0A’‘ : CA^=8X ^ : AX.AX^GB '^ : OA% 

and therefore 

G8''‘~GX\ or AS. A' 8, is equal to OB'\^ 

Hence, by Prop, i., if 8L be either of the ordinates corre- 
sponding to A 8 and A' 8 as abscissae, 

SZ'^ : AS. A’S^ SU : =GB ‘‘ : CA% 

or the semi-latus rectunn SL is a third proportional to OA and 
CB, and therefore the whole latus rectum is a third propor- 
tional to AA' and BB'. 

Corollary. 

If FF' be any focal chord, GD the parallel radius, and LL' 
the latus rectum, then by the proposition, and by Art. 34, 

FF ' ; LL'^CIF ; OB^ =OW ; ILL'. OA, 

or 


* The axis being a focal chord, it follows, from Art. 15, Cor., that 8L , CA is 
equal to AS .A' S, which in the ellipse may be shewn to be equal to In 

the case of the hyperbola, the length CB may then be defined as a mean proportional 
to CA and SL. Apollonius (Lib. iii. 45) defined the points which we call 
the foci of central conics as certain points dividing the axis into segments whose 
rectangle is equal to SZ . CA ; but he nowhere mentions the focns of the parabola. 

a 
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that is to say, any focal chord is a third proportional to the 
transverse axis and the diameter parallel to the chord. 

scholium: a. 

The Laths Begthm of the axis, according to ApoLLomrs, ^as 
a certain straight line drawn at right angles to it from the vertex, 
equal to the double focal ordinate but defined without reference 
to the focus. The axis being regarded as IlXayta, the transverse 
side of the ‘^figure,” the straight line drawn as above was taken as 
its’OpS/a, or erect side; the term ''figure’’ being used to denote 
rectangle ‘ ed by those lines. 

If JZ be s rectum, and if the ordinate Pif in Prop. r. 

meet A'L in Q, then 

PiY2 : AN.A'N=AL ; QN : A^Z[=^ QN.AN : AF.A'F. 

It follows that the square of the ordinate PJSf is greater than the 
gle AL.AF contained by the latus rectum and the abscissa 
case of the hyperbola, and less than the same rectangle in 
of the ellipse ; and hence the name Hyperbola, which 
cess, and the name Ellipse, which signifies chficiency, 
ABOLA was so called from the ecixiality of the square of the 
ordinate of any point upon it to the rectangle contained by its 
L and the latus rectum. The names of the three conics have 
explained, but tbe interpretations of 
accordance with the manner in 
them. tion of his works, 

Lib. I., props,, xi., xn., xiii., pp t 1657). Moreover, 

it is reported by Proclus in bis Commentaries on the first book of 
Euclid, at the commencement of the fourty-fourth 
upon the authority of "the Eamiliars of Eudemus,” that the 
terms parabola, hyperbola, and ellipse had been used by the 
Pythagoreans to express the equality or inequality of areas, and 
were subsequently transferred to the conic curves for the reason 
given above. The passage is quoted in the original Greek on 
page IS of E. E. August’s Zur Kenntniss der geometrischen Ilethodeder 
Altexi in lesonderer JBe%iehung auf die Flatonische Stelle im Meno 22i 
(Berlin, 1843), and it may be seen in English in Thomas Taylors 
translation of the Commentaries of Proclus, Yol. ii. p. 198 (London, 
1789). The whole work in the original Greek was printed at the 
end of editio princeps of Euclid’s Elements (ed. Simon Gryn^ns, 
Basil., 1533); and it has also been edited separately by Godfi, 
Priedlein (Teubner, Leipzig, 1873). 

More generally, the Latus Rectum of any diameter was a length 
measured from its extremity upon the tangent thereat, equal in 
the case of the parabola to the parallel focal chord (although 
defined without reference to the focus), and in other cases a third 
proportional to the said diameter and its conjugate. Some later 
writers, as Mydorge, used the term Parameter for Latus Eectum in 
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all cases, that of the asds being distinguished as Recta Parameter. 
Hamilton gave the alternative, ^‘Latus Eectum sive Parameter 
istius diametri, &c.” ; but these expressions are now seldom used 
is geometrical treatises otherwise than as defined above on pages 1 
and 44. 


THE TANGENT. 

PEOPOSITION V. 

37. The tangent at any point of a central conic makes egual 
angles with the two focal distances of that point. 

Let the tangent at any point P to an ellipse^ or a hyper- 
bola, whose foci are 8 and 8\ meet the directrices in R and E! 



and let a parallel through P to the axis meet the directrices 
in M and M\ 

Then since 

8Px >8P' = Pif:Pi¥'-PP:PP, 

and since PR and PR' subtend right angles at 8 and 8' re- 
spectively, therefore the triangles /SPP, 8' PR are similar, 
having their angles at P equal; that is to say, the tangent 
at P makes equal angles with 8P and SP. 

In the ellipse, the tangent lies without the angle 8P8' and 
bisects it externally. 

In the hyperbola (fig. p. 80), the tangent must cut the axis 
between A and A' (since otherwise it could not lie wholly 

G2 
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•without the curve), and therefore between 8 and 8 ' ; it must 
therefore bisect the angle 8P8' internally^ 

' Corollary. 

If P be one of the four points of intersection of an ellipse 
and a hyperbola which have the same foci 8 and 8\ their 
tangents at P, being the two bisectors of the angle 8P8\ will 
be at right angles to one another. Hence confocal conics in- 
tersect at right angles. 

PEOPOSmON VI. 

38. The projections of the foci u^on the tangent at any point 
of a central conic lie on its auodliary circle; and the semi-axis 
corjugate is a mean proportzonal to the dxstances of the focx from 
their respective ;pr ejections. 

Let P and H be the foci, F and Z their respective pro- 
jections upon the tangent at any point P. Then will Y and Z 



lie on the circle described upon the axis AA' as diameter, and 
the rectangle 8Y.EZ will be equal to CB'‘. 

(!) For let a parallel to HP through F meet 8P in 0. 
Then the tangent makes equal angles with 8P and the parallel 


If , in accordance ■with, the principle of the note on p. 22, the distance of any 
point P on a hyperbola from 8' be estimated within the curve, in which case it "will be 
the “ complement’^ of 5'P, we may say of the hyperbola, as of the ellipse, that the 
tangent bisects the angle between the focal distances eid^rnally. 
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to EP^ VIZ. the angles OPY^ 0 YP^ and the complements of 
these angles, viz. OSY^ 0Y8 are equal, therefore 


Hence, the parallel to HP bisects 8H^ viz. at the centre G 



the upper signs being taken in the case of the ellipse, and 
the lower in the case of the hyperbola. 

Hence, the auxiliary circle is the locus of the foot of the 
perpendicular from either focus to the tangent at any point 
of the conic, and, conversely, the straight lines drawn from 
any point on the auxiliary circle at right angles to the two 
focal distances of that point are tangents to the conic. 

(ii) Let ZH meet the circle again in F; then, the angle 
at being a right angle, VY passes through the centre C. 

Hence, evidently 8Y^ is equal to i7F; and therefore, 

8YHZ==Hr.HZ^HA.HA ^ OB\ 

or GB is a mean proportional to the focal perpendiculars upon 
any tangent.f 


* Tlais resnlt miglit also have been arrived at by supposing BY, BP to meet in a 
point S’, and shewing that CY - ^HS' = CA, 

t In the figure on p. 88, if T be the point of concourse of any two tangents, then 
57 : EZ’ = SY' : BZ, It foUows that angle STY = BTZ’ j or, conversely, from 
Prop, xvin, it may be deduced that SY , BZ = CB^, 
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GoroUary 1. 

This proposition enables us to draw a tangent to the conic 
which shall be parallel to any given straight line, viz. by 
drawing BY (to a point Y on the auxiliary circle) at right 
angles to the given straight line, and drawing YP at right 
angles to BY. 

Corollary 2. 

The points F, Z in which any focal chord meets the auxiliary 
circle lie upon parallel tangents to the conic, and the semi-axis 
conjugate is a mean proportional to the perpendiculars SF, EZ 
from either focus R upon any two parallel tangents. 

Corollary 3. 

The diameter parallel to the tangent at P Intercepts on 
either focal distance HP a length Pk equal to OF or GA. 

PROPOSITION YII. 

39. The distance from the centre at which any tangent meets 
a given diameter varies inversely as the central abscissa of its 
^oint of contact with respect to that diameter. 

Let the tangent at any point Q meet a given diameter in T, 
and let (7T be the abscissa of Q with respect to that diameter; 
then will the rectangle CF. OPbe of constant magnitude. 

(I) Let GT meet the curve in P, and let the tangents at 
P and Q intersect In R ; complete the parallelogram QRPO. 
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Then since. In the parallelogram, B 0 bisects PQ^ and since 
PO is the chord of contact of the tangents from B^ therefore BO 
passes through the centre (7. 

Hence, by parallels, 

or CV.CT has the constant magnitude CP'\ and OT varies 
inversely as the abscissa GV. 

(ii) Next, let t be the point of concourse of QT with any 
diameter of a hyperbola which does not meet the curve ; and let 
the ordinate in the former case of the proposition be 
supposed an ordinate of the conjugate diameter, and therefore 
parallel to Gt 



Then since Gti GT= QV : FT, 

therefore Q F . Gt : GV. GT= Q F‘^ : GV. FT. 

And since, by the former case, GV.GT is equal to GP\ 

QV.Gt: GP^=QV^: GV^-GP^i 

and therefore (Art, 34) QV.Gt is equal to the square of the 
“semi-diameter” GP parallel to QV^ that is to say, Gt varies 
inversely as (QF, or as the abscissa of Q with respect to the 
diameter on which Gt is estimated. 

Gorollary 1. 

The relation GV.GT ^ GF'^ implies that any diameter PP' 
which meets the conic is divided harmonically (Art. 18, Cor.) 
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at V and T. This likewise involves the equality of the rect- 
angle TG. TV to TF. TP\ which may also be deduced indepen- 
dently from the evident parallelism oi P'Q and CB, thus 
TP : TV= TB ; TQ=TC: TP'. 

Or again, supposing the tangents at Q and P' to meet in 
we might have inferred from Art. 16, Cor. 1, that 

and thence that TP, TV, TP' are In harmonic progression. 

Gorollary 2. 

If GV and GT be estimated on the transverse axis, their 
product will be equal to GA ‘ ; or if on the conjugate axis, it 
will be equal to GB'^. 

THE DIRECTOE CIRCLE. 

PROPOSITION VIII. 

40. The locus of the vertex of a right angle whose sides 
envelope a central conic is a circle. 

Let T be the point of concourse of a pair of tangents at 
right angles; Y and Z the projections of the foci upon one 
of them; Y' and Z' their projections upon the other. 


T 



(i) Draw the auxiliary circle through F, Z, Y', Z'\ and 
first, if T He without it (that is to say, in the case of the ellipse), 
let TO be drawn touching it in 0. 
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Then 

TG^ = TY’. TZ' = 8Y. HZ= GB'\ 

and therefore GT^ = GO^ + GB^ = GA^ + GB% 
or the locus of T is a circle concentric with the conic, and whose 
diameter Is equal to the diagonal of the rectangle contained by 
the axes. 

(ii) Next let T lie within the circle, as may happen in the 
case of the hyperbola. Then it may be shewn in like manner 
that 

TY, TZ^ CB\ 

nr GB\ 



Hence, provided that the transverse be greater than the 
conjugate axis, the locus of T will be a circle, the square of 
whose radius is equal to GA^ — CB ^ ; but if the conjugate axis 
be the greater, the locus will be imaginary, or an obtuse ” 
hyperbola can have no real tangents at right angles^ 

Gorollary 1. 

In like manner it may be shewn that, if the sides of a right 
angle envelope two confocal conics whose semi-axes are GB 
and (Ja, 0/3 respectively, its vertex will lie on a concentric 
circle the square of whose radius is equal to CA^ + O/S*”*, or 
Cct i GB\ When CB vanishes, one arm of the right angle 
passes through a focus, and its vertex Y (Art. 38) lies on the 

* In this case it wiH be seen that the theorem is applicable to the Conjugate 
Hyperbola. In the limiting case in which the axes are equal the locus reduces to a 
point, the only tangents at right angles being the Asymptotes. 
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auxiliary ch-cle. In the proposition Itself, If GB be supposed 
to vanish, the director circle becomes the circle on SB as 
diameter. 

Gorollary 2. 

A conic and its director circle are so related that any 
rectangle circumscribing the former is Inscribed in the latter. 

SCHOIilTJM B. 

The term Dibector Circle has been used of late years to 
denote the locus of intersectiou of tangents at right angles to a 
conic, with reference to the circumstance that when the conic 
degenerates into a parabola this locus becomes coincident with 
the directrix (Art. 2o). The analogous term '^Director Sphere” 
was introduced by Professor Townsend in the Quarterly Joimial of 
Pure and Applied Mathematics^ voL viii. p. 10 (1867). De 
Hire proved in his Sectiones Conicm (Paris, 1685), Lib. vm. 
props. 27, 28, that the tangents to a conic from any point on a 
concentric circle whose radius is equal to 'd{CAd‘X GB-) meet the 
circle again at the ends of a diameter, and therefore contain a right 
angle. He also gave the equivalent of Cor. 2. 

In some treatises the term Director Circle is used to denote the 
circle described about the further focus JB with radius equal to the 
transverse axis, which possesses a property analogous to that of 
the directrix of the parabola ; for if Y be any point on the chcuni- 
ference of the circle, and if HY meet the conic in P, then SP=FT, 
or the focal distance of P is equal to its normal distance from the 
circle. This circle affords a construction, analogous to that in 
Art. 25, Cor. 2, for drawing tangents to a central conic from any 
external point. Nevertheless it scarcely deserves a distinctive 
name; whereas the ‘^director circle,” according to the former 
definition, is of considerable importance in the higher geometry 
of conics. The analogy of the circle in question to the directrix of 
the parabola was pointed out by Bosgovich, {Sectiomm Conicarum 
Elementa^ § 102), but he did not give it a name. 


POLAR PROPERTY. 

PROPOSITION IX. 

41. The tangents at the extremities of any chord drawn 
through a given point inter sect on a fixed straight line paralld 
to the ordinates of the diameter through that point, 

(i) Through a given point 0 within or without the conic 
draw any chord, and let the tangents at. its extremities meet 
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In t Draw Ct bisecting the chord in o, and meeting the curve 
in j?, and let pU Sini tThe ordinates of the diameter through 0. 

Let 00 meet the curve in P, and let it meet the tangent 
at Pj which is parallel to oO^ in V. 

Then CO : OV= Co : 

and CU: CT^Cpi Ct] 

and therefoi^e, the lengths Co^ Cp^ Ct being continued pro- 
portionals (Art. 39), 


Hence P is a fixed point, and tT^ which was ordinately 
applied to the diameter CP, is a fixed straight line. 

Conversely, the chord of contact of the tangents drawn to 
a conic from any point ^ on a fixed ordinate passes through 
a fixed point 0 situated on the diameter of that ordinate. 

(ii) In the case of the hyperbola, either or both of the 
diameters Co, CO may not meet the curve. 

If Co only do not meet the curve, let Pu be the ordinate of 
P with respect to it, and let the tangent at P meet it in 2 ; ; 
then, Oo.Ct being equal to Cu,Gv (Art. 39, §ii), 

GO : GP^Go : Gu^ Gv : Gt= CP: CT, 

as in the first case. But if CC only do not meet the curve, 
the first proof is applicable as far as CC.CP=CZ7.CF; and 
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it Is known from Art. SS, §ii. that the latter rectangle is of 
constant magnitude. 

In the case in which neither Co nor CO meets the cur?e 
if Cp be taken a mean proportional to Co and Ct^ and ifj:^Fbe 
drawn parallel to oO,* it wdll be seen that GU.CV still 
constant, and tT will be a fixed straight line as in the cases 
preyiously considered. 


THE NORMAL. 

PROPOSITION X. 

42. The normal at any point of a central conic lisects the, 
angle heticeen the two focal distances of that point. 

If P be any point on a conic whose foci are 8 and it 
follows as a corollary from Prop. V. that the normal at F 
bisects the angle 8PH in the case of the ellipse, and its 
supplement in the case of the hyperbola. The same may 
also be deduced from Art. 10 (where 8 may be either focus) 
as follows. 

If the normal meet the axis in then 
8G: 8P=^CS: CA ^ 

and therefore PG bisects the angle 8PH internally or ex- 
ternally, according as G lies in >SH, as in the case of the 
ellipse, or in the “ complement” of 8H^ as in the case of the 



* The line thus drawn is the tangent at p to the Conjugate Hyperhola, which will 
be defined in the next chapter. For another proof of the proposition, see Art. 17. 
The proof in Art. 41, § i. applies, with obvious modifications, to the Parabola, 
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hyperbola. In either case the normal bisects the angle between 
those portions of the focal distances which fall within the curve. 

If the circle round SPS meet the conjugate axis in g and t^ 
it is evident that Pg and Pt will be the two bisectors of the 
an^^-le SPS] that is to say, they will be the tangent and the 
normal at P- This suggests an obvious method of drawing the 
tvro tangents or normals to a conic from any point on its 
conjugate axis. 

Corollary 1. 

The tangent and normal to a conic whose foci are 8 and S 
divide the straight line 8H harmonically, and G8 is a mean 
proportional to the lengths GG^ GT which they intercept on 
the axis. 


Corollary 2. 

It is likewise evident by similar triangles that 


and it will be shewn that each of these rectangles is equal to 
the square of the semi-diameter parallel to the tangent at P. 

PEOPOSITION XI. 

43. At any yoint of a central conic the normal^ terminated hy 
either axis^ varies inversely as the central, 'perpendicular upon 
the tangen^ and directly as the radius parallel to the tangent. 

Let the tangent and the normal at P meet the transverse 
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axis in Tand <?, and the conjugate axis in t and g, respectiyely 
draw perpendiculars PiV, Pn to those axes, and let them mee 
the diameter parallel to the tangent in M and m ; and let tlie 
normal meet that diameter in F. 

(i) Then (Art. 39, Cor. 2), the angles at N and F being 
right angles, 

PG.PF=PN.PM= Cn.Ct= OB‘‘- 
and, in like manner, the angles at n and F being right angles, 
Pg.PF=Pn.Pm= CN.CT= 

that is to say, PQ and Pg vary inversely as PP, which is equal 



to the central perpendicular upon the tangent at P. 

(li) It ■will be proved in the section on conjugate diameters 
that 

PG: CD=CD:Pg=OB: OA, 

■where CD is the semi-diameter parallel to the tangent at P. 

Corollarg, 

It is hence evident that 

NG : GN=NG :Pn==PG : Pg= OB ^ : GA\ 

or the subnormal varies as the abscissa. In like manner it may 
be shewn that the subnormal ng on the conjugate axis varies 
as the abscissa Gn. 
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CONJUGATE DIAMETEES. 

PEOPOSITION XII. 

44. Sii'p^leraental chords are parallel to conjugate diameters. 
Let OF ^ OF be any two supplemental chords, and QQ^ GR 
the diameters to which they are parallel ; then will G GR be 


o 



conjugate. For it is evident that these diameters bisect OP 
and OP' respectively; that is to say, each of them bisects a 
chord parallel to the other. 

This enables us to determine the relation between the 
directions of any two conjugate diameters, for, in Art. 33, 

PiY" : AN.NA' - GB ^ : GA\ 

where the supplemental chords AP^ A'P may be supposed 
parallel to any assumed pair of conjugate diameters. Hence, 
if the ratio of PF to AF (or the direction of one of the 
diameters) be given, the ratio of PJY to A'F (or the direction 
of the conjugate diameter) is determined.^' 

Gorollary 1. 

It readily follows that if P and D be points on two diameters 
of a central conic whose ordinates PN and DR (as In Art. 45) 
are so related that 

PNi GR^DR: GN^GB: GA, 


* An equivalent result may be deduced from Art. 14:, Cor 4 and Art. 35, Cor. 3. 

K e and be tbe inclinations of two conjugate diameters to the axis, tan0 tan^^T ^ 

(where a, b are the semi-axes), the negative sign being taken for the ellipse and the 
positive for the hyperbola. 
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then will GP and CD be conjugate, provided that they lie in 
adjacent quadrants in the case of the ellipse, or in the same 
quadrant or in opposite quadrants in the case of the hyperbola. 
If the ordinates of P and i), in the case of the ellipse, he pro- 
duced to meet the auxiliary circle in p and as in the nest 
figure, the angle pCd will a right angle^ as will be noticed more 
particularly in the chapter on Orthogonal Projection. 

Corollary 2. 

In the hyperbola it Is evident that of every two supplemental 
chords one must He wholly within and the other wholly without 
the curve ; and hence that one and one only of every two conjugate 
dAameters meets the curve. 


Coiwllary 3. 

To draw a pair of conjugate diameters inclined at a given 
angle, let a segment of a circle containing the given angle, and 
described on any diameter PP' as base, meet the conic again in 
0] then will the diameters parallel to OP and OP' be inclined 
at the given angle. 


PROPOSITION XTTI. 

45. The sum of the squares of any two conjugate dia^neters is 
constant in the ellipse^ and the difference of the same is constant in 
the hyperbola. 

(i) If GP, CD be any two radii of an ellipse, and CP, CE 
the central abscisses of their extremities P and D respectively, 
then, by Art. 33, 

PK ^ : GA^-GK^^DE ^ : OA"- CP"= GB ^ : GA\ 

Let GP and CD be supposed to lie in adjacent quadrants, 
and let 

then the above proportions reduce to 

PiV: CE^DR : CN=^ CB : CAf 


* The same proportions will hold when the ordinates are oblique, if CA and CB 
be the lengths of the corresponding semi-diameters. 
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and therefore (Art. 44, Cor. 1) CP, CD are conjugate, and 
conversely. 



Hence also 


or the sum of the squares of any two conjugate semi-diameters 
of an ellipse is constant and equal to the sum of the squares 
of the semi-axes. 

(ii) In the case of the hyperbola, let P be a point on the 
curve, and D a point on the hyperbola whose transverse and 
conjugate axes are BB' and AA' respectively ; then, by Art. 33, 

BN ^ : GA^^DR ^ : CP^+ CA^^ GB^ : GA\ 

Let CP and GD be supposed to lie in the same quadrant 
or in vertically opposite quadrants, and let GD be regarded as 
terminated at the point P.* 

Let CN^-CR?=GA^] 

then the above proportions reduce to 

PNi GR^DR: CN^CBi CA, 


* The radius CJD wHch does not meet the curve (Art. 44, Cor. 2) is here regarded 
as terminated by the Conjugate Hyperbola, Eor another proof of the proposition, in 
which the length of CD is defined as suggested in Art. 34, the reader is referred to 
the next chapter; and for a third proof, to the chapter on Orthogonal Projection. 
It will be seen that the above conventions with regard to the length of CD are 
consistent with one another, but the true definition of the lengths of diameters which 
do not meet the curve is that given in Scholium C. 


H 
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and therefore (Art. 44, Cor. 1) GP^ CD are conjugatej and 
conversely. 

Hence also - PN^ - OB\ 

and CP^^- GB^^ ^ PN^ - [GB^ + DR) ^ CA^ ^ GB-, 

or the diflference of the squares of any two conjugate ^‘semi- 
diameters ” of a hyperbola is constant and equal to the difference 
of the squares of the semi-axes. 

Corollary 1. 

Let the normal at P, which is at right angles to CP, meet 
the transverse and conjugate axes in G and g respectively; then 
it may be shewn by similar triangles that 

PC: GD^PN: CE^CB: GA, 
and Pg ; CD^ CN : DB^ CA : CP. 

Hence CP is a mean proportional to PG and Pg, 

Corollary 2. 

If P be any point on a conic whose foci are 8 and P, then 
since C is the middle point of PP, 


Hence CP^ ± 8P. HP=^ GR -f GR - CS^ = GR ± GB% 
and therefore, by the proposition, PP.PPis equal to CP“. 

PEOPOSITION XIV. 

46. The area of any parallelogram whose sides are equal 
and parallel to two conjugate diameters of a central conic is equal 
to the area of the rectangle contained hy the axes. 
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(1) Let a parallelogram be formed by drawing 
two conjugate diameters PF\ Blf of a central 



their estremitieSj and let tbe normal at P meet Blf in and 
let it meet the axis in G. 

Then since (Art. 45, Cor. 1), 

PG : GB^GBx GA, 

therefore PF.PG : PF.CB=^ GB ^ : CA.GB 

Butj by Art. 43, the antecedents of this proportion are equal. 
Therefore PP. GB = GA . CP, 

and the area of the whole parallelogram is equal to 4PP. CZ>, 
that is, to 2 GA . 2 CP, or to the rectangle contained by the axes. 
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In the case of the ellipse the parallelogram described as 
above completely envelopes the curve ; but in the case of the 
hyperbola two of its sides only touch the curve (Art. 44, Cor. 2\ 

(il) The proposition might also have been proved by shewino* 
that, with the construction of Art. 45, 


which last expression reduces to ^ CA . CB, 

PROPOSITION XV. 

47. The intercept upon any tangent hy any two conjugate 
diameters is divided at the curve into segments to which the 
parallel radius is a mean proportional. 

Let the tangent at P meet any two conjugate diameters 
m T and f, and let CD be the radius parallel to the tangent 



Let PVj Dv be ordinates of the diameter CT^ and Plf an 
ordinate of (7jf; and let the tangent at D meet the former 
diameter in t'. 

Then, by similar triangles, the tangent at D being parallel 
to OP, 

PTi CT==CD: Ct\ 

and Pt : CF= Pt : Plf= CD : Gv, 

Therefore* PT.Pt i GV,GT^ GD^ x Cv.Ct! ) 
and the consequents in this proportion being equal by Art 39, 
therefore PT,Pt— CD\ 

* More briefly, tie condition tiat CT, Ct should be conjugate (note, p. 
at once tie relation PT.Pt-.CP^= CD^ : CP=. 
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or CD is a mean proportional to FT and and when^the 
point P is given the rectangle Ft. FT is constant. 

Corollary, 

If the tangent at any point Q meet any two parallel tangents 
Id E and P', then will the radius parallel to the tangent be a 
mean proportional to QR and QR'. For, in the figure of 
Art. 39, it is evident that GR and CR' are parallel to the 
supplenaental chords F' PQ^ and ax’e therefore conjugate 
diameters. Moreover, if RC meet R’F' in r, the semi-diameter 
parallel to RP will be a mean proportional to PV, P'P', and 
therefore to PP, FR’. 

SCHOnitTM c. 

Although the conjugate axis of a hyperbola and its other 
diameters which, do not meet the curve are commonly regarded 
as terminated by the conjugate hyperbola, this convention is by 
no means accurate, but the true account of the matter is that given 
below. 

Given the relation (Art. 33) between the coordinates of any 
point on the hyperbola 

PaV^ : CF : CLP, 

the true length of the semi-axis conjugate is found, by making CAT 
vanish, to be VC- 1) CB. Let this be denoted by Q3, so that 
PP-- : CB- : : CA, 

which shews that the h 3 "perbola may be regarded as an ellipse whose 
minor axis is a certain imaginary quantity. In like manner the true 
length of the semi-diameter conjugate to (7P, in the second case of 
Art. 34, is 1) CD ; and if this be denoted by (73, we may write 

QV^ : (7P2<- (7F-= : CP\ 

as in the case of the ellipse. Now, treating /3 and 3 as if they were 
real points on the curve and supposing p to be the projection of 3 
upon the axis, we have, precisely as in Art. 45, §i, 

CA- + Cy = CA ^ ; PN'^ + Pp" = CD ' ; CP^ + C3" = CA^ + (7/3^ ; 
which will be seen to be equivalent to the results of Art. 45, § ii, 
C.r-- CF^ CA-, FF^--DR^^ - CB'; CP^-- CD^-= CA^- CB\ 

And so in other cases (cf. Art. 40) we may pass at once to 
properties of the ellipse, in so far as they involve GB‘^ and CJF, by 
writing in place thereof CB^ and (73% that is to say, hy cha^iqinq the 
signs of CF and CJ)\ 

Next consider the hyperbola as a particular form of ellipse 
whose determining ratio has become one of majority. When this 
ratio has increased up to unity the further focus and vertex are at 
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infinity ; but as soon as it exceeds unity they at once come back 
from infinity to S and A' on the opposite of A. The true length 
of the axis of the hyperbola is therefore A co A‘, the complement 
of AA\ and the distance between its foci m 8 ^ the complement 
of 8S> In like manner the distance of any point F on the curve 
from the further focus H is to be regarded as ^ co P, the comple- 
ment of PP ; and thus the fundamental bifocal property assumes 
the indeterminate form 8P -^JFcoP-AcoA'^ In order to pass 
to the determinate form of the bifocal property of the hyperbola 
from the property of the ellipse, we may remark that a point 
moving in a straight line from the further focus IT of the former 
to a point P on ^S-hraneh of the curve may be supposed to move 
either (1) tvitJim the curve, from P' to co and from co to P, always 
in the same direction, or (2) along the finite length JEF in the 
opposite direction ; and we may therefore regard PP, drawn towards 
the convexity of the ;S-branch, as essentially negative, and the finite 
axis AA! as likewise negative. The ellipse property, 8P-{EF=AA, 
thus becomes, in the case of the hyperbola, >SP-f {-EF) = {--AA), 
So in Art. 15, Cor., in the ease in which the focal chord meets the 
nearer branch of a hyperbola in Q and its further branch in P, we 

must write accordance with the same prin- 

ciple the normal to a hyperbola at P bisects the interior angle 
between F8 and P cc E-, and if two tangents TO, TO' be drawn 
from T to the same branch of a hyperbola, the angle 8T0 wifi be 
equal to the angle between TO' and T <x> E. 

Combining the results of the two preceding paragraphs, we 
infer from the property 8 Y . EZ = CE^ in the ellipse, that 
8Y, (- EZ) = (- CP‘) in the%yperbola ; and from 8P ,EF^ Qlf 
in the former, that 8F . (- EP ) - CIF) in the latter. On the 
same principle, Prop. i. assumes the form 

PP-^ : AN. ir J-'N) = (- CE) : CA^ 


in the ease of the hyperbola. In Art. 36, Cor,, if the focal chord 
FF' be positive CE^ will be negative, and vice versa. Prom the 
result FT . CD = CA . CB, obtained in evaluating the conjugate 
circumscribing parallelogram of tbe ellipse, we deduce in the case 
of the hyperbola that (- PP). V(- 1) CD = (- OA) 1) CB; 
and the final result is independent of the factor - -/(- 1). 


THE BIFOCAL DEFINITION.^ 

PROPOSITION XVIp 

48. The tangent to a hifocal conic mahes equal angles icifh 
the focal distances of its point of contact. 


* The theorems in this section have for the most part been already proved in 
other ways ; but they are here derived from the bifocal property’, BP % ffP = dJ'? 
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\i) Let TPQt be a chord which meets the conic in the 
adjacent points P and and let SM be taken equal to SP 



Pn = PP- HQ==8Q^ SP^ Q7yi. 


Now In the Isosceles triangles BmP^ HiiQ^ as the angles at 
S and H are diminished indefinitely, each of the remaining 
angles becomes very approximately a right angle ; and hence 
ultimately, when Q coalesces with P, the triangles Pm ij, PnQ 
become right-ayiglerl at m and 7?. 

And since these triangles have the common hypothenuse 
PQ^ and it has been shewn that Pn, Qm are equal, therefore 
the angle 8QT of the one triangle is equal to the angle PP^ of 
the other. That is to say, the point Q being supposed to have 
coalesced with P, the angle 8PP is equal to PPif, or the 
tangent at P makes equal angles with the focal distances of 
that point. 

(ii) Or, conversely, taking Euclid’s definition of a tangent, 
we may proceed as follows. 

In the case of the ellipse, P being any point on the curve, 
and 8j 8' the foci, in 8P produced take Ps equal to P8\ 
draw the bisector of the angle 8'Ps^ and take any point Y 
upon it. 

Then since /S' Pis evidently equal to sY^ 

that is to say, the sum of the focal distances of any point other 
than P upon the bisector of the angle 8Ps is greater than the 


by which the ellipse and hyperbola are sometimes defined. Erom this property it 
is evident that an ellipse may be traced -with the point of a pencil moved along a 
siring, whereof the ends are fixed, so as to keep it stretched. 
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transverse axis; every such point therefore lies without the 
curve, and the bisector of the angle 8'Fs is the tangent atP. 
The proof applies mutatis mutandis to the hyperbola. 

Corollary, 

The normal at P bisects the angle between the focal 
distances of P, estmated within the curve; and hence it easllv 
follows that G being the point in which it meets the axis 

GA 


PROPOSITION XVII. 

49. The two tangents to a bifocal conic from any external 
point subtend equal or supplementary angles at either focus. 

This may be deduced from the lemma that a circU can h 
inscribed in any quadrilateral which is such that sum or 
difference of two of its sides is equal to the sum or difference 
of its other two sides. 

If four straight lines touch a circle at points a, o, c, a, and 
if they form by their intersections the quadrilaterals POQB, 


R 
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SPSQj SOSBj as In the diagram, it readily follows, from 
the equality of the two tangents (as Oa, Oh) from any external 
point to a circle, that 


and 

and, conversely, if one of these relations be given, a circle 
can be drawn touching the four straight lines. 

The LE^MiVlA being assumed, if P, Q be points on a conic 
whose foci are 8 and P, then since 


a circle can be described touching /SP, SQ^ EP^ EQ^ and 
having its centre T at the point of concourse of the external 
or Internal bisectors of the angles SPH^ SQE*, that is to say, 
at the point of concourse of the tangents at P and 

And since SP and 8Q touch a circle whose centre Is P, 
therefore ST bisects the angle between them; and in like 
manner ET bisects the angle between EP and EQ, That 
is to say, the tangents PP, TQ to the conic subtend equal (or 
supplementary) angles at either focus. 

Corollary, 

One or other of the angles between any two tangents to a 
conic is equal to half the sum or difference of the angles which 
their chord of contact subtends at the foci.f Taking the case 
of a pair of tangents PP, TQ to an ellipse whose chord of 
contact (as in the next figure) does not pass between the foci, 
we may shew, by equating the angles of the quadrilaterals 
TPSQ^ TPHQ to eight right angles, that the exterior angle 
between the tangents is an arithmetic mean to P8Q and PEQ, 


* If with S and H as foci an ellipse he drawn through P, Q and a hyperbola 
through 0, P, their common diameter through T will bisect PQ in the one curve 
and OR in the other. Hence the middle points of the three diagonals of any 
quadrilateral in which a circle can be inscribed lie upon one diameter of the circle, 

t This theorem, with its analogue for the parabola (Art. 28), was proved by 
Bosgovich {Sectiomm Conicarum Elementa, §184). In a slightly different form it 
will be noticed again in Scholium D, 
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PROPOSITION SYIII. 

50. The tico tangents to a hifocal conic from any external 
g>oint are equally inclined to its two focal distances, each to each. 

Let TP, TQ be tiie tcangeuts at P, Q to & coaic whose 
foci are 8 and ^5 ^bea will the angdes STQ, IITP be equal 
to one another, unless P and Q lie on the same branch of a 
hyperbola, in which case they will be supplementary. 

(i) In the case of the ellipse, produce RP to any point I", 
and let 8P, HQ intersect in 0. 

Then since the tangent at P bisects the angle 8PV, and 



RT bisects the angle PRQ, therefore 

I RTP= TPV- TRP= 1 8PV - ^PRQ = ■ 
and in like manner it may be shewn that the angle STQ is 
equal to ^ § 08 or \POR. 

Hence TP and TQ make equal angles with the focal 
distances of TP 

(ii) If the tangents be drawn to opposite branches of a 
hyperbola, they will still make equal angles with 8T and HT. 

(iii) If both tangents be drawn to the /S-branch of a 
hyperbola, and if RT be froduced to a point R' , it will be 


* In Art. 37 the points S, P, 31, R and S', P', M', R' are concyclic, as rrill 
likewise be the case (Art. 9. Cor. 1) if RR' be any straight line, and P its polar. 
Hence, if X, X' be the feet of the directrices, SPR — SMX = S'3f'X' = SPR'. 
It follows by the proposition that the intercepts on any chord made hy the curve and 
its directrices subtend equal {or supplementary) angles at the pole of .the chord. 
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seen that they make equal angles with ST and T respectively , 

which is in accordance with the principles of Scholium 0. 

Corollary 1 . 

The bisectors of the angles between any two tangents to a 
bifocal conic are the tangent and normal to the two confocals 
through their point of concourse. 

Corollary 2. 

The triangle whereof the base is equal to the transverse axis 
of a conic and its remaining sides to the focal distances of any 
external point has its vertex angle equal to the angle between the 
tangents to the conic from that point and its remaining angles 
to the angles tchich either tangent subtends at the foci. For in 
the &st figure, if 8P produced to a point H' be equal to the 
transverse axis, it is evident that the triangle TE'P is identically 
equal to JBP, and hence that the triangle 8TH' is of the 
specified linear and and angular dimensions. 

SCHOniTJM D. 

The theorem of Cor. 2 may be expressed as follows. If the 
straight lines in either diagram be regarded as a framework 
jointed at their ends, and if S and H be drawn apart (or brought 
together) until the distance between them is equal to AA\ then 
will iSPlT and SQE become straight lines, and the angles at the 
joints, (except SPS and BQJT) will be equal to the angles at 
the same points in the original figure, the inner and outer angles 
at T being interchanged. The angle STJE in the deformed figure 
is in general equal to the angle between the tangents, but in 
the third ease of the prop)osition it becomes mipflernentary thereto. 
The following are some applications of this theorem. 
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(i) If the angle between tlie tangents be a right angle, then 

= whence the property of the director circle 

readily follows. In any case, the angle 6 between the two 
tangents from any given point T satisfies the relation 

Sr^ 4- - 2/Sr. MT cos 0 = AA’\ 

(ii) Since the exterior vertex angle of the triangle is equal to 
the sum of its angles at S and therefore the supplement of 
the angle between any two tangents to an ellipse is equal to 
the mm of the angles which either tangent subtends at the foci. In the 
hyperbola, as may be proved in like manner, the difference of the 
angles which either tangent subtends at the foci will be equal or 
supplementary to the angle between the tangents, according as 
they are drawn to opposite branches of the curve or to the 
same branch. In the one case, P and Q, in the deformed figure 
will lie on opposite sides of and in the other case on the 
same side of it. 

(iii) It may be shewn from the deformed figure that 

TQ^ = 8P,HP: SQ.EQ. 

Hence, having deduced (Art. 45, Cor. 2) from the bifocal 
definition that 

SP. EP^ SQ.EQ-^ CQ\ 

we infer, taking the case in which CP, CQ are conjugate, and 
therefore equal and parallel to the tangents at Q and P, that 

SP,EP^CQ^; SQ.EQ^CE] CP^ CA^+ 

and hence, that in all cases the tangents are as the parallel radii. 


PROPOSITION XIX. 

51. At any point of a lifocal conic the projection of the 
normal teimiinafed hy the conjugate axis upon the distance of the 
point from either focus is egual to the semi-axis transverse. 

Let the normal at P meet the conjugate axis in and draw 
gTc and gl perpendicular to SP and HP respectively. Then 
since the normal bisects the angle hPl.^ therefore 

Ph = Pl.^ and gh = gl. 

And since also the hypothenuses of the right-angled 
triangles ghS^ glH are equal, therefore the side 8k of the one 
is equal to the side HI of the other. 
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Hence, in tlie first figure, 



and in the second figure, 



Therefore FTc = ^ [SP i SP) — Ohl. 

Co7^ollary 1. 

If QK be drawn, as in Art. 11, it follows from this pio- 
position, together with Art. 52, Gor. 2, that PK, CA = CB • 

Corollary 2. 

By the converse of Art. 38, Cor. 3, the diameter Ck is 
parallel to the tangent at P, or perpendicular to the normal; 
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if therefore it meet the normal in 


and Pa.PF^PK.Pk^ CB\ 

PEOPOSITION XX. 

52, The distance of any Jpoint on a lifocal conic from either 
focus varies as its distance from a corresponding fixed directrix 
perpendicular to the axis. 

Bisect the angle between the focal distances of any point P 
of the locus, estimated within the curve, and let the bisecting 



line meet the axes in Q and g. Let a parallel to the transverse 
axis through P meet g8 in M and gH in N] and let per- 
pendiculars be drawn to^the axis through those points, meeting 
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it In X and W. We shall shew that these perpendiculars 
are directrices, 

gince ^ 8MP==^ g8II=gH8==^ OP 8^ 

the points g^ 8^ P, H being evidently concyclic; therefore, 
in the similar triangles PPJ/, SOP^ 

8PiFM=^8Gx 8P=^8atGSi PP + PJT=a^: GA-, 
and therefore 8P is in a constant ratio to PM, 

And since 8B: : MN^ 80 : PJf = : GA\ 

therefore il/iV, or 2 (7X, is constant, and MX is a fixed straight 
line. 

The curve may therefore be described with 8 and MX^ or, 
in like manner, with H and NW,^ as focus and directrix. 

Gorollary 1. 

The line PO in the above construction being evidently the 
normal at P, It follows that the focal distances of the yoint in 
\cliich the nor7nal at any point of the curve meets the conjugate 
axis pass through the feet of the perpendiculars fi'orn that point 
to the directrices. Hence an obvious construction for the 
normals from g with the help of the ruler only. 

Gorollary 2, 

Since OgiPg^ 80 : Plf = G8^ : GA% 
therefore PO-.Pg^ GA^^ GS^ : 04*^= GB^ : GA\ 

SOHOniTTM E. 

The name Focus has reference to the optical property in 
relation to the conic of the points to which it is now commonly 
applied, viz. that rays proceeding from one of them and reflected 
at the curve would converge to or diverge from the other (Art. 37), 
or become parallel to the axis (Axt. 25). 

Apollonius, who introduces the foci somewhat late in Ms 
treatise, proves their properties in the following oi’der (Lib. in. 
props. 45 — 52). Starting with the property, AS . CB\ he 
shews that the intercept on the tangent at any point P by the 
tangents at the vertices subtends right angles at the foci ; that 
the tangent at P and either of the fixed tangents mate equal 
angles with the focal vectors to their point of concourse (a special 
case of Art. 50) ; that a pair of the focal vectors to its points of 
concourse with the two fixed tangents intersect on the normal at 
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its point of contact; that it makes equal angles with the fo i 
distances of that point; that the axis subtends a right ande f 
the foot of the focal perpendicular SY upon the tangent* thf 
the diameter parallel to JTP meets the tangent upon the * 
cumference of the circle on AA', viz. in the same noint y* 
lastly, that 8F % AA\ ^ ™ 

The property of the focus and directrix by which we defined 
the general conic is given in the Mathematical Collections of 
Pappus, Lib. vii. prop. 238 (vol. ii. p. 1012, ed. Hulhr-li 
BePwOL., T877). ’ 

Newton, to whom some later writers were indebted for their 
acquaintance with the property, mentions it in the Princtpia at 
the end of Lib. i., Sect, iv., in connexion with his construction .'a 
modification of Be la Hire’s Lib. viii. 25, to which he refers) for 
an orbit whereof a focus and three points are given viz^ bv 
determining a point of the directrix upon the chord joinino- each 
pair of given points on the curve. ^ 

EXAMPLES. 

201 . If AB and CD be equal portions of two straight bars, 
and if they be connected by hinges with two equal bars AD 
BO m such a manner that initially AB and OD form opposite 
sides of a rectangle and JLi) and BO its diagonals; then (1) 
If a side of the rectangle be fixed, the remaining parts of the 
framework being moved about in any way In a plane, the inter- 
section of the cross bars will trace an ellipse ; or (2) if a 
diagonal be fixed, the continuations of AB and OD will cross 
one another upon the arc of a hyperbola. 

202. The sides AD^ of a rectangle ABOD are divided 
into the same number of equal parts, and straight lines are 
drawn from B and A respectively to the points of section. 
Shew that the corresponding lines of the two series meet on 
an ellipse whose axes are equal to the sides of the rectangle, 

203. A parallelogram ABOD has its diagonal A (7 at right 
angles to the side AB. If OD be divided into any number of 
equal parts and straight lines be drawn from A to the points 
of section, and li AO be divided into the same number of 
equal parts and straight lines be drawn from B to the points 
of section, then will the corresponding lines in the two series 
meet on a hyperbola. 
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204. The straight lines joining the vertices of a conic to 
opposite ends of any segment of the directrix which subtends 
a right angle at the focus intersect on the curve. Hence shew 
how to trace an ellipse or hyperbola, and prove that the ellipse 
is a closed curve giving wholly between the perpendiculars to 
the axis at its vertices. 

205. The locus of the point at which the distances of either 
vertex from a focus and directrix subtend equal angles is the 
auxiliary circle. Hence shew that the ellipse cuts the ordinates 
of its auxiliary circle in a constant ratio.'^ 

206. If AM and A'M be taken on the axis of a conic equal 
to the focal distances of any point P on the curve, shew that 


and deduce that the square of the ordinate of P vaines as the 
rectangle contained by its abscisses. 

207. If a circle be drawn through the vertices of a conic 
and any point on the curve, find the locus of the second point 
in which it meets the ordinate of the former. 

20S. If two ellipses whose major axes are equal have a 
common focus, they will intersect in two points only ; and their 
common chord will be at right angles to the straight line 
joining their centres. 

209. Given a chord of a parabola and the direction of its 
axis, the locus of the focus is a hyperbola whose foci are at the 
extremities of the chord. 

210. The straight lines from either focus of a conic to the 
ends of a diameter make equal angles with the tangents thereat, 

2 1 1. A circle can be drawn through the foci and the 
intersections of any tangent with the tangents at the vertices. 

212. The intercept on any tangent by the tangents at the 
extremities of a focal chord subtends a right angle at the focus. 


* If ^ be a point on the locus, then Sj? : PX = J3X : AX = SA' : ALY, and therefore 
Ap is the outer bisector of the angle SPXj and is at right angles to Ap. Hence 
- PA- 2 _ 5^,2 _ 2 - (PX2 _ ATXs) = gs , PN% and PN^ varies as pN ^ or 

as AV.rihV. 
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213. The major axis is the maximum chord of an ellipse, 
and the minor axis is its least diameter. When is the angle 
subtended at the curve by the straight line joining the foci a 
maximum '? 

214. The focal vectors to any two points on a conic meet 
in two other points lying on a confocal conic, and the tangents 
at the two pairs of points cointersect. Examine the case in 
which the focal vectors are drawn to opposite extremities of 
a diameter, 

215. Find the locus of the centre of a circle which touches 
two fixed circles. Also, if two circles, the sum or difference 
of whose radii is constant, be described about fixed points 
find the locus of the centre of a circle of given magnitude 
which touches both of them. 

216. If PQ be a chord of an ellipse, and if the ordinates 
of its extremities to either axis be produced to meet the cor- 
responding auxiliary circle in j? and then will PQ and pj 
meet on that axis ; and if the tangent at meet the same 
axis in T, then will TP touch the ellipse at P, and the 
abscissa of P will be a third proportional to OT and CA. 

217. If any tangent to an ellipse meet the axes in T and f, 
the tangents from those points to the major and minor auxiliary 
circles respectively will be parallel two and two, and their 
four points of contact will lie on two diametei's of the ellipse. 

218. The perpendiculai-s to the axes from the points in 
which a common diameter meets the two auxiliary circles of 
an ellipse intersect two and two on the curve. Hence shew 
how to construct an ellipse with the help of two fixed con- 
centric circles. 

219* If two points on a straight line move along the amis 
of a right angle, any other point on the line will trace an 
ellipse whose semi-axes are equal to the segments of the line 
between that point and the former two.* 


* The moving Une may be supposed paraUel to the “common diameter” in 
Es, 218 . This theorem explains the constmction of the Elliptic Compasses. 
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220. The ordinates of the points in which any tangent to 
an ellipse or hyperbola meets the curve the tangents at its 
vertices and the conjugate axis are proportionalsj and the 
product of the extremes or the means is equal to the square 
of the semi-axis conjugate. 

221. If any ordinate to either axis be bisected in 0, and 
AO} A ! 0 meet the tangents at A‘ and A in T and T re- 
spectively; then will TT' be the tangent at the extremity of 
the ordinate ; and the straight line joining the intersections of 
ST} ST' and 8 T'} HT will be the normal at that point. 

222. If two ellipses with equal axes be placed vertex to 
vertex; and one of them then roll upon the other; each of 
Its foci will describe a circle about a focus of the latter. 

223. Given a central conic, shew how to find its centre, 
axes, foci, and directrices. 

224. Given a focus and two points of an ellipse, the locus 
of the other focus will he a hyperbola. If instead of one of 
the two points the length of the axis be given, determine the 
loci of the centre and of the second focus. 

225. Given one focus of a conic inscribed in a triangle, 
shew how to determine the other focus. If an ellipse inscribed 
in a triangle have one focus at the orthocentre, its other focus 
will be at the centre of the circumscribed circle, and its 
auxiliary circle will be the nine-point circle of the triangle. 
Examine the case in which a focus of the inscribed conic is at 
the centre of the inscribed circle of the triangle. 

226. The angular points and the sides of a triangle being 
taken as the centres and directrices of three ellipses which have 
a common focus at the orthocentre, shew that the sum of the 
squares of their major axes is double of the sum of the squares 
of the sides of the triangle ; their minor axes are equal to one 
another, the square of each being equal to the sum of the 
squares of the three latera recta; the sum of the squares of 
the eccentricities is equal to two ; the Intercepts made by the 
ellipses upon the sides of the triangle are conjugate diameters ; 

I2 
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the perpendiculars of the triangle are the common chords of 
the ellipsesj and their six poles lie on three focal chords parallel 
to the sides of the triangle. 

227. If CP be any radius of a conic, and if a parallel to 
it be drawn from the vertex A to meet the curve in Q and 
the conjugate axis in P, shew that AQ,AB is equal to 2CP\ 

228. A straight line equal to the radius of a circle slides 
with one end on a fixed diameter and the other end on the 
convexity of the circumference. Shew that any intermediate 
point on the line traces an arc of an ellipse. 

229. From a fixed point 0 a straight line OP is drawn to 
a given circle. Find the envelope of a straight line drawn 
through P at a constant inclination to OP. 

230. The straight line joining the foci of a conic subtends 
at the pole of any chord an angle equal to half the sum or 
difference of the angles which it subtends at the extremities 
of the chord. 

231. If GE be the projection of any radius CD upon the 
axis of the conic, and OL the ordinate of the middle point 0 
of any chord* parallel to GD^ prove that 

OL.DR : GL.GE=^ : CA\ 

Hence shew that the diameters of conics are straight lines, 
and obtain the relation between the inclinations of any two 
conjugate diameters to the axis. 

232. The ellipse has a pair of equal conjugate diameters, 
which coincide in direction with the diagonals of the rectangle 
formed by the tangents at the ends of its axes, and which are 
equal to the sides of a square whose diagonals are equal to 
those of the said rectangle. 

What is the corresponding property of the hyperbola ?t 

* Art. 33 gives PN- ^ Q5I- in terms of CM-; whence the required 

result readily follows. 

t It has two pairs of (infinite) conjugate diameters wliich are in a ratio of equality, 
and each coincide in direction with one of the equi-con jugate diameters of tlie 
ellipse which has the same axes. 
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233. The common diameters of equal similar and concentric 
ellipses are at right angles to one another. 

234. Find the loci of the centres of the four circles which 
touch the axis of a conic and the two focal vectors to any 
point on the curve. 

235. A chord of a conic which subtends a right angle at 
the vertex passes through a fixed point on the axis. 

236. If a hyperbola touch the sides of a quadrilateral in- 
scribed in a circle, and if one focus lie on the circle, the other 
will also lie on the circle. 

237. If three circles be described on the transverse axis 
and the two focal distances of any point of a conic as diameters, 
determine their radical centre. 

238. If the tangent at a point P whose oi'dinate to either 

axis is FN meet the corresponding auxiliary circle in I^and 
shew that 0 , Z lie on a circle, and that PN bisects the 

angle YGZ. 

239. If an ellipse and a hyperbola have the same axes, 
the director circle of the one will pass through the foci of 
the other. 

240. The diagonals of any rectangle circumscribing a conic 
are conjugate diameters.*^ 

241. The diagonals of any parallelogram circumscribing a 
conic are conjugate diameters, and the sides of any inscribed 
parallelogram are parallel to conjugate diameters. 

242. The sum or difference of the reciprocals of any two 
focal chords at right angles, or of the squares of any two 
diameters at right angles, is constant. 

243. The locus of the centre of an ellipse which slides be- 
tween two straight lines at right angles is a circle. 

244. The circle described upon the straight line joining the 
foci of a conic meets the conjugate axis in two points such that 

* This appears from De la Hire’s original proof of the property of the director 
di'cle, in which he assumed the theorems of Arts. 39, 45. 
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the sum of the squares of the perpendiculars therefrom to any 
tangent is equal to half the square upon the transverse axis. 

245. Determine the positions of a chord of an ellipse which 
subtends a right angle at each of the foci ; and also the locus 
of the pole of a chord which subtends supplementary angles 
at the foci. 

246. The opposite sides of a quadrilateral described about 
an ellipse subtend supplementary angles at either focus. 

247. The angle which a diameter of an ellipse subtends 
at an extremity of the major axis is supplementary to that 
which its conjugate subtends at an extremity of the minor 
axis. 

248. If a focal chord of a conic be drawn to meet at a 
given angle any tangent, or any chord subtending a constant 
angle at one of the foci, the locus of the point of intersection 
will be a circle. 

249. To what does the theorem that confocal conics intersect 
at right angles reduce when the two foci coalesce? 

250. The circle described about any point on the axis of 
a hyperbola so as to cut its auxiliary circle orthogonally meets 
the ordinate through that point upon the circumference of an 
equilateral hyperbola. 

251. The pole of any straight line with respect to a central 
conic may be found by joining the points in which it meets 
the directrices to the nearer foci, and drawing perpendiculars 
through the latter to the joining lines. 

253. The straight lines joining any point to the intersections 
of its polar with the directrices touch a confocal conic. 

253. In Art. 4, if the centre of the circle be taken midway 
between the vertices of the conic, shew that the directrix will 
be the polar of the focus with respect to the circle. Hence 
shew that every chord of an ellipse or hyperbola which passes 
through its centre is bisected at that point, and that the curve is 
consequently symmetrical with respect to its conjugate axis. 
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254. The locus of the vertex of a triangle whose base 
and the ratio of whose sides are given is a circle, whereof 
a. diameter is determined by dividing the base of the triangle 
externally and internally in the given ratio. Hence shew that 
a straight line parallel to the axis of a conic meets the curve 
in general in two points, and that the two points are equi- 
distant from a fixed straight line parallel to the directrix.^ 

255. Apply the same method to determine the points in 
which any assumed straight line meets the conic jf and also 
to shew that the diameters of conics are straight lines. 

256. Prove the following construction for drawing tangents 
to a conic whose foci are S and S from a given external point 
0 . About 0 with radius 08 describe a circle, and about H 
with radius equal to the transverse axis describe a circle ; then 
will the required points of contact lie upon the straight lines 
drawn from S to the points in which the two circles intersect. 
Prove also that the two tangents as thus determined subtend 
equal or supplementary angles at either focus. 

257. If the diagonals of a quadrilateral circumscribing an 
ellipse meet at its centre the quadrilateral must be a paral- 
lelogram. 

258. If a principal ordinate meet an ellipse in P and its 
auxiliary circle in the distance of the former point from 
either focus will be equal to the perpendicular from that focus 
to the tangent at Q. 

259. The locus of the middle point of a focal chord of a 
conic is a similar conic. In what other cases will the locus 
of the middle point of a chord of a conic be a similar conic? 


* The two points are determined as foUows. Let the parallel meet the directrix 
ia Q, and let Z and Z' divide /SQ in a ratio equal to the eccentricity. Describe the 
circle on ZZ', and let it cut the paraUel in P and P\ The projection of the centre 
of this circle upon the axis of the conic evidently lies midway between the projections 
of Z and Z' upon the same, that is to say, midway between the vertices of the conic. 

t If the assumed line meet the directrix in Q and make an angle a with the axis, 
divide in the ratio e cos a, and upon the intercept between the two points thus 
determined describe a circle cutting the assumed line in P and P', which will be the 
points required. 
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260. If tangents be drawn to a conic at tbe extremities 
of a pair of conjugate radii, tbe focal vectors to tbeir point 
of concourse will meet those diameters in four points lying 
on a circle. 

261. If SY be a focal perpendicular upon the tangent 
at P and GD the radius parallel to the tangent, 

SY '^ : CB'^ = 8F ' : CD- = SP‘.2GA± 8P. 

262. The feet of the perpendiculars from one focus of a 
conic to a pair of tangents are on a straight line at right angles 
to the distance of their point of intersection from the other 
focus. 

263. Find the greatest or least value of the sum of the 
sc^uares of the focal perpendiculais on any tangent. 

264. The normal at any point of an ellipse is a harmonic 
mean to the focal perpendiculars upon the tangent at that point. 

265. If one focus of a conic which touches the sides of a 
triangle be at its centroid, the distances of the other focus from 
its sides will be as the lengths of those sides. 

266. If the normal at P meet either axis in 6^, shew that 
any circle through those points will intercept on the focal 
distances of P chords whose sum or difference has one or other 
of two constant values. 

267. The diameters parallel to the tangent and normal at 
P intercept on 8P a length equal to PP; and the lattei dia- 
meter meets 8P on the circumference of a circle. 

268. The circle described upon the central abscissa of the 
foot of the normal at any point is cut orthogonally by a circle 
described about that point and equal to the minor auxiliary 
circle. 

269. The intercepts on the focal vectors to the points of 
contact of a conic with any circle which touches it in two 
points have one or other of two constant values. 
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'>-0. Any tangent and its normal meet either axis in points 
r and G such that GG.GT—G 8 '\ In what cases does the 
normal meet the conjugate axis without wdthin or upon the 
curve? II a circle touch an ellipse in two points and also touch 
its directrices, its centre will be at an end of the minor axis. 

271. The intercept made by the directrices upon any 
normal chord of a conic subtends at the pole of the chord an 
au^^le equal to half the sum or difference of the angles which 
tbe distance between the foci subtends at the extremities of 
the chord.^ 

272. If two chords be drawn from any point of a conic 
equally inclined to the normal at that point, tbe tangents at 
their forther extremities will intersect upon the normal, 

273. Supplemental chords of a conic which are equally 
inclined to the curve at their common point have their poles 
upon the director circle, and their sum or difference is equal 
to the diameter of the same.f 

274. The normals at the extremities of any two conjugate 
radii meet on the diameter which is at right angles to the 
chord joining those points ; and any two normals at right angles 
to one another intersect on the diameter which bisects the chord 
joining tbe points at which the normals are drawn. 

275. If on the normal at P a length PQ be taken equal 
to tbe semi-diameter conjugate to CP, the locus of Q will be a 
circle of radius OA ± GB. 

276. If normals be drawn to an ellipse at the ends of 
any chord parallel to one of its equal conjugate diameters, 
the locus of their intersection will be a line perpendicular to the 
conjugate diameter, 


* If the normal at P meet the S-directris in i?, and 0 be the pole of the normal, 
the circle on OR will pass thi'ough S and P. 

t See Wolstenholme’s Booh of Mathematical Problems, Xo. 493 (London and 
Cambridge, 1867). If PQ. PQ' be two such chords they will evidently touch a 
confocal, and the parallel chords will also touch the same. Hence the tangent at Q 
will make equal angles with PQ and a parallel to PQ\ and will be at right angles to 
the tangent at P. Otherwise thus : the tangent and normal at P divide Q.Q' har- 
monically, and the normal is an ordinate of QQ' and parallel to the tangent at Q. 
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277. With the constructioQ of Art. 52 , shew that 

SgiFg^FG: S2I= Pg : g2I= G8 : GA. 

Shew also that the loci of the middle points of PG and Pg are 
conics. 

278. If W he the projection of any point P on a conic upon 
the tangent at a given point 0, find the relation between the 
lengths of ON and PNP 

279. If P <3 he a chord of a conic which subtends a right 
angle at a given point 0 on the curve, and MN he the pro- 
jection of the chord upon the tangent at 0, shew that 

P2I ^ QN 
OP^ ~ OQ^ 

and that PQ passes through a fixed point on the normal at 0.+ 

280. If PG he the normal at any point P on an ellipse, 
Q the point in which the ordinate of P meets the auxiliary 
circle, and B the point in which GQ meets the ellipse, then 
will QG parallel to the normal at R. Moreover, if any 
two chords of an ellipse he at right angles, its diameters 
conjugate to the corresponding chords of its auxiliary circle will 
be conjugate diameters ot a certain concentric ellipse. 

281. If N he the projection of any point in the plane of 
a conic upon its transvei’se or conjugate axis, and T the point 
in which its polar meets the same, shew that GNt GP is e<|ual 
to GA' in the former case and to GP^ in the latter.^ 

282. If P, P' be any two points whereof the one lies on 
the polar of the other, and N, N' he their projections on the 
transverse axis, then 

GN.GN' PN.P'N' _ 

~GA^ GB“ 

* Let the normal at 0 meet the curve again in and let meet the ■ _ 

at HmMj then ON varies as a mean proportional to PN and P2I (Ex. 73, and noto 
p. 65), and also as PAf + P2I OH, 

f The intercept on the normal varies as the diameter conjugate to CO, 

X Let the diameter through the assumed point 0 meet the directrix in h, and le- 
its polar meet the directrix in H, which will be the orthocentre^ (Art. 14) of the 
triangle STV, Then, TV being parallel to SO (Art. 17), CNiCX^COiCy 
= as : CT, 
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.583. If P *3 points on a conic, M and 

Y their projections on either axis, and T the point in which 
pil meets the same, shew that 

CT{P3i - QN) = Pif. GN- QN. CM.^ 

2 84. Shew also that if CL he the central abscissa upon 
either axis of the point of concourse of the normals at P and 
Ojtthen OP. (?P varies as C3I.CN. 

285. If the normals at four points of a conic cointersect, 
and if the three pairs of chords joining those points meet either 
axis in P, P'j U, U' V, V; shew that 

GT.CT' = GU.GU'=CV.CV'. 

286. If the normals at four points of an ellipse or hyperbola 
cointersect, each pair of chords joining the four points will 
be parallel to a pair of conjugate diameters of the hyperbola 
or ellipse which has the same axes, and will meet either axis in 
points which are conjugates in an involution determined by 
the latter curve.J 

287. The sum or difference of the squares of the perpen- 
diculars from the extremities P and D of any two conjugate 
semi-diameters of a conic upon a fixed diameter of the same 
is constant ; and if GN and GR he the absclssje of P and D 
upon that diameter, and 2 ( 7 P' be its length and 2 OP' the 
length of its conjugate, then 

GN^ ± GN = CP'" ; PiY" ± PP" = CP'" ; 

and 


* Equate the areas {CPT ~ OQT) and ((7PJI/+ PJ/iVQ - QCN), 
t It L be the projection upon either axis of any point 0 on the normal at P, and 
G be tbe point in wbicb the normal meets that axis, then OZ : P2I = CG ^ CL ; 21 G ; 
and Ct? and 21 G vary as C2£. 

X Tbe pail's of points in Ex. 285 determine an involution whose centre is C, and to 
which the ends of the axis in question likewise belong. If these points be on the 
transverse axis, CT. CT' = &c. = CA . CaL' = — CA- j and if on the conjugate axis, 
CT . CT' is equal to — CB^ in the case of the ellipse, and to + CB‘^ in the case of the 
hyperbola. 
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288. The vertices of the conjugate circumscribing parallelo- 
gram of a conic lie on a similar conic, and their polars envelope 
another similar conic. 

289. The inscribed parallelogram whose diagonals are at 
right angles envelopes a circle, the reciprocal of the square 

of whose radius is equal to . 

290. If the polar of any point on an ellipse with respect 
to its minor auxiliary circle meet the major and minor axes 
in H and Zj shew that 

GA^ _ CA^ 

CE‘‘ ^ ~ CB‘‘ ■ 

291. Supplemental chords being drawn to a conic from 
its vertices, the perpendiculars to them at their common point 
make an intercept equal to the latiis rectum upon the axis. 

292. If an ordinate of any diameter meet the curve inP, 
the diameter in ilP, and any two supplemental chords drawn 
from its extremities in Q and Bj shew that PM is a mean 
proportional to QM and i?i¥, and that QB is bisected by the 
tangent at the intersection of the chords. 

293. If two conjugate semi-diameters OP, OP, or their 
prolongations, make an intercept P'P' upon a line which is 
parallel to PD and meets the conic in shew that 

QF^±QD'^ = PD\ 


294. From extremities of two conjugate diameters of an 
ellipse a pair of parallels are drawn to any tangent; if any 
diameter meet these parallels in P and Q and the tangent in 
P, shew that 


295. If PP' and PP' be conjugate diameters of a hyper- 
bola and Q any point on the curve, then will QP‘+QP‘ 
exceed QD^ -f QD'‘^ by a constant quantity. 
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296. Find the axes of a given conic by means of Art. 44 , 
Cor. 3 . 

Given two conjugate diameters of an ellipse, shew that 
the focus of the centre of the circle through their common 
point and the points in which a tangent parallel to one of them 
meets any two conjugate diameters is a straight line perpen- 
dicular to the other. 

298. Given two conjugate semi-diameters GP, CD of an 
ellipse or hyperbola, prove the following construction for Its 
axes. In the direction CD or in the opposite direction take 
PQ a third proportional to CD and CD 5 draw the tangent at 
P, and through G, Q draw a circle having its centre upon it ; 
join G with the points in which the circle cuts the tangent. 
The directions of the axes being thus determined, shew how 
to find their extremities. 

299. Given two conjugate diameters GP, CD of an ellipse, 
Tvith centre C and radius CD describe a circle, and let KK' 
be its diameter at right angles to GP; then will the axes of 
the ellipse be equal to KD ± K'D^ and parallel to the bisectors 
of the angle KDICD 

300. Shew also that, if DN be taken equal to GP and 
be placed so as to cut it at right angles in a point P, and 
if AB be that diameter of the circle round CLN which passes 
through P, then will GA, GP be the directions and PP, DA 
the lengths of the semi-axes of the ellipse. 

301. Any point of or in the same straight line with a rod 
which slides between two fixed straight lines describes an arc 
of an ellipse.f 


* See the Oxford, Cambridge, and Dublin Messenger of Mathematics, vol. III. 
pp. 151, 227 (1866) ] and the Messenger of Mathematics (Xew Series), toI. y. p. 122 
(1876). 

t Of two conjugate radii of an ellipse let CP be the shorter and CD the longer : 
draw a perpendicular DE to CP, and in the prolongation of or within ED take DQ 
equal to CP. Then if a straight line KJil equal to EQ slides between CP and CQ, 
the point which divides it into segments KO and OM eqnal to CP and DE will be a 
point on the curve, viz. one whose abscissa on CD is terminated by the perpendicular 
from d/" to CP. As in the special case of Ex. 219, KO . OM = CA . CB. See Leslie’s 
Geometrical Analgsis, and Geometry of Curve Lines, p. 257 (Edinburgh, 1821), 
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-’O'?. The chords joining the extremities of two diaraeters 
of a conic and of their conjugates respectively are either parallel 
or conjugate in direction. If a series of chords pass through 
a fixed point, the chords of the corresponding conjugate ar;3 
have the same property; and the diameters through the two 
fixed points are at right angles. 

303. With the orthocentre of a triangle as centre two 
ellipses' are described, the one touching its sides and the other 
passing through its angular points; prove that these ellipses 
are similar, and that their homologous axes are at right angles. 

304. The perpendiculars from opposite foci of a craic upon 
two^ conjugate diameters intersect on a concentric conic passing 
through the foci. 

■’OS If a chord AP drawn from the vertex A he divided 
in such a manner that AQ : PQ = CA^ iCB\ shew that the 
perpendicular from Q to the line joining Q to the foot of the 
ordinate of P divides the transverse axis in the same ratio. 

306 From the foot of the ordinate of any point P on a 
conic a parallel is drawn to AP to meet the diameter through 
Pin Q; shew that J <3 is parallel to the tangent at P. Shew 
also that the bisectors of the angles ASP and AHP intersect 
on the tangent at P. 

307. If two conics whose transverse axes are equal he 
inscribed in the same parallelogram, their foci will be at the 
corners of an equiangular parallelogram. 

308. Any one of a series of conterminous circular arcs may 
be trisected by drawing a pair of hyperbolas whose determining 
ratio is equal to two, and whose centres and vertices tnsect 
the chord of the arc. How does it appear from this construc- 
tion that the problem, to trisect a given angle, admits of three 
solutions ? 

309. If any two conics have a common focus, one pair 01 
their common chords cointersect w’ith the corresponding direc- 
trices, and the other pairs subtend equal or supplementary 
angles at that focus. 
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310. A diameter meets the conic in P, its auxiliary circle 

0 and the tangent at either vertex in T. Prove that when 
the diameter through P coalesces with the axis PP and QT are 
in the duplicate ratio of the axes. 

-I I. The perpendicular drawn through any point of a conic 
to one of its focal distances and terminated by the conjugate 
diameter 'paries inversely as the principal ordinate of the said 
pointj and the perpendiculars from the vertices upon the 
tangent at any point meet Its focal distances upon fixed circles. 

312. A parabola of given linear dimensions being drawn 
to touch any two conjugate diameters of a conic symmetrlcallyj 
find the locus of its focus. 

313. The tangent at P meets any two conjugate diameters 
in T, #5 and TSj tH meet In Q ; prove that the triangles /SPP, 
BPt^ TQt are similar, and also that the area of the triangle 
CPT varies inversely as OPl 

314. The two points of a conic at which a given chord 
subtends the greatest and least angles are at the extremities 
of a diameter equal to that which bisects the chordP 

315. If an ellipse touch a given ellipse at adjacent ex- 
tremities -d, B of its axes and also pass through its centre^ 
the tangent at the latter point will be parallel to AB. 

316. With the normal and tangent at any point of a conic 
as axes a conic Is described touching an axis of the former 
at its middle point ; shew that the foci of the conic so drawn 
lie on fixed circles, whose diameters are equal to the sum 
and difference of the axes of the given conic. 

317. Two fixed points being taken In given parallel lines, 
a straight line revolves about each point and meets the opposite 
parallel. If the envelope of the line joining the points of 


* The chord must suhtend equal angles at either point and a consecutiTe point on 
tile cuiTe, The two points therefore lie on segments of circles described upon the 
chord so as to touch the conic. 
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concourse be a conic touching the parallels at the fixed points, 
determine the locus of the point in which the revolving lines 
intersect. 

•> i8. A chord of a circle which subtends a right angle at a 
fixed point envelopes a conic whose foci are the fixed point and 
the centre of the circle. 

319. A straight line being drawn through a fixed point 
S to meet a given pair of parallels in dr and shew that the 
envelope of the circle on as diameter is a conic, of which 
the parallels are directrices and is a focus. 

320. On the axis of a hyperbola whose determining ratio 
is equal to two a point D is taken at a distance from the focus 
8 equal to the distance of S from the further vertex A\ and 
A'P is drawn through any point P on the curve to meet the 
latus rectum in K. Prove that DK and 8 P intersect on a 
certain fixed circle. 

-'21. The parallelograms whose diagonals are any two 
diametCTS of a conic and their conjugates respectively are 
of equal area. 

■’22 If tangents TP and TQ be drawn to an ellipse whose 
focl^ are 8 and P, and CP and CQ^ be the parallel semi- 


diameters. 


TP.TQ + OP. CQ'=T 8 . TE.^ 


•'23. Find the locus of a point such that the tanpnis there- 
from to a central conic contain with the semi-diameters to 
their points of contact an area of constant magnitude; and the 
locus of a point such that the product of its focal distances 
varies as the product of the tangents. 


324. The distance between any point and any point on 
its polar is cut harmonically by the tangents at the extremities 
of any chord through either point.f 

* WehaTetosliewtnattheniangle STS' 2)isequaUoPrQ+P'Ca'; 

wHoh foUows fi-om Ex. S-21, taking into aoconnt that PCQ - 

t In the tractate, PeXiiiaamm Geometncarmn PvopriaaUbus ^ 

tfie Appendix to A Treatise on Algebra, ^0., by COLlK Macl.^UKIN, late Professor 01 
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-'>5. If 0 and Pbe any two points In the plane of a conic 
whose centre is the perpendiculars from 0 and G to the 
polar of P are to one another as the perpendiculars from P 
and C to the polar of 0 . 

326. If two conics be concentric and similarly situated, the; 
pole of any tangent to the one with respect to the other will 
trace a concentric conic; and if the two conics be also similar, 
the third will be similar to both. If the axes of the two be 
identical, the pole of any tangent to the one with respect to. 
the other will lie on the former. 

327. Find a point which has the same polar, and a line 
which has the same pole, with respect to three conics, whereof 
one has double contact with the other two. 

328. An ellipse has double contact with each of two 
circles, whereof one lies within the other. Shew that its. 
chords of contact with them meet in a fixed point on the line 
joining their centres ; the locus of its centre is a circle passing 
through their centres ; its eccentricity Is constant ; and the locus 
of its foci is a circle concentric with the outer given circle. 

329. Any diameter of an ellipse varies Inversely as the per- 
pendicular focal chord of its auxiliary circle, 

330. If a parallelogram circumscribing a conic have two 
of Its angular points on the directrices, the other two will lie on 
the auxiliary circle. 

331. If two parallelograms be constructed, the one by join-, 
ing the ends of two parallel focal chords of a conic, and the. 
other by drawing tangents to it at those points; the area of the. 

Ifaihematics in tlie Universitj^ of Edinburgh (London, 1779), it is shewn (Sect. i. 

§5 9-11. Cf. Salmon’s Higher Plane Curves^ Art. 60), that if a straight line revolving' 
about a fixed point P meet a curve of the order in n points, and the. tangents at 
incse points meet any assumed straight line through P in A, i, ilf, &c,, then -will 
ill 

+ <fcc. the constant,- and if the assumed line through, P meet the 

Curve, viz. in the n points A, B, C, tfec., this constant will be equal to 4- + pp 

-r vie. In the particular case of Ex. 324. it is evident that the point P, its polar, and 
tae tangents at the extremities of any chord through P divide any straight line froir^ 

P harmonically. . • . . ' ■ 

K 
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one -svill vary directly, and that of the other Inversely, as the 
projection of one of the focal chords upon the conjugate axis. 

332. li SY,EZ be the focal pei-pendlcalars upon the tan- 
gent at’p to an’elllpse, and SY\ BZ' perpendiculars upon the 
tangents from P to a confocal ellipse, then will the rectangle 
YT ZZ' be equal to the difference of the squares of their 
major (or minor) semi-axes. 

333. Determine the condition that the intercept on any 
tangent to a bifocal conic by two fixed tangents may subtend 
equal angles at the foci. 

334. The tangents to a conic from any point on a circle 
through its foci meet the circle again in two points such that 
the second tangents therefrom intersect upon the circle. 

335. Given an ellipse and a circle through its foci ; prove 
that 'their common tangents touch the circle in points lying 
upon the tangent to the ellipse at an extremity of its conjugate 

axis. 

336. If the tangent to a conic at a given point be met by 
any two parallel tangents, the focal distances of the points of 
concourse will meet on a fixed circle, whose centre will be on 
the normal at the given point. 

337. The product of the tangents to a conic from any point 
is to the product of its focal distances as the distances of the 
point from the centres of the chord of contact and of the conic 
respectively. If the tangents from any point to a conic be 
in a constant ratio to the parallel diameters, determine the locus 
of the point. 

338. Given an ellipse and one of its « cercles directenrs,”^ 
shew that an infinity of triangles can be described about the 
one and inscribed in the other, and that all will have the same 
orthocentre. 

339. An ellipse may be described by means of an endies» 
string passing round two fixed points. If one focus be taken 


* See the second paragraph of Scholium B (p. 90) and compare Ex. 225. 
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anvwbere on a given straight line whilst the other remains 
coiistaotly fixed, the envelope of all the ellipses described with 
a given string will consist of two arcs of parabolas. 

340. Shew that the line joining any point outside a conic 
to its centre, and the radical axis of a pair of circles through the 
point, the one passing through the points of contact of the 
tangents from the point, and the other passing through the 
foci, are equally inclined to the focal distances of the point. 

341. If a normal to a conic meet the curve again in Q and 
the directrices in B ' ; and if O be the pole of the chord and 
S, 8 ‘ the foci; prove that 8 R^ OB and SB'^ OR intersect on 
the normal at Q. In the case of the parabola, any normal 
chord produced to meet the directrix subtends a right angle 
at the pole of the chord ; and the polar of the middle point of 
the chord meets the focal vector to its point of concourse with 
the directrix upon the normal at its further extremity. 

342. At any point P on the auxiliary circle of an ellipse a 
tangent is drawn meeting the axis in and PA, PA' are drawn 
to the vertices meeting the ellipse again In D and P; prove 
that the chord DE passes through T, 

343. The polar of any point 0 with respect to a conic and 
the perpendicular to it from 0 meet either axis In points T 
and G such that 

CG.GT=C8\^ 

344. If a point be taken anywhere on a fixed perpendicular 
to either axis of a conic, the perpendicular from it to its polar 
will pass through a fixed point on that axis. 

345. If perpendiculars SY^ HZ^ GM^ PN be drawn to the 
polar of any point P, and If PN meet the axis in fr, shew that 
SYBZ==GM.NG; GM,PG=^GB^^, and that the normal at 
a point on the curve which has the same central abscissa as P 
is a mean proportional to NG and PG, 


Comparing Ex. 281 (note), CG : CS ^ CO : CV = CS : CT. 
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346. The poles of a given straight line with respect to 0 
series of confocal conics lie upon a second straight line perpci> 
diciilar to the former. Hence shew that if a chord of one conic 
touch another conic having the same foci, the tangents at its 
extremities will meet on the normal at its point of contact, and 
conversely the foot of the perpendicular from their intersection 
to the chord ^yill be its point of contact. 

347. If a triangle Inscribed in a conic envelope a confocal 
its points of contact will lie severally on three of the four circles 
which touch the sides of the triangle. 

348. - If a chord of an ellipse be drawn touching a confocal 
ellipse, the tangents at its extremities meet the diameter parallel 
to the chord on the circumference of a fixed circle, and the 
intercept on the chord by the diameter parallel to either tangent 
Is of constant length;^ the chord varies as the parallel focal 
chord of the outer ellipse, and conversely a chord which so 
varies envelopes a confocal; the projection upon the chord of 
the normal (terminated by either axis) at an extremity thereof 
is of constant length ; if any circle touch a given ellipse in two 
points, the chords wdilch can be drawn to the circle from either 
point of contact so as to touch a fixed confocal are of constant 
length, and conversely the envelope of a chord of constant 
length drawn to the circle from either point of contact is a 
confocal ellipse. Examine the case in which the minor axis of 
the inner ellipse is evanescent. 

349. If the arms of a right angle envelope two confocal 
ellipses the line joining the points of contact wdll envelope a 
third ellipse confocal wdth the former two ; and if two parallel 
positions of each arm be taken, the perimeter of the paralielo- 
gram formed by joining the points of contact will be constant, 

* If d and a', V be the semi-axes of tlie outer aud inner ellipses niiJ 

Xr = a- — «/= -cilr — the intercept on the chord is ^ : the projections upon ir o: 

A 

the normals are ^ and — ; and its length in terms of the parallel focal chord^/’is y . 

See the Oxford, Camhridge, and JDuUin of /’(>■, vul. iv. pp, il--- 

(i-S'GS). in vrMcli article seyeral of the CMamplos follrswiiig are likewise solvtd. 
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Ctiid each pair of its adjacent sides 'will make equal angles with 
tie tangent at their point of concourse. 

350. An ellipse which has double contact with each of two 
n.^ed confocals has a fixed director circle ; and an ellipse which 
has double contact with one of two fixed confocal ellipses, and 
has its foci at the ends of any diameter of the other, has a 
fixed auxiliary circle. 

351. Four tangents being drawn to a conic, if one pair of 
their points of intersection lie on a confocal each of the 
remaining two pairs will lie on a confocal. If TP and TQ 
be a pair of tangents to a conic, and tangents be drawn from 
Paud ^ to a confocal and intersect in points S and S, then TP 
and TQ subtend equal or supplementary angles at 8 and H', 
the four tangents from P and Q touch one and the same circle ; 
and 

8 P+HP= 8 Q±EQP 

352. Given two confocal ellipses, shew that the latus rectum 
of any ellipse which has its foci on the inner fixed ellipse and 
touches the outer is of constant length.f 

353. The locus of the centre of a conic which has four-point 
contact with a given conic at a given point is a straight' line 
through the centre of the fixed conic. 

354. Prove Graves’ Theorem, that the sum of the tangents 
from any point on an ellipse to a fixed confocal ellipse exceeds 
the intercepted arc of the latter by a constant quantity.| Prove 
also that the ditference of the tangents to an ellipse from any 
point on a confocal hyperbola is equal to the difference of the 
segments into which the intercepted arc of the ellipse is divided 
by the hyperbola. 

* See tlie ai-ticle referred to in the note on Ex. 348. 

t "With the notation used above, its length is . 

ab 

I fcee Salmon’s Conic Sections, Art. 399. The theorem may also be deduced from 
Ex. 351 as in the article referred to in the note. Adding the perimeter of the inner 
empae. vre see that the outer confocal may be described -vrith the help of a loop of 
string placed round the inner curve, a construction which becomes equivalent to that 
01 die note on Art. 48 when the inner ellipse reduces (by the evanescence of its minor 
axis] to the line joining its foci. 
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355. If three ellipses be described as in Ex. 352, haTb<r 
their six foci at three points on the inner confocal, the sum 
of the areas of their minor auxiliary circles will be constant. 
Moreover, if any number of ellipses be described with the same 
number of points on a given ellipse as foci (every such point 
being a focus of two of them), and if the several ellipses touch 
as many fixed confocals, the areas of their minor auxiliary 
circles will be connected by a linear relation.^ 

356. If every vertex but one of a polygon circumscribing a 
conic trace a confocal conic, its remaining vertex will likewise 
trace a confocal, and the perimeter of the polygon will be 
constant. 

357. If two points trace an ellipse (in the same direction] 
yyith velocities which are always as the focal chords parallel 
to the tangents at those points, the tangents will intersect on 
a fixed confocal ellipse, and their angular velocities about their 
points of contact will be as the central perpendiculars upon them. 

358. If a parallelogram can be inscribed in an ellipse whose 
semi-axes are A and B so as to envelope a coaxal ellipse whose 
semi-axes are a and 5, 


359. If a single quadrilateral can be described about one 
of two given conics and inscribed in the other, any number of 
quadrilaterals can be so described, and they will have one 
diagonal in common.f 

360. If the normal at any point F to an ellipse meet the 
two perpendicular tangents to a confocal ellipse in K and I, 
shew that PK,PL is constant and equal to the difference of the 
squares of their major or minor semi-axes. 


* If /3 be the minor semi-axis of one of the variable ellipses and <p the arc joining 
its foci, then /3- = e (0 -f c'), where c and c' are certain constants (Esx. 352, 354). 

t The quadrilateral and its circumscribing conic can be projected into a rectangle 
and a circle, wMch latter must be the director circle of the projection of the inscribed 
conic, fciee also Ex. o82. 
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361. It’ from the intersections of any two parallel tangents 
to an ellipse with the tangent at a fixed point four tangents be 
drawn to a given confocal ellipse, the four intersections of the 
latter will lie on a certain circle having its centre on the normal 
at the fixed point ; and the radius of the circle and the intercept 
made by its centre upon the normal will vary as the perpen- 
dicular diameter of the outer conic.^ 

362. If a tangent to a conic (or other curve) cuts oflf a 
constant area from another, it will be bisected at its point of 
contact, and conversely .f 

363. A central conic which passes through four given points 
has a pair of conjugate diameters parallel to the axes of the two 
parabolas which can be drawn through the same four points.f 

364. Give a construction for finding a point P such that 
if straight lines PQ^ PB^ PS^ PT be drawn from it to meet four 
given straight lines AB^ GD^ AC^ BD at given angles, the 
rectangle PQ.PB may be in a specified ratio to PS.PP Hence 
shew how to draw the tangent at any given point on the locus 
of P; and determine a pair of conjugate diameters of the same.§ 

365. If a parallelogram A8PQ has its opposite vertices A 
and P on a conic, and its sides AQ^ AS meet the curve in 


* The four tangents in any assumed position will intersect on a circle (Art. 50) . 
Any other quadrilateral inscribed in the same circle so as to envelope nhe inner 
ellipse "ivill have the intersections of its opposite sides at points P and Q the 
jized tangent (Ex. 359) ; and it may be shewn conversely that the second tangents 
from P and Q to the outer ellipse are parallel Making one of the parallel tangents 
coincide with the tangent at the fixed point, we see that the centre 0 of the circle 
must lie on the normal. Let M now be the intersection of the diagonals of the 
qaadrilateral, X the fixed point, CD the semi-diameter conjugate to CX, and p the 

radius of the circle ; then (Ex. 348) .VO = MX= ^CD-, - l) CD"-. 

See also Mathematical Questions, %c,from the EDUCATIONAL TIMES, vol. XIII. p, 31. 
t See Salmon’s Conic Sections, Art. 396. 

t Let TP, TQ be tangents to an ellipse, and OAD, OCD chords parallel to 
TP, TQ. Determine a diameter of each of the two parabolas through A, B, C, D 
(Ex. 184) ; then it is easily seen that PQ and the diameter through T in the ellipse 
are parallel to the diameters of the parabolas. 

§ See Xewton’s PrinciiAa, Lib. i. sect. v. lemma 19. The next ten examples 
are mostly solved in the same Section, which wiU repay a carefxil study. See also 
Book II. of Leslie’s Geometry of Curve Lines, 
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jB and C] the straight lines joining any point on the curve to 
B and C will meet PS and PQ in points T and R such that PR 
varies as PT, and conversely. Hence shew how to dra^v a 
tano-ent to the conic at any point; and shew how to draw a 
confc through five given points, and prove that one conic only 
-can be so drawn. 

366. If two straight lines BM, G2I turn about fixed poles 
5 and 0 so that their intersection M moves along a fixed 
straight line or directrix, and if BD and CD be drawn at given 
an<^les to BM and CM respectively, tbe point of concourse D of 
the second pair of lines will trace a conic passing through the 
poles (7, and conversely.* 

367. By the foregoing construction (or otherwise) determine 
any number of points on a conic passing through five given 
points.t 

368. Describe a conic passing through four points, three 
points, two points, or one point, and likewise touching one, two, 
three or four straight lines respectively. Examine the cases in 
which two or more of the given points or lines coalesce. 


» For distinctness of conception let the points B, i), A, P in tne fodon^ ok... 
besnpposed to lie (in the order specified) on one branch of a hyperbola andt ^ 
Se otto branch, as in Newton’s figure (lemma 21). Now when the mormg po^ 

S hos an assumed position on the letP bethe corresponding fixed ^in 

on tbe locns of P. Draw BDT, CDIi through any other position of I), ai.d m...e 
the an-le BPT equal to BNM and CPR equal to CAhl/ ; then it may be saeiw. 
that PP ■ A-Ji = PB : A^B, and PB : Ahl/ = PC : NC. Hence PT vanes as P£, 
and therefore by the preceding lemma (Bx. 3G5)-as Nbwton abniprly concmdes- 
Slocus of P is a coto through the points B, P, P. The last step (see Le Sue-ar 

and Jacquier’s edition of the Pri««>ia) is explained as follows : 

infinite let P assume the position A; then it may be proved that BA n paml. 
to PP ’and CA to PB. Let PP, P-1 meet in B and PR, BA in Q. Then A.Pd 

is theparallelogram of Ex^865 and Jvl'poMs. Tahe .IBC 

■ t Still using the same figure, let A, B, P, P, P be t gi i 
and APB as tbe given angles which are to rotate about B and P P(de». .-e 
ler So points^P and P enable ns to detei-mine two points d/ and A on :be 
directrix and the whole curve can then be descnbed. Or again, if B, C , 
befivepkntson a conic, let -IP, BE meet in P, and 

PA to meet BB in P ; then BP PB. The diamet;: 

nS:ifdi^Sl-if «er a second diameter 
can be determined. Hence the centre is kno^vn, &c. 
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369. li AFP^ BQGr be the tangents to a conic at the ends 
of a diameter ^ 45 , and FG and PQ be tangents to the same and 
intersect in 0 ^ shew that 

AF:BQ = FP: GQ=.FO: OG, 
and that PQ, FQ, AB cointersect. 

370. If in a parallelogram LMIK any conic be inscribed 

touching the sides il/X, lE^ KL^ IM m A, B^ C, i), any fifth 
tangent to the conic will meet those sides in points F^ E 

such that 

ME: MI^BE : KQ, 
and KL = AM : MF. 

371. If the inscribed conic in the preceding example be fixed, 

KQ . ME = EE. 3 IF == a constant. 

Moreover, if a sixth tangent be drawn to meet BE in e and IQ 
in q, then 

EQ : Me = Eq : ME = Qq : Ee. 

372. Hence shew that the diagonals of the quadrilateral 
’£5 are bisected by one and the same diameter of the conic, 
and that the locus of the centre of a conic inscribed in a given 
quadrilateral is a straight line bisecting its three diagonals. 

373. If IB^ ID be the tangents at given points 5 , i? of a 
conic, and EQ the intercept made by them on any other tangent 
to the same, shew that lE.IQ varies as ED, QB.^ Hence, if from 
two fixed points in a given pair of straight lines any other two 
lines be drawn, each to meet the opposite fixed line, shew that if 
the straight line joining the points of concourse envelopes a 
conic touching the fixed lines at the fixed points, the locus of 
the intersection of the variable lines will be a conic satisfying 
the same condition, and conversely. Examine the case in which 
the fixed lines are parallel. 


By making the sistli tangent in Ex. 371 coincide successively with IE and IB 
we deduce that the two rectangles are as MI to MB. "Wlien 21 is at infinity they 
become equal (Ex. 183). 
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-'■'4. Given five tangents to a conic, determine its five points 
of contact with them f and given five points on a conic, deter- 
mine the five tangents thereat. 

Given the centre of a conic and a self-conjugate triangle, 
shew how to determine the diameters conjugate to its sides and 
to describe the curve. Hence (or otherwise) shew how to 
describe a conic touching five given straight lines. 

376. Given a tangent to an ellipse, its point of contact, and 
the'director circle, shew how to construct the ellipse. 

377. Two ellipses have a common focus and equal major 
ases^ and one of them revolves about this focus In its own plane 
whilst the other remains fixed ; prove that their chord of inter- 
section envelopes an ellipse confocal with the fixed ellipse.* 

378. The condition that a straight line which makes inter- 
cepts CB and CD on two fixed straight lines should envelope a 
conic touching the fixed lines is of the form 

where the ratios of a, 5 , c, d are constant. Determine the points 
of contact of the envelope with the fixed lines ; and explain the 
result when the intercepts are connected by a relation of 
the form 

GB . CD = a constant. 


* If ABCD be tbe pentagon formed by the five tangents, the straight line joining 
D^IAC BB) passes through the point of contact of AB, as appears most simply 
by supposing two sides of the enveloping hexagon in Brianohon’s theorem to coalesce. 
•When five points are given, the tangents thereat may be drawn and number of pomts 
on the curve may be found with the help of Pascal's hexagon. See Salmons 

Conic Sections, Art. 2G9. _ , -i . v. 

f Call the straight line bisecting the three diagonals of a qnadnlaieral us 
Diameter. The diameters of any two of the quadrilaterals formed by the five 
tano-ents determine the centre of the conic, and any one of the qnadnlater^ gives 
a self-conjugate triangle. For another solution, in which the^five points o 
are first found, see Lib. i. Sect. v. of the Principia (prop, p, proh. 19 ) ; and see 
Ex. 374 (note), and Besant’s Conic Sections treated Geometrically, Art. -29 (lls'O ■ 
It is evident that the diameters of the five quadrilaterals formed by five stirngM 
lines meet in one point, viz. the centre of the conic touching the five lines. 
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--Q. la order that the envelope in Ex. 378 may be a 
narabola the ratio of a to the other constants must vanish.^ 
Hence shew that the polars of a fixed point with respect to a 
series of confocal conics, and likewise the normals appertaining 
iQ the tangents drawn to them from that point, envelope a 
parabola touching the axes of the confocals. 

380. If OP and be the tangents from a fixed point 0 
to any conic which has two given points for foci, each of the 
corresponding normals is the polar of 0 with respect to a conic 
having the same foci; and the circle about OPQ passes through 
a second fixed point I\ such that GF and CO lie on opposite 
sides of the transverse axis and make equal angles therewith, 
and CF.GO^GS\ 

38 1. A tangent being drawn from an extremity of one axis 
of an ellipse to a coaxal ellipse, find the length of its intercept 
on the other axis and the ordinate of its point of contact to 
either axis. 

382. Deduce from Ex. 356 that, if a single n~gon can be 
described about a given conic and inscribed in a given confocal, 
any number of ?i-gons can be so described. 

383. If a triangle can be clrcuminscrlbed to two confocal 
ellipses, the straight lines joining the extremities of the axes 
of the outer must pass through the intersections of the tangents 
at the extremities of the axes of the inner ellipse.f 

384. If PQB be a triangle circuminscribed to a pair of con- 
focal ellipses and P' be the point of contact of QB^ shew that 
the confocal hyperbola through P passes through P' and the 


* The general condition of Ex. 378 is implied in Ex. 373, and the condition that 
ihe envelope may be a parabola is inferred from Ex. 183. In what follows, supposing 
h, I' to be the coordinates of the fixed point, we see from Ex. 343 (or Ex. 270) that, 
if the enveloping line make intercepts CL and CM on the transverse and conjugate 
axes, h. CL - k. CM = CS“ j and consequently that the envelope is a parabola vrhich 
C^ 

Jc 


CS- 

makes intercepts and - 


■ on the axes. 


t The proof may be simplified by considering the special case in which a side 
of the triangle is parallel to an axis of the ellipses. The semi-axes a, h and a\ ¥ of 

zhe outer and inner ellipses are connected by the relation ^ | =1- 
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point diametrically opposite thereto, and that if the outer ellipse 
be regarded as traced by means of a loop PFP passed round 
the inner, the loop will be bisected at P . 

385. The area of an ellipse is a mean proportional to the 
areas of its auxiliary circles. 

3S6. A quadrilateral can be circuminscribed to two confocal 
ellipses* if the common ditference of the areas of their major and 
their minor auxiliary circles be equal to the area of the inner 
ellipse; the locus of the pole of any chord of the outer ellipse 
whicb touches the inner is a circle whose diameter is equal to 
the sum of the axes of the latter ; the tangents to the inner from 
any point on the outer ellipse are as the parallel focal chords 
of the latter; the chord joining the ends of a pair of semi-axes 
of the outer ’touches the inner ellipse and is diwided at its point 
of contact into segments equal to the semi-axes of the latter. 

387. Prove Fagnani’s theorem, that a quadrant of an ellipse 
can be divided into segments which differ by the difference 
of its semi-axes, the greater segment being that which is termi- 
nated by the minor axis.* 

'’88 Xf 0 be the common centre of an ellipse and a circle 
of eVal area, Pthe point in which the circle meets a quadrant 
J.QPBof the ellipse, and OQ h& equal to radius conjugate to 
CP] shew that the middle point of the quadrantal arc AB lies 
within the arc PQ. 

389. If a hexagon can be circuminscribed to two confocal 
ellipses^ and AP, BQ be the tangents to a quadrant AB of 
the inner from the extremities of the semi-axes CA^ OB ot the 
outer ellipse, and F be Fagnani’s point of division of the quad- 
rantal arc AB, shew that 

arc BQ- arc A'P= arc BF- arc AP= GA - GB.\ 


* The point of contact last mentioned (Ex. 386) divides the inner ellipse in Bb 
manner specified. Eor another geometrical proof see Salmon’s Come Sections, - 'A 
I ^2 = CJ2 _ CA'- - CB- - CB’-^ and if the tangent at B' meet the Ou.t:. 

ellipse in 0, it may he sheTO that \ B 0~CA-\\ OP AO-CBAt 
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xao. Anv circle through the focus S and the further vertex 
4‘ of a hyperbola vrhose eccentricity is tico meets the curve 
three points P, Q, B which determine an equilateral triangle,* 
pad conversely the circumscribing cii'cle of any equilateral 
tnangle inscribed in a hyperbola whose eccentricity is two passes 
throudi a focus and the further vertex ; the focal vectors SP, 
SO, 'SE meet the curve in three other points which likewise 
determine an equilateral triangle; if P be any point on the 
jS-branch of the curve the angle A'SP is double of the angle 
SJ,P, and if Q be any point on the opposite branch the supple- 
ment o( li'SQ is double of the supplement of SA'Q] any chord 
through S subtends a right angle at A' ; the equilateral triangle 
PQR envelopes a fixed parabola having S and the P-directrix 
for focus and directrix ; the tangents to the hypei-bola at P, Q, B 
form a triangle P' Q'B' inscribed in a fixed hyperbola of eccen- 
tiicitv four; the tangents to the latter at P', Q\ B' form a 
triangle inscribed in a fixed hyperbola of eccentricity eight, and 
so on continually. 


This hyperbola— whose directiis bisects one of the trisectoes (Ex. S08) 

c: any circular arc whereof ^4 'aS is the chord; and the meaning of the remarkable 
T^r.'perty that PQR is an equilateral triangle is that the problem of bisecting a given 
asfe a admits of the three distinct solutions Joe, ^ (2w + a). Since the solution must in 
any case be threefold, it is evident a priori that it cannot be effected by means of a 
straight line and circle, which can intersect in two points only. All this is fully 
rointed out by Boscovich in his Stetionum Coniaarmn Elementa, §§ 274—279. 
Xewton shewed [Arithraetica Unirersabis, prob. 36) that the locus of the vertex of 
a triangle on a given base and having one base angle differing from twice the other 
by a constant angle is a cubic curve, tvliich reduces to the hyperbola in question when 
the constant angle vanishes ; and he remarked that (P being a point on the /S'-branch) 
the angle at .4" in the triangle A'SP is equal to one third of the exterior angle at Pi 


NOTE. 

The undermentioned Examples and others are solved wholly or 
in part in vols. i-sxix of Matheynatical Qiiestmis wiili their Solutions 
from the Educational Time-s (London, 1864 — 78) : 

Ex. 79 (voL zsii.); 174, 222, 226 (i.); 324 (xxii.) ; 328 (ii.); 
ool,332(iii.) ; 334(xii.); 336 XLii 338(xxi.); 339, 340 (xxii.) ; 
341 (xxTi.); 347, 348 (it.); 361 (xiii.). 
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CHAPTER V. 

THE ASYMPTOTES. 

53. The Asymptotes of a hyperbola are two diameters 
equally inclined to the axis and such that, if E be any point 
on either of them and CN its central abscissa, then 

ENi GN=GB:GA; 

in other words, the asymptotes are the diagonals of a certain 
rectangle which is determined by the two axes of the hyperbola. 

If any two conjugate diameters meet EN and its prolongation 
in L and i/, it follows from Art. 44 and the above relation that 

BL.NMx G2P^ GB ^ : GA^^EB ^ ; 

and hence that in the limiting case in which the diameter CL 
coalesces with an asymptote GE its conjugate G2I coalesces 
with the same, or an asymptote may he regarded as a diameter 
conjugate to itself » 

Two hyperbolas are said to be conjugate when the tranyerse 
axis of each Is coincident with the conjugate axis of the other; 
thus, the transverse and conjugate axis of a hyperbola being 
AA’ and BB\ those of the Conjugate Hyperbola will be BB 
and AA\ It is evident that a pair of conjugate hyperbolas 
have the same asymptotes but lie on opposite sides thereof. 

54. Limiting positions of Tangents, 

The asymptotes are so called because, being produced, they 
continually approximate to the curve (Art. 56) but without 
actually meeting it until produced infinitely. We shall shew 
that such lines may be regarded as tangents whose points of 
contact are at infinity. 

The tangent at any point P meets the axis in a point T such 
that GT varies inversely as CN the abscissa of P (Art. 39) 
and therefore vanishes when GN is Infinite. To determine the 
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position of a pair of tangents which pass through the centre 
of the hyperbola, draw the tangents from S to the Auxiliary 



Circle (Art. 6), and draw the diameters through the points in 
which they meet the >?-dlrectrix. The points In question w^ill 
lie on the circle, since the diameter AA' of the circle is divided 
harmonically at S and A, and the directrix Is therefore the 
polar of S with respect to the circle. The tangents to a 
hyperbola from its centre are therefore those diameters which 
pass through the intersections of the directrices with the Auxiliary 
Circle* 

It is easily seen that the said diameters possess the property 
ENiGN^CBx GA, 

and are therefore Identical with the asymptotes. 

It is likewise evident that they possess the property, 

GN : GE = G8 : GA = the eccentricity ; 

and hence that all hyperbolas which have the same (or parallel) 
asymptotes and lie on the same sides thereof are SIMILae 
conics; and the asymptotes themselves taken together are the 
limiting form to which the curve tends when its axes are 
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diminlsbecl mdefinltelyj and they may he regarded as coiutitutmg 
a similar hjjperholad' 

The hyperbola may be called Acute or Obtuse aecordino- 
as the interior angle between its asymptotes is less or greater 
than a right angle; that is to say, according as its conjugate 
axis is less or greater than its transverse axis. In the in- 
termediate case, when they are equal, It is called Becta/ujidar, 

It is easily seen that any two tangents to the same brancli 
of the hyperbola intersect wdthin the interior angle between 
the asymptotes and themselves contain a greater angle; and 
likewise that any two tangents to opposite branches contain an 
angle less than the exterior angle between the asymptotes; 
and hence that an obtuse hypeidiola can have no real tangents 
at right angles, 

00. A construction for the Normal, 

If P be a point on the curve whose ordinate to either axis 
meets the nearer asymptote in P, and if the normal at P meet 
the axis in (9, then (Art. 43, Cor.) In the case of the transverse 

GN,NG : 

and therefore CN,NO is equal to EW and the angle CEG is a 
right angle, as may be shewn likewise for the case of the conju- 
gate axis. Hence the following construction for the normal 
at a given point P: 

Let ilie ordinate of P to either axis meet the nearer asymptote 
in P, and through E draw a perpendieular to GE to meet the 
same axis in G ; then will PG he the normal at P. 

When ON is infinite the normal itself coincides with EG and 
is perpendicular to the asymptote. 


Notice in Art. 38 tliat when SY touches the circle its diameter through T 

■ SY=CB = EZ 

MoreoTe' , parallel 

Hypeub 


.t infinit} 

\^Art. 17, Cor. 2); and the Paeabol.\ is distinguished as the conic 
line at infinity is a tangent, since (Art. 27) SY- = SA.SP = SA .ST, pj 
when SP becomes infinite the tangent TY is removed wholly to infinity. 
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PROPOSITION I. 

56. If ct parallel to either axis of a hyperbola be drawn 
through any point on the curve to meet the asymptotes^ the product 
of its segments between the point and the asymptotes will be equal 
to the square of the semv-axis to which it is parallel. 

First let a principal double ordinate PF be produced to 



meet tbe asymptotes In E and JS?'; then will PE. PE' or 
FE.FE be equal to CB\ 

For by Art. 33 and by a property of tbe asymptotes, if PP' 
meet the transverse axis in 

h GB ^ : GN'^= CB ^ : CA^ = EIF : GIF, 

or 

and therefore 

PE.PE'^. =:CB\ 

In like manner it may be shewn that GA is a mean pro- 
portional to the segments Be and Pe of a straight line drawn 
through P parallel to the transverse axis to meet the asymptotes. 

Hence It appears that the distance of P (or P') from the 
nearer asymptote varies inversely as its distance from the 

L 
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otl^er and when tlie latter distance is Increased indefinitely 
the fon-ev is diminished indefinitely; the curve therefore as 
it branches out continually approximates to its asymptotes, 
but without actually meeting them at any finite distance from 

^^^iT'^i^easy to shew by a reductio ad ahsurdum that no 
diameter other than CE or GE' have the above property, 
or in other words, that the hyperbola cannot have more than 

two asymptotes. 


Corollary, 

If FO be drawn parallel to one asymptote E’O to meet 
the other asymptote EG, then will PO vary as PE and CO 
^,PE’ and' therefore PO.OO(fig. Art. 60) will be constant; 
and it may he shewn by taking P at the vertex that it is 
L to iG8'‘ or I (GA^ + CE^} 


PEOPOSITION II. 

57. Tlie intercepts on any tangent to a hyperlola lehceen 
the curve and its asymptotes are equal to one another and to 
the parallel semi-diameter; and the opposite intercepts on any 
chord between the curve and Us asymptotes are equal to om 

anotJie7\^ 

(i) Let the tangent at P, supposed parallel to the semi- 
diameter CP, meet any two conjugate diameters in P and P; 
then hy Art. 47 


Hence in the case in which L' coalesces with L and CL 
therefore becomes an asymptote, PU is equal to CP'; and m 
like manner, if the same tangent meet the other asymptote m J/, 
PdiP is equal to CP*. 

Therefore PL = PM=GD. 


' * The hyperbola and its Asi/mptotes being simUar conics (Art. 54), the above 

. sneS c2e oi Ex. 50. The latter follows at once from Art. 14 since, when 
and the masnitude of CS : (7A are given, if the direction of C 
be assumed that of SP (which is perpendicular to the ordinates 
It is evident that a pair of conjugate hj-perbolas also make equal - -i 
QQ!} anyoliord. 
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(li) Next let Qq^ be any chord of the hyperbola meeting the 
asymptotes in 22, r, and let LPM be one of the tangents to 
which it is parallel. 

Then the diameter OP bisects the chord Qq^ and from above 
it is evident that it likewise bisects Hr ; whence it follows that 

and Qr = qP, 

PEOPOSITION III. 

58. The product of the segments into which any chord of the 
asymptotes is divided hy either of the points in which it meets the 
curve is equal to the square of the parallel radius* 

(i) Using the same construction as in Prop, ii.j let F be the 
middle point of the chord Qq* Then by Art. 34 and by parallels 
(first taking the case in which Q and q lie on the same branch 
of the curve), 

CP^=^PUiOP'^ 


or 


Hence RQ.Qr^Eq*qr = RT^ - Qr^=CB% 

or CD is a mean proportional to RQ and Qr^ and to Rq and qr. 
The above proof may be adapted to the case in which q 

* Conversely, if this relation be assumed the point R must always lie on one 
of two straight lines which continually approach the curve, that is to say, on one 
of the asymptotes. 

L2 
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lie on opposite brandies of the hyperbola by writing — CP- for 
and - CI)'^ for CF\ 

(11) These results may also be deduced as follows from 
op. I. 

From any point Q on the curve draw QBE' in any giyeii 
direction to meet the asymptotes, and draw QBE' parallel to 



the transverse or tbe conjugate axis to meet the same. Then 
QB varies as QE and QB' as QE\ and therefore, QE.QE 
being constant, QB. QB’ is likewise constant. 

Supposing BE to become a diameter or a tangent, according 
as its direction cuts both brandies of the curve or one only, 
we see that QB. QE is equal to the square of the parallel 
semi-diameter or of the intercept on the tangent between the 
curve and either asymptote. 

Corollary 1, 

If the tangent at P meet the asymptotes in M (%. 
Art. 60), and if 0 be the middle point of CL, and OF be there- 
fore parallel to OAT, then (Prop. i. Cor.) 

CL.CM=2C0.2P0=^ 08^] 

and therefore the area LCM is constant, that is to say, the area 
of the triangle hounded hy the asymptotes and any tangent is of 
constant area^ and it is equal to GA . GB. It is otherwise evident 
that the triangle in question is one-fourth of the conjugate cir- 
cumscribing parallelogram (Art, 46). 

Corollary 2. 

Moreover, if FK be drawn perpendicular to 
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where OK varies directly as OP and therefore inversely as C 0. 
Hence another proof that the difference of the squares on two 
conjugate diameters is constant (Art. 45). 

Corollary 3. 

So long as the chord RQr is drawn in a specified direction 
Qr varies inversely as QR. If the chord be taken constantly 
parallel to the asymptote GM^ so that the point r recedes to co , 
It follows that Qco varies inversely as QR^ or directly as Oi?; 
and moreover, that if QO he any finite portion of the chord, 
then Occ likewise varies as CR^ and the rectangle QO.Occ 
varies as CR*QO. If YOZ be a chord drawn in any other 
specified direction and meeting the chord parallel to the asymp- 
tote in (9, then (Ax't. 16, Cor. 1) varies as QO.Occ , or 

as GR,QOj and in the special casein which Q co is a fixed 
chord OY,OZ varies as the length QO, 

SCHOI/ITJM A. 

If the hyperbola be defined as the locus of a point P such that 
if 0 be its projection upon one of two fixed straight lines (7X, CM 
(the asymptotes) by a straight line parallel to the other, CORO - a 
constant we may proceed to investigate the properties of the 
carve as follows. 

If LM be drawn in a specified direction through any position of 
the tracing point P, it is evident tha.t PL . PM is constant, and also 
that in the case in which LM becomes a tangent it is bisected at its 
point of contact P. In this case CL. CM- 2C0.2P0 - 4^®, and the 
triangle CLM is of constant area- It may now be shewn that (with 
the notation of Art. 57) QR-qr; CP bisects Qq and all other 
chords parallel to the tangent at P ; QV^ varies as C CP ^ ; and 
that the difference of the squares of any two conjugate diameters is 
constant (Art. 58, Cor. 2). 

A straight line parallel to either asymptote CM meets the curve 
in one point only, since (figure of Art. 60) if CO be supposed 
constant, COMO vanishes when P is at 0^ and increases con- 
tinuously up to 00 as P recedes from 0, and is therefore equal 
to d for one position of P only. Hence at any point P between 
the curve and its asymptotes CORO is less than Moreover, 
for any assumed position of the intercept LM it is evident that 
PLRM is a maximum, and therefore PO.CO is a maximum, when 
PL = PM. Hence at the point of concourse P' of any two tangents 
to the same branch of the curve P' 0 CO is less than c', and 
P therefore lies between the curve and its asymptotes, or the curve 
is co7ivex to its asymptotes. 
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Lastly, if the h 3 ^Grbola he regarded as the envelope of a 
straight line LM which contains a triangle of constant area with 
two fixed straight lines CL and CM, it may be shewn by the 
following method (which applies also to Ex. 362) that LM is 
bisected at its point of contact. If P be the point of concourse 
of the tangent hne in any two positions LM, L'M\ the areas L?L 
and MFM' are equal, and PL.PL’ = PM.PM’ ; and therefore in the 
case in which I!M‘ and LM coalesce, Pi?-PM^, or iif is 
bisected at the point P of the envelope. The hyperbola may also 
be regarded as a special ease of the envelope in Ex. 378, which 

makes intercepts and — upon the fixed tangents, and therefore 

touches them at infinity when h and e vanish. 


PROPOSITION IT. 

59. Any tangent and its normal meet the asymptotes and the 
axes respectively in four points lying on a circle which passes 
through the centre of the hyperlola. 

The circle whose diameter Is the intercept Qg made by the 
axes on any normal passes through the centre, since the angle 
is a right angle. 



Let this circle meet the asymptotes in Z, if, and let LM 
meet Gg in P. From any point E in CL draw EN perpen- 
dicular to OG. 

Then lEGN = GGM— OLP^ in the same segment, 
and L GEN==^ ECg —LGP^ in the same segment; 
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and therefore the triangles CNE^ LEG- are similarj so that the 
angle at P is « right angle^ and 

EG : PL^ENi CN=:^ CB : CA. 

Similarly PL : Pg = CB : CA^ 

Hence PGiPg^GB^i GA\ 

or P Is the point at which Gg is normal to the curve (Art. 52 ^ 
Cor. 2} j and L3fj which is at right angles to Gg^ is the tangent 
at P. 

. Corollary, 

From this construction it appears again the tangent LM 
is bisected at its point of contact ; and that 

PGx CD^CBxPg^CBx CA, 
where CD is the semi-diameter parallel to the tangent 

PROPOSITION Y. 

60. The dda^iieters of a hyperbola being regarded as terminated 
at the points in which they meet the curve or its conjugate^ 
any two conjugate diameters are the diagonals of a paraUelograjm 
whose, sides are parallel to and are bisected by the asymptotes^ 
the tange^^ts at their extremities ineet on the asymptotes^ and the 
dijftvence of their sqiiares is constant, 

(i) From a point L on either asymptote of a pair of 
conjugate hyperbolas let a tangent be drawn to each, the one 
tangent meeting its curve in P and the second asymptote in J/, 
and the other meeting its curve in D and the second asymptote 
in jr. Then will CP, CD be conjugate semi-diameters, and 
PP will be parallel to il/ilP, and will be bisected at the point 
0 in which it meets CL, 

For since (Art. 57) the tangent LM is bisected at P, and 
LM! at P, therefore PD is. parallel to the asymptote MM\ and 
it also bisects CL, 

Moreover (Art. 56, Cor.), 


or PO is equal to DO] that is to say, PD is bisected by the 
asymptote GL^ But PD likewise bisects CP, and therefore CD 
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is parallel to the tangent at P and is conjugate to CP. And 
if the parallel tangents touch the curves in F and P', as in 
the diagram, the one will evidently pass through M’ and the 
other through M‘, and P'P will likewise he parallel to one 
asymptote and bisected by the other. 

(ii) Lastly, if be the ordinate of P to the transverse 
axis and if it’meet CL in Q, it is easily seen that OQ=OP. 
And in like manner the ordinate DR to the conjugate axis 
meets CL in a point Q such that O Q' = CD = 0P= OQ] that 
is to say, it meets it in the same point Q, 

Hence CF=^ QRP-PN^^ CB\ 

and CQ^-CD^^QR'-DR^- 

find therefore CP* “ CP* = GA — CB . 

Corollary. 

To describe a pair of conjugate hyperbolas with given 
straight lines CP and CD as conjugate semi-diameters : draw 
CO to the middle point of DP and draw CM parallel to PP; 
then will CM and CO he the asymptotes, and the axes will 
be the bisectors of the angles between them, and the foci will 
be the points in which the axes are cut by a circle whose radius 
CS is a mean proportional to PO and 2 GO. 
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SCHOLIUM B. 

CoxjuoATE Hyperbolas are by no means to be regarded as 
orc»‘aiiiealIy related and together making up one continuous curve; 
but the one is a sort of auxiliary curve to the other, as the circle on 
its major axis is, for example, to the Ellipse. 

(i) The two branches of a single hyperbola are to be regarded 
as constituting one continuous curve as was pointed out on p. 10, 
and as may be further illustrated in the following way. Let the 
hyperbola be considered to be traced by the extremity P of a focal 
vector SP (see fig. p. 145) moving loiind in the direction of the 
hands of a watch from the initial position 8 A. As SF turns 
through an infinitesimal angle its extremity passes to a consecutive 
point on the curve, till at length by the continuous rotation of the 
focal vector the point P recedes to infinity, SP having become 
parallel to the asymptote CPJ: it then passes instantaneously to 
the opposite position at infinity, that is to say {SP revolving 
gradually as before) the point P passes at once from the extremity 
of the line CJE oo to the extremity of tho line JSOoo: at this 
infinitely distant point the curve crosses its asymptote^ and P 
proceeds to trace the opposite branch in the direction pA\ and 
so forth. The two infinitely distant extremities of an asymptote 
or of any straight line may therefore be regarded as consecutive 
points, which likewise results from considering any straight line 
as (1) a circle of infinite radius in its own plane, or (2) as one of 
the great circles of a sphere whose radius has become infinite. 
Carrying on the latter illustration, we see that (since the length 
of a great circle on any sphere is constant) any finite straight line 
in a given plane ‘together with its complement (p. 77) may be 
regarded as making up a constant infinite length ; as was implicitly 
assumed in Chap. iv. Scholium C (p. 102), for if the bifocal pro- 
perty of the hyperbola, 


be equivalent to 
then 

(ii) It may be useful at this stage to give a conspectus of the 
severfi ways of viewing those diameters of the hyperbola which 
are not geometrically terminated by the curve. 

a. By introducing the conception of imaginary points we may 
treat the hyperbola as a quasi-ellipse, and ignore the distinction 
between intersecting and non-intersecting diameters of the curve. 

1. If we assign certain real magnitudes to the non-intersecting 
diameters (Art. 34) — arbitrarily, indeed, but in accordance with a 
partial analogy — we may then proceed to shew (Art. 57) that any 
such diameter is equal to the intercept on the parallel tangent 
made by the asymptotes, and may prove as in Art. 58, Cor, 2 that 
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the difference of the squares of any two conjugate diameters is of 

constant magnitude. 

, The non-intersecting dianieters may also he treated as ter- 
• hxr the coniuo-ate hyperbola, as in Arts. 4o and 60. The 

this mode of treatment is that it not only proceeds 
objection , analoo-y but tends to obscure the fact of the 

hyperbola. 

/7 4 n other method — very simple in practice, but presenting 

of courtrthe same difficulties at the outset-is to start with the 
&al HyperboffiJ^^^^^^ P-perti^^^f which^- be 

Ellipse)^ and ™^ransfer the results thim obtained to the general 
hyperbola by the method of Orthogonal Projection. 

(iiil Apollokius, in Lib. I. prop. 14 of his Conics defines the 
benches of a hyperbola as Opposite Sections {Avr.,^vcu\ 
S the end of the same book (prop. 56) he shews, quite indepen- 
iiSy of the asymptotes, how to construct two pairs of opposite 
Sons with one and the same given pair of conjugate dmmete^ 
and he defines the curves so drawn a.s Conjuffate (2v^vyeie,. Ee 

that 

le asympxoies, 
sections have the same 
been sometimes applied 

wimre^the wo^rds “conveniaL ad conjugatam Hyperholam” refer 
to the further branch. 

EXAMPLES. 

2 QI The eccentric circle of any point with respect to a 
hyperhila cuts the directrix at two points lying upon radii 
whkh are parallel to the asymptotes. Trace the hyperbola 
by the method of Art. 4, shewing that the two points^ m 
which the circle cuts the directrix con-espond to the points 
at infinity upon the asymptotes, and the segment of the circle 
beyond the directrix to the further branch of the hyperbola. 

-O’ The circle described about either focus of a hyperbola 
so as to bisect the semi-latus rectum cuts the hyperbola at poi^ 
whose focal distances are parallel to the asymptotes; and the 
concentric circle which touches the asymptotes has its diameter 
equal to the conjugate axis. 
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393. Express the eccentricity of a hyperbola as a function 
of the angle between its asymptotes. If the eccentricity and 
two points on the curve be given, and if one asymptote pass 
through a third fixed point in the same straight line with the 
former two, the locus of the centre will be a circle. 

394. If the abscisses upon either asymptote of any number 
of points on a hyperbola be in arithmetical progression, their 
ordinates will be in harmonlcal progression, and conversely. 

395. The ordinates to either asymptote of the extremities 
of any chord of a hyperbola and the point of contact of a parallel 
tangent are proportionals. 

396. The intercept made by the directrices of a hyperbola 
on either asymptote is equal to the transverse axis. 

397. A hyperbola being regarded as the locus of a point 
whose distance from a given point is equal to its distance from 
a fixed straight line estimated in a given direction, prove that 
the given direction is that of an asymptote. Shew also that 
the straight line drawn from a focus to the nearer directrix 
parallel to an asymptote of a hyperbola is equal to the semi- 
latus rectum and is bisected by the curve. 

398. The distance of any point on a hyperbola from either 
focus is equal to the intercept on either asymptote between the 
ordinate of the point and the corresponding directrix. Hence 
prove in Art. 60 that if >S and H be the foci, 

SF.EP=^ CQ^ - .CA^ = CD\ 

Also prove that the difference of the distances of the ends of 
two conjugate radii of a pair of conjugate hyperbolas from their 
nearer foci is equal to the difference of the semi-axes, 

399. Every chord drawn to a hyperbola from a fixed point 
on one asymptote Is divided harmonically by that point and a 
fixed parallel to the said asymptote, and is bisected by a fixed 
parallel to the other. 

400. The tangents at the vertices of a hyperbola meet its 
asymptotes on the circumference of the circle of which the 
straight line joining the foci is a diameter. 
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401. For what position of the tangent to a hyperbola Is its 
intercept between the asymptotes a minimum? 

402. The tangent to a hyperbola from the Intersection of 
an asymptote with a directrix touches the curve upon a focal 
vector which is parallel to that asymptote. 

403. The intercept on any tangent between the asymptotes 
subtends at the further focus an angle equal to half the angle 
between the asymptotes : it also subtends a constant angle at 
the intersection of the corresponding normal with either axis 
of the curve. 

404. Every chord of a branch of a hyperbola which subtends 
at its focus an angle equal to the angle between the asymptotes 
touches a certain fixed parabola. 

405. Find the relation between the intercepts made by anv 
tangent to a hyperbola on two fixed straight lines pamllel to tbe 
asymptotes.*^ If OA and OB be two straight lines given in 
position and AB the intercept which they make on any tangent 
to a fixed conic which touches them, deduce from Ex, 378 that 
the locus of the point P which completes the parallelogram 
OAPB is a hyperbola whose asymptotes are parallel to OA 
and OB ; and examine the case in which the fixed conic is a 
hyperbola having its centre at 0 , Also find the locus of Q if 
A and B be the points of contact of the given lines with any 
parabola which likewise touches a third given line. 

406. The chords of intersection of any circle with the asymp- 
totes of a hyperbola are equally inclined to either axis; the 
products of the segments of any two intersecting chords of the 
asymptotes are as the parallel focal chords; and if 0 be any 

* If ^ and u be the reciprocals of the intercepts made by a variable straight line 
on two fixed axes, the general condition that the variable line should envelope a conic 
is that ^ and v should be connected by an equation of the second degree. Tnis 
system of tangential coordinates ” is fully developed in A Treatise on some Xew 
Geometrical Methods (vol. I,, 1873) by the late Dr. James Booth, who had also giren 
an account of his method in a separate tract published thirty years earlier. His 
discovery had however been anticipated by Prof. Plucker of Bonn, whose method 
given in Grelle’s Journal, vol. vi. pp. 107—146 (1830), and dated Oct. 1829, is in reality 
identical with the above. See the obituary notice of Dr. Booth in the Jlonthli/ Xotlces 
of the Royal Asti'ommical Society, vol. XXXIX. pp. 219—225 (Feb. 1879). 
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point on a chord FQ parallel to the radius CD of the hyperbola, 
and d/the points in which it meets the asymptotes, then 


407. The tangent to a hyperbola at P meets one asymptote 
in Tand TQ is drawn parallel to the other to meet the curve 
in prove that if DQ meet the asymptotes in L and itf, the 
line id/ will be trisected at P and Q. 

408. The straight lines joining the points In which any two 
tangents to a hyperbola meet the asymptotes are parallel ; and 
the intercepts which the tangents make upon the asymptotes are 
bisected by their chord of contact. 

409. If one diagonal of a parallelogram whose sides are 
parallel to the asymptotes of a hyperbola be a chord of the 
curve, the other diagonal will lie upon the conjugate diameter; 
and conversely if the three sides of a triangle be taken as 
diagonals of three parallelograms whose sides are parallel to 
two given straight lines, their other three diagonals will pass 
through the centre of a hyperbola which circumscribes the tri- 
angle and whose asymptotes are parallel to the given lines. 

410. In Art. 39 , if CM and CN be the central abscissae of 
the points in which the tangent meet the asymptotes, then 

CV,GT^GM,CN^GP\ 

41 1. If the ordinate of a point on the hyperbola to a given 
diameter he equal to the conjugate semi-diameter, the product 
of the corresponding abscissse will be equal to the square of 
half the given diameter. 

412. Given the asymptotes of a variable hyperbola and a 
line parallel to one of them, if from the point in which it meets 
the curve a parallel to the other asymptote be drawui equal 
to either of the semi-axes, the locus of its extremity will be 
a parabola. 

413. If an ellipse and a branch of a confocal hyperbola 
Intersect In P and the asymptotes of the hyperbola pass 
through the points on the auxiliary circle of the ellipse which 
correspond to P and Q. 
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414. A variable ellipse having its centre on a hyperbola and 
touching its asymptotes has in every position the masimum 
area : shew that its chord of contact with the asymptotes will 
envelope a similar hyperbola having the same asymptotes. 

415. A parabola being drawn to touch the axes of a hyper- 
bola at an extremity of each, prove that one asymptote is a 
diameter of the parabola and that the other is parallel to its 
ordinates. 

416. If a parallelogram be formed by drawing two pairs of 
parallels to the asymptotes of a hyperbola, its sides will meet 
the curve at the extremities of two chords which intersect upon 
a diagonal of the parallelogram; and further, if any three 
hyperbolas have their asymptotes parallel, three and three, their 
three common chords will cointersect. 

417. The tangents to an ellipse at P and Q being the 
asymptotes of a hyperbola, prove that a pair of their common 
chords are parallel to FQ, and that if the tangent to the hyper- 
bola at an extremity of one of these chords pass through P the 
tangent at its other extremity will pass through Q. 

418. With two conjugate diameters of an ellipse as asymp- 
totes a pair of conjugate hyperbolas are drawn; prove that if 
one of them touch the ellipse the other will touch it, and that 
the diameters through the points of contact will be conjugate. 

419. If from any point P on a hyperbola whose centre is G 
straight lines FM and PW be drawn parallel to and terminated 
by the asymptotes, and if an ellipse be drawn having CM and 
CN for conjugate radii, the direction conjugate to CF will be 
the same in both curves. 

420. Griven the base of a triangle and the difference of its 
base angles, or given the base of a triangle one of whose base 
angles is double of tbe other, it may be shewn that the locus 
of the vertex is a hyperbola. Determine the asymptotes and 
the eccentricity of each by supposing the vertex of the triangle 
to be at infinity. 
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42 1 « If tangents be drawn to a hyperbola from any point 
on tlie conjugate hyperbola, their chord of contact will touch 
tbe opposite branch of the latter and be bisected at its point 
of contact. 

422. The four normals to a hyperbola and Its conjugate at 
points lying upon a perpendicular to either axis meet one another 
upon that axis, 

423. Find the locus of the centre of gravity and the locus 
of the centre of the circumscribing circle of a triangle of con- 
stant area contained by one variable and two fixed straight 
lines. 

424. A parabola and a hyperbola have a common focus and 
the asymptotes of the latter touch the former; prove that the 
tangent at the vertex of the parabola is a directrix of the 
hyperbola, and the tangents to the parabola where it meets 
the hyperbola pass through the further vertex of the latter. 

425. Any two semi-diameters of a hyperbola contain the 
same area with the tangent at the extremity of either. 

426. The asymptotes and any two conjugate diameters of 
a hyperbola divide any sti’aight line harmonically. 

427. The chords joining any point on a hyperbola to two 
given points on the same intercept a constant length on either 
asymptote ; and the intercepts on a given parallel to an asymp- 
tote between the curve and two such chords are in a constant 
ratio, 

428. If parallels to the asymptotes of a hyperbola be drawn 
from any point on the curve, any diameter will meet the 
parallels and either branch of the curve in three points whose 
central distances are in continued proportion. 

429. If any two tangents to a hyperbola and their chord 
of contact intersect any parallel to either asymptote, the square 
of the intercept on the parallel between the curve and the chord 
of contact wdll be equal to the product of its intercepts between 
the curve and the tangents. 
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>. On a straight line drawn in a given direction to meet 
three sides of a triangle a point is taken whose distances 
1 the three sides are in continued 
locus of the point is a parabola or a hyperbola toucning 
two sides from which the extremes are measured at the extre- 
mities of the third side. 

431. On a straight line drawn through a fixed point 0 to 
intersect two given straight lines a length CD is estimated 
a mean proportional to the intercepts between the fixed point 
and tbe two points of section ; prove that the locus of D is 
a hyperbola whose asymptotes are tbe parallels through 0 to 
tbe fixed lines. 

432. A diameter of a parabola and tbe tangent at its 
extremity being taken as tbe asymptotes of a hyperbola, what 
are the magnitudes to which tbe ordinate and abscissa of 

; with respect to that diameter are a 
nals ? Conv 


either 


the 


line through 
to the asjmp- 

IS at the point in 

us of the mid 


asym 

intercept be cut in 


intercept is divided? 

435. If Q be a point on a 
tbe nearer asymptote, and if 


See the AritJimetica Universalis, prob. 25. 
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asymptote to meet the diameter conjugate to QN in then will 
the area of the quadrilateral GJE QN be equal to half the triangle 
cut off by any tangent from the asymptotes ; and if the diameter 
parallel to QN meet QN in JF and QI be drawn in the conjugate 
direction to meet the same asymptote in /, the quadrilateral 
Cl will have the same constant magnitude. 

436. If 0 be any point In a chord of a hyperbola 
parallel to the tangent at P and GJS an asymptote meeting that 
tangent in and if QP and OT he drawn parallel to the 
asymptote to meet the diameter which bisects^ the chordj prove 
that 

QO.OQ' : PS® = quadrilateral QRTO : triangle CEP. 

437. If P be any point on a hyperbola and GD be con- 
jugate to OP, shew that a pair of straight lines PP, PF drawn 
parallel to the axes or to any other pair of conjugate diameters 
meet CP in points E and F such that 

438. A parabola which has an asymptote of a hyperbola for 
one of its diameters meets the hyperbola In general in three 
points such that the ordinates of two of them to that diameter 
are together equal to the ordinate of the third. 

439. From any point P on a hyperbola a parallel is drawn 
to one asymptote to meet the other in and an ellipse is 
drawn through P and M having its diameter which bisects PM 
parallel to the latter asymptote and in a constant ratio to its 
conjugate diameter, viz. in the ratio of PE to PJ/, where PE 
is a perpendicular to the latter asymptote ; prove that the ellipse 
meets the hyperbola again in three points such that the distances 
of two of them from the latter asymptote are together equal to 
the distance of the third point from the same.* 

440. If two ellipses touch a hyperbola and have its asymp- 
totes for conjugate diameters, any straight line whose pole with 


* For Examples 425, 435 — 9 and others see De la Hire’s Sectiones Conkos, libb. iv., v. 
The references are given in detail in Walton’s Problems in illustration of the j^rinciples 
of Plane Coordinate Geometry, pp. 276 — 292 (Gambridq-e, 1851). 

M 
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respect to one of them lies on the hyperbola has It pole wilb 
respect to the other on the hyperbola. 

441. ABCD be a convex quadrilateral, and AD be pro- 
duced to K and BG to i so that KL may be parallel to AB, 
+Vion will DL and CK be parallel to the asymptotes of a certain 

lerbola described about the quadrilateral; and if oS/S, /3(77, 
I, be the sides of a parallelogram and be parallel to 
asymptotes, the straight lines drawn from a, 7, 8 to 
bisect AB, BC, CD, DA respectively will cointersect at the 
centre of the hyperbola. 

442. If an ellipse pass through the centre and have its 
ii on the asymptotes of a hyperbola, and if the hyperbola 

passes through the centre of the ellipse, the axes of each curve 
are a tangent and normal to the other, and the two axes which 
are normals are of equal length. 

443. If a diameter be taken at right angles to one asymp- 
tote of a hyperbola and parallels be drawn to the other 
asymptote from its extremities, any two supplemental chords 
from those points will make intercepts whose difference is 
constant upon the parallels. 

444. The axes of the two parabolas which have a common 

focus and pass through two given points are parallel to th 
asymptotes of the hyperb tbmumh the commo 

foeus and has the given points for foci. 

445. Any Cl which touches both branches of a hyper- 
a makes an intercept equal to the transverse axis on either 

asymptote ; the tangents to It where it meets the asymptotes 
pass through one or other of the foci, and those whidi pass 
through the same focus contain a constant angle eqnal to the 
angle between the asymptotes ; and two of the chords of inter- 
section of the circle with the asymptotes are tangents one to 
each of two fixed parabolas ■whose foci are at the foci of the 
hyperbola. 

446. If two c 
every two conjug; 

totes must be at right angles. 
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447. If two parallel chords of a conic meet any tangent 
to the same in T and and if any straight line meet the 
chords In 0 and o and the tangent in then 

OT\ ot— OL : oL, 

Hence shew that the ratio of any two infinite parallel chords 
of a conic is finite, being a ratio of equality in the case of 
the parabola, and being equal to the ratio of the distances 
of the chords from the parallel asymptote in the case of the 
hyperbola.* 

448. From two points 0 and o parallels are drawn to the 
asymptotes of a hyperbola, the parallels to one asymptote 
meeting the curve in M and and the parallels to the other 
meeting the curve in N and n ; shew that if 

OM : ON=om : on^ 

the points 0, 0 must lie either on one diameter or on a pair of 
conjugate diameters. 

449. Prove by the Cartesian method or otherwise that if 
Ci, GB and Cbc, OB be semi-axes of a fixed and a variable 
confocal ellipse respectively, F a point of contact of the latter 
with an ellipse drawn through the four extremities of the axes 
of the former, and FN the principal ordinate of P, then 


Deduce that the locus of P Is a hyperbola ; and likewise deter- 
mine its foci and asymptotes by considering special cases of 
the theorem. 

450. Every ellipse drawn through the four extremities of 
the axes of a given ellipse is cut orthogonally by a hyperbola 
confocal with the given ellipse and having its equal conjugate 
diameters for asymptotes.t 


* See the notes on Gemietrical Evaluations by R. W. Genese, H.A., in the 
Messenger of MatTiematics, vol. iv, pp. 154 — 6 (1875). 

t See Wolstenholme’s Mathematical Prohkmsj No. 1182 (ed. 2, 1878). 

M2 
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45 1; Find the locus of a point whose polar with respect 
to a conic cats off a constant area from the space between two 
given conjugate diameters; and find- the envelope of the polar 
of a point whose ordinates cut off a constant parallelogram from 
the same. 

. 452. Having given the asymptotes of a hyperbola and a 
point on the curve, determine Its foci and directrices. 

453. Having given a focus and two points of a hyperbola 
and the direction of one of its asymptotes, or having given a 
focus and one point and the directions of both asymptotes 
shew how to construct the curve.^ ^ 

454 - Gmn the centre of a hyperbola and three points on 
the curve, determine the directions of its asymptotes. 

455. Having given the centre of a hyperbola and a self- 
conjugate triad, determine the directions of its asymptotes. 

56. Having given four points and the eccentricity of a 
hyperbola, or four points and the direction of an asymptote or 
three points and the direction of an asymptote and the eccen- 
tricity, shew how to construct the curve. 

457. If three straight lines be drawn from three given 
poles and two of their intersections lie on fixed directrices, 
their third intersection will trace a curve of the second order! 
By the above system of radiants or otherwise describe a 
Lnlo Enviim’ dven one asymptote and three points or tlie 
directions of both asymptotes and three points on the ciuTe.f 


* Five data in general determine a conic. An asymptote is equivalent to two 
data, viz. to a tangent and its point of contact or two coincident points on the curve: 
having given the direction only of an asymptote we have one of the two points at 
infinity on the curve : a focus will be seen to be equivalent to two conditions. 
Compare the note at the end of Salmon’s Conic Sections, » On the Problem to describe 
a Conic under Five conditions.” 

t See Leslie’s Geometry of Curve Lines, Book ii, props. 10, 21, 22, 
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45 S, Having given four points on any conic and one point 
on Its director, or having given four tangents to an equilateral 
hyperbola, shew how to construct the curve.^ 

459. The area of the sector of a hyperbola made by joining 
any two points on it to the centre is equal to the segment 
cut off from the space between the curve and its asymptotes by 
the ordinates of the same two points to either asymptote ; any 
other two ordinates in the same ratio as the formerj cut off an 
equal segment ; and the segment cut off by any two ordinates 
is bisected by the ordinate which is a mean proportional to 
them. Prove also that if two equal hyperbolas have two .of 
their asymptotes coincident and the other two parallel, any 
parallel to their common asymptote will cut off from the space 
between two adjacent branches produced to infinity an area 
equal to the parallelogram contained by the said parallel and 
the three asymptotes. 

460. If 0 , P, < 5 , P... be any number of points on a branch 
of a hyperbola whose abscissae CK^ CL^ 021 ^ CN.,, on either 
asymptote are in continued proportion, the hyperbolic sectors 

P, OCQ^ OCR,,, will be in arithmetical progression, and 


* The first case of Ex. 458 may be made to depend upon the second by recipro- 
cating the conic with respect to the point on its director, as is done in GA3E;I^’s 
The Geometrical Construction of a Conic Section subject to Five Conditions of passing 
through given j^oints and touchbig given straight lines, deduced from the j^'operties 
of Involution and Anhar7no7iic Ratio, toith a variety of general Properties of Curves of 
the Second Order, p. 53 (Cambridge, 1852). It is in this very able tract that the term 
Director seems to have been first used to denote the locus of intersection of tangents 
at right angles to a conic. The term is defined on p. 26, and in the Preface we read : 

By a well known property of conic sections, the locus of the point of intersection 
of two tangents at right angles to one another is in general a circle concentric with 
the conic section, and when the curve is a parabola the locus is the directrix. There 
are several remarkable properties of this locus wdiicli, as far as the author is aware, 
have not been hitherto noticed, and he has found it convenient to denominate it the 
Director of the conic section, w-hich in the case of the parabola coincides with the 
dii'ectrix.’^ 

f It is easity seen that the four ordinates to either asymptote o ’ the xtremities 
of any two parallel chords are proportionals, and that the ordinate of the point of 
contact of any tangent is a mean proportional to the ordinates oi ilie extremities of 
any parallel chord. 



166 


EXAMPLES, 


the segments OKLP, OKMQ, OKMB.., will be In arithmetical 
progression. Given any three terms of a geometrical series 
and the logarithms of two of them, shew how to determine 
geometrically the logarithm of the third.* 


* For the first part of Ex. 460 see Gregokii a. S. Vincbntio Opus Geome- 
icum O.uadraturm Circuli et Sectionum Coni, lib. VI. prop. 125, p. 594 (Antyeipia 
us Geometricum Posihumumad Mesolahium, prop. 24, p. 252 (Grandav{ 
^nd part may be solved by taking hyperbolic segments in arithmetical 
represent the logarithms of a corresponding series of abscissse v-hich are 
progression, as was shewn by Alf . Ant. de Sarasa in a tract published 
(Antv. 1649} in vindication of Greg, de St. Vincent against some aspersions of 
Marinus Mersennns. Logarithms may also be represented by the ‘‘ residual arcs" of 
a parabola (Booth’s New Geometrical Methods^ vol. I, p. 293). 
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CHAPTER VL 

THE EQUILATBHAIi HYPERBOLA. 

61. The Equilateral Hyperbola Is a hyperbola whose latus 
rectum is equal to its axis or latus [transversum it is also 
called Uectangular since its asymptotes are at right angles. 
This curve and the circle, which is an equilateral ellipse, may 
be together designated the Equilateral Conics, 

The properties of the equilateral hyperbola may for the most 
part be derived from those of the general hyperbola by equating 
its axes to one another and to the latus rectum, or ®by sup- 
posing the angle between its asymptotes to become a right 
angle; but since several of the special results thus”obtainabIe 
may also be proved independently with peculiar ease, some of 
them in terms equally applicable to the circle also, we shall 
here treat the hyperbola in question to a great extent ah initio^ 
leaving it to be shewn in the sequel how certain of the 
properties of the equilateral conics may be transferred to central 
conics in general by the method of Orthogonal Projection. 

62. The latus rectum being supposed equal to the axis, 
it follows from Art. 33 that 

PN'^ = AN.A'N^ CN'^ - CA% 

which will however be proved independently in Art. 63. 

The axes being equal, the radius of the director circle 
vanishes (Art. 40), or the equilateral hyperbola has no tangents 
at right angles except its asymptotes. Again, it follows from 
Art. 45 that every diameter is equal to its conjugate, wliich 
leads to many further simplifications; but in this chapter w’c 


* In other words, this hyperbola is called equilateral because the sides of the 
FIGURE iqyo7i its axis (Schoi, A, p. 82) are eqjiaJ. 



^0g the equilateral hyperbola. 

shall commence by defining any diameter which does not meet 
the curve as equal in length to its conjugate, m pursuance 
S tL analogy between the equilateral hyperbola and the 

It is\o\e noted at the outset (Arts. 35, 54) that the eceen- 
icity of the equilateral hyperhola is the ratzo of the diagonal 
III side of a SQUARE, that the foot X of the directrix bisects 

CS, and that 


proposition I. 

63. The principal ordinate of any point on an equilateral 
hypMa is a mean proportional to its ahscisses. 

If Xbe the foot of the £f-directrix and t 
point of CS, and if TX be the principal ordinate of any point 

P on the curve, then 



,Wo« = 

or pS' is iKjuaito ON ’ ^"-01 AN. AN. 
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' It is further evident from the figure that if Pn be an ordinate 
to the conjugate axis, 

Pn^^ GA% 

as might also have been inferred from the consideration that the 
square of the conjugate semi-axis is - CA\ 

PROPOSITION II. 

64. Any tivo conjugate diameters of an equilateral Jiyperlola 
make complementary angles with either axis and make equal 
angles with either asymptote. 

(i) If 7 be any point on the directrix and 8Z be at right 
angles to SV^ it is evident that GV and /SF are equally 
inclined to the axis and GV and 8Z make complementary 
angles ^vlth the axis. The proposition then follows at once 
as a special case of Art. 14; it may also be proved inde- 
pendently as below. 

(ii) Let Q and q be any two points on the curve, QM and 
qm their principal ordinates, 0 the middle point of Qq and 
OL its ordinate, qK a parallel to the axis meeting QM in 
and n the point in which Qq meets the axis. 

Then since QM^ + GA^ is equal to GM^ and 
to 


a 



therefore QiP qrr^ = (71P ^ Gm\ 

or gm ; GM-\- Gm — GM'^ Gm : QM-j- < 

that is to say, 


or the angle OGL is equal to the angle qQK. 
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Hence if the chord Qq be parallel to a fixed diameterj the 
locus of its middle point 0 will be a second fixed diameter 
and the inclinations of the two diameters to either axis 'vviii 
be complementary, and their Inclinations to either asymptote 
will therefore be equal, and conversely. 

Corollary 1. 

It is evident that any two diameters which are either 
conjugate or at right angles must lie on opposite sides of an 
asymptote, and therefore that one of the two and one only 
meets the curve. It is likewise evident that if two equal 
diameters be taken on opposite sides of either axis, the one 
will be equal and at right angles to the conjugate to the other, 
and conversely that any two diameters at right angles are equal 

Corollary 2. 

If the normal at P meet the axes in Q and g and the 
conjugate diameter in P, it is evident that PCG is an isosceles 



triangle having each of its angles at G and Q complementary 
to FCG^ and hence that PG = FC^Pg^ or P is in this case 
the centre of the circle of Art. 59. Hence or by Art. 45, Cor. 1 
the normal is also equal to CD. 

Corollary 3. 

The angles between any two diameters or chords are equal to 
the angles between the diameters conjugate thereto. For example, 
if PQ and PQ be any two chords drawn from the same point P 
on the curve and P'Q and P'Q be the chords supplemental 
to the former from the further extremity P' of the diameter 
through P, the angles between the former will be equal to 
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angles between tbe latter (Art. 44), or any chord QQ of an 
equilateral Jiyperhola subtends at the extremities of any diameter 
PP angles which are either equal or supplementary. It will be 
seen that the angles subtended are supplementary when the 
diameter and the chord intersect within the curve (as in the 
figure of Prop. lY.) and equal when they intersect without 
the curve. 

Corollary 4. 

The locus of the centre of an equilateral hyperbola circum- 
scribing a given triangle is its nine-point circle.^ since the 
diameters to the middle points of its sides contain two and two 
the same constant angles as the sides to which they are 
conjugate.^ More generally it may be shewn that the circum- 
scribed circle of any self-conjugate triangle passes through the 
centre^ since the diameters to its angular points are conjugate 
to the directions of its opposite sides. 

PROPOSITION III. 

65. The projections of any two conjugate semi-diameters upon 
the axes are alternately equal to one another^ and the triangle of 
which they are adjacent sides is of constant area. 

(i) If GP and CD be conjugate semi-diameters, and PN 
and DB he principal ordinates and Dn an ordinate to the 



* Since each side and its perpendicular constitute a hyperbola (Art. 54), their 
intersections belong to the above locus : hence a fresh proof that the feet of the 
perpendiculars lie on the circle which bisects the sides, 
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conjugate axis, we have to shew that On or DE is equal to CX 
m CB is equal to PN‘ which follows at once from tlie 

qii }f varlii GF. CD and of the angles FOX, DC 

(Prop. II.). 

Hence also by Prop, i., 

GE^^DB^-FN^=^ GIF-^FN^=^ CA\ 

(ii) The triangles BCE and FCN being equal, therefore 
A{BGE-^B of-- GOE) = FCN-v DOF^ COE, 
or XF^ii CE] ( GN^ GE] 

which is an equivalent of the theorem that the conjugate 
circumscribing parallelogram of an equilateral hyperbola is 
CA^ (Art. 46) 

PROPOSITION IT. 

66. The base of a triangle and the sum or difference of its 
base angles being given^ the locus of its vertex is an equilakral 
conic.^ 

(i) If the base and the sum of the base angles of a triangle 
be given, the third angle is constant and the locus of the vertex 
is a circle. 

(ii) Let P' CP be a fixed diameter of an equilateral hype^ 
V any point in CP produced, and Q any point on the 

len since QF and QF' are supplemental chords, 
f the acute angles which these make with the 

ttL and the sum of 


constant. 

The latter constant is at once seen, viz. by removing Q 
to infinity, to be equal to twice the angle which the nearer 
asymptote makes with FF' 

This proposition forms prob. 35 of the Arithmetica Universalis, and was Bug* 
gested by Eucl. ni. 21, as is shewn by the preamble : “ Ubi angulus ad verticem, sive 
(quod perinde eat) ubi summa angulonim ad basem datur, docuit EucUdes locum 
yerticjs esse circumferentiam circulij proposuimus igitur inventionem loci ubi 
differentia angulorum ad basem datur.” Newton also stated the corollaiy given 
above in the text for the case in' which the subtended angles are equal. 
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It follows that the angle at P or Its supplement, in the 
triangle QPP\ exceeds the angle at P' or its supplement by a 
constant quantity; and conversely, that if the base PP' of 
a triangle be given and the angle at P or its supplement 
exceed the angle at P' or its supplement by a constant quantity, 
the locus of the vertex Q of the triangle will be an equilatei*al 
hyperbola whereof PP' is a diameter, as was to be proved* 

Corollary. 

Hence it may be deduced that the angles which any 
chord of an equilateral hyperbola subtends at the extremities 
of any diameter are either equal or supplementary, as was 
shewn independently In Art. 64, Coi\ 3. 

PROPOSITION V. 

67. At any point of an equilateral hyperbola the ordinate 
to any diameter which meets the curve is a mean proportional 
to the abscisses on that diameter. 

Let QVhe the ordinate of any point Q on the curve to the 
diameter PP'; then since the directions of PV and QV and 
likewise the directions of PQ and P' Q are conjugate, the 
angle PQVk equal to QP'V (Art. 64, Cor. 3), and the triangles 
P^Fand QP'V are similar, so that 


therefore QV^ is equal to PF.P'For OV^--CP\ 
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By changing the sign of CF'‘ we obtain the corresponding 
property, viz. 

of a ^ameter which does not meet the curve in real points. 
PROPOSITION VI. 

68, The product of the segments of any chord drawn through 
ajixe’dpoint to an equilateral hyperbola varies as the square of 

the parallel radius. f* i • ^ 

Let Q(3'he any chord drawn through a fixed point Oand 

V the middle point of QQf, and let CP be the semi-diameter 
parallel to the chord, q the point in which GO meets the curve 
OT the conjugate rectangular hyperbola, and qv the ordinate of 

q to the diameter GV. . , . , 

Then by Prop. Y,, taking for example the case m which 

CP and Cq are terminated by the curve, 



Hence OV^-QV^- ^"=0 : qv^=CO^: Of, 

which is a constant ratio since 0 and q are fixed points. 

It follows that OV^-QV'^ or OQ.O Of varies as CP , and 
\iEOE be any second position of the chord and GF the radius 

parallel thereto, 

OQ.Og:OB.OF==CF^:GF\ 



THE EQUILATERAL HYPERBOLA. 175 

PROPOSITION YII. 

69. If equilateral Tiyperiola circumscribes a triangle it 
passes through its orihocentre^ and conversely and every conic 
which passes through the four points of concourse of two equi- 
lateral hyperbolas is itself an equilateral hyperbola. 

li ABQhe any triangle and AD one of its perpendiculars, 
any equilateral hyperbola which circumscribes the triangle will 
have its diameters parallel to AD and BG equal to one another. 



The hyperbola therefore meets AD again in a point 0 
such that 

that is to say, It passes either through the orthocentre of the 
triangle or through the point in which AD produced meets its 
circumscribing circle. 


This theorem was derived from. Pascal's hexagram in a memoir by Mil. Bai- 
AKCHO.S’ et PONCELET Contributed to Gergonne’s Annales (tome Xi. pp. 205 — 2*20) 
a: the commencement of the year 1821, under the title : Recherckes sur la determination 
dune Hyperbole Eqtiilatere, au moyen de quatrc conditions donnees — yiz. thus. Let s 
hyperbola be described through A, B, O, and the orthocentre 0, and let B and F 
De rhe two points at infinity on the curve ; let H, /, K denote the three points of 
coacom'se (AB, OF), {FF, CB), {AF, CO ) ; then HIK is a straight line parallel to BC 
(since 7 is at infinity) or perpendicular to -4 0, whence it readily follows that S is the 
orthocentre of the triangle AOK and that OF the direction of one asymptote is at 
right angles to A F or OF the direction of the other. The remainder of Prop, vil, 
follows independently from the fact that by adding^ together two equations of the 
form a (x- — y-) -i-bx + cy -h d = 0 we arrive at a third equation of the same form ; 
the property of the orthocentre of any triangle is a special case of this latter theorem 
(Arr. 54). See Prof. Cayley’s iVofe on the Rectangular JHyperbola in the Oxford^ 
Cambridge, and Fuhlin Messenger oj Mathematics, toI, I, p. 77 (1862), 
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it cannot pass through the latter point, for if so .4D and 
would be equally inclined to its axes (xArt. 16, Cor. 2) and 
parallel to its asymptotes, and either B ox G would be at infinity: 
it therefore passes through the orthocentre. 

Conversely, any conic which passes through the three angular 
points and the orthocentre of a triangle must be an equilateral 
■ la. 

30V6r, if three of the points of intersection of any two 
terai u^perbolas be taken as the vertices of a triangle 
curves will pass through its orthocentre; and therefore 
conic through their four points of concourse must likewise 
equilateral hyperbola. 

om this proposition it is manifest that when three points 
fan equilateral hyperbola are given a fourth can be found; 
and hence that when four points are given the curve is in 
general determined. 

Corollary, 

If 5-40 be aright angle, the points A and 0 coalesce and 
AD touches the curve at A. Hence the tangent at any point 
A on an equilateral hyperbola may be determined by drawing 
any two chords AB and AG at right angles and drawing AD 
perpendicular to 50. If be a fixed point, 50 is constantly 
parallel to the normal thereat.® 

PROPOSITION YIII. 

of the distaiices from ihe centre at tcMch any 
of its 'point of contact to any diameter 
t : and ihe product of the intercepts on 


ai w iHd vj v.-~ . 

(i) Let the tangent at Q meet any diameter GP in T, and 
let ^ F be an ordinate to that diameter. 

Then since CP and GQ are conjugate to Qy and 
respectively, they contain equal angles (Art. 64, Coi\ 3), so that 


* The fixed point on the normal (Ex. 279) through which BC passes is otherwise 
seen to he at infinity since when AB and AC are parallel to the asymptotes BQ 
becomes the straight line at infinity. 
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CV: QV^QV: VT. 

Therefore CK CT^ - GV. VT^ GT^^Q F® 

- CP\ 


(ii) If the tangent at Q makes intercepts GT qxlA. Gt on any 
two conjugate diameters, it may be shewn in like manner that 


or 

where CD is the radius conjugate to OQ. 

SOHOniUM. 

An excellent machine for describing any number of ! 
gulah Htpebbolas having the same asymptotes was constructed 
by Mr. H. H. S. Cunynghame, of St. John’s College (1873), on the 
following principle. Let a fixed straight line meet the axis of a 
rectangular hyperbola at right angles in JT; from any point P on 
the curve draw PM and PJV perpendicular to the fixed line and the 
axis; and on (7^pi’oduced take JTO equal to CM, Then 

Oi/ + PJIf= (7iV^+Pif= < 

and conversely if 0 be a fixed point and JfP a variable perpen- 
dicular to the fixed line then provided that the length OMP 
is constant the point P will describe a rectangular hyperbola, and 
its centre C, which is determined by taking JIC equal to OMP, 
will be independent of the distance OJP, The machine itself consists 
of a fixed bar HM and a sliding cross bar placed in a horizontal 
plane : a string fixed at 0 is kept stretched by a weight in the 
direction OMP : and a pencil attached at a point P to the string 
traces an arc of a rectangular hyperbola by the motion of the 
cross bar. By varying the length Oil any number of rectangular 

K 
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hyperbolas having the same asymptotes can be traced tlie 
same length of string. 

a note 0)1 the ITechanical Description of the Cartesian^ by J. 
Hammond, Bath, aland {Amerkan Journal of Mathematics, pure 
lied voL I I. 283, 1878), the following, applicable to 

the Hyperbola, is given. Suppose two thin circular discs A and 
B rigidly attached to each other to rotate about their common 
centre, and suppose the opposite ends of a fine string (which passes 



through small rings at C and D and is kept stretched by the point 
of a pencil at P) to be unwound from the two discs. Then will the 
increments of the lengths CP and DP be as the radii a and I of the 
discs, and P will describe a curve having the property 

a . DP - 1 . CP == a constant, 

which becomes a hyperbola when the discs are equal. If one end 
of the string be wound on to its disc whilst the other is unwound 
the curve traced will have the property 

a . DP + 5 . CP= a constant, 

and will become an ellipse when the discs are equal. 

The mechanical description of the ellipse by the property of 
Ex. 219 was efiected by Guido IJbaldi,^ who was considered to have 
made an important discovery ; but the property is mentioned by 
Proclus (on Eucl. i. def. 4) as was remarked in the first Toltnne 
of the jMrarkmi Philosophic Mathematicc^ auctore Mario Eettino, 
Lib. r. pp. 38 — 45 (Bononiee, 1648). 


EXAMPLES, 

461. Trace the locus of the middle point of a straight line 
cuts off a constant area from a corner of a square. 


* Guidiubaldi PJamsx^haeriorim Universaliimi Theorica, Lib. il, end (Pisatni 
1579 ). 
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462. Place in a rectangular hyperbola a chord which shall 
be equal to and be bisected by a diameter of given length. 

463. The chords connecting the ends of a fixed diameter 
of a circle and of any double ordinate of the same intersect 
upon an equilateral hyperbola. 

464. In the rectangular hyperbola the diameter conjugate 
to the normal at any point is at light angles to the diameter 
through the point; any two diameters at right angles bisect 
chords at right angles, and conversely; and any chord sub- 
tends equal or supplementary angles at the extremities of 
a perpendicular chord. 

465. The centre of an equilateral hyperbola circumscribing 
an equilateral triangle is upon the inscribed circle of the 
triangle, and the centre of the circle is on the hyperbola. 

466. The tangents drawn from opposite foci of a hyperbola 
to any circle which touches both branches intersect upon one 
of two rectangular hyperbolas, each of them having one asymp- 
tote in common with the original hyperbola and having the 
line joining the foci of the latter for a diameter ; and these 
two rectangular hyperbolas will coalesce if the original hyper- 
bola be rectangular. 

467. If two points P and Q move with equal velocities 
along the arms AB and BG of s. right angle, the one starting 
from A and the other simultaneously from P, and if A A' be 
drawn equal to AB and in the direction opposite to BQ^ shew 
that A'P and AQ intersect upon a branch of a rectangular 
hyperbola, and determine its centre and asymptotes. 

468. The circles described upon the six common chords of 
any two rectangular hyperbolas as diameters cut one another 
orthogonally in opposite pairs. 

469. If a parallel to either asymptote of a rectangular 
hyperbola meet any principal double ordinate PQ in 0 and 
the curve in P, shew that 
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470. Of two chords at right angles or conjugate in direction 
in an equilateral hyperbola one and one only is a chord of a 
single branch. Explain the apparent failure of the proof of 
Art. 16 , Cor. 2 which arises from the equality of diameters which 
are conjugate or at right angles in the equilateral hyperbola'^ 
and shew that no circle can Intersect the curve or its asymptotes 
at the extremities of a pair of chords which are parallel to two 
such diameters. 

471. The foci of an ellipse being situated at any two diame- 
trically opposite points of a rectangular hyperbola, shew that 
the tangents and normals to the ellipse at the points in which it 
meets the hyperbola are parallel to the asymptotes of the latter; 
and shew that the tangents to the ellipse from any point of the 
hyperbola are parallel to conjugate diameters of the latter. 

472. If CA he a semi-axis of a rectangular hyperbola, and 
a perpendicular ( 7 Fbe drawn to the tangent at P, the triangles 
A CP and AOY will be similar. 

473. Prove that the feet of the perpendiculars of any triangle 
are a conjugate triad with respect to any equilateral hyperbola 
which circumscribes the triangle ; and shew that the same result 
may also be deduced from Example 76. 

474. Given a chord of an equilateral hyperbola and the 
polar of a given point on the chord, shew how to determine 
two other points on the curve.f 

475. The circle described on the line joining the foci of an 
eqnilateral hyperbola as diameter meets the asymptotes at points 
lying upon the tangents at the vertices ; and the circle described 
about any point on the conjugate axis as centre so as to pass 


It is only in accordance with a convention wMcli is not strictly accurate that 
such diameters are said to be equal. See Chap, iv, Scholium C, p. lOL If 
a triangle simultaneously inscribed in a circle and an equilateral hyperbola, and if 
the perpendicular from A to BC meet the circle in £>, the hyperbola in B, and BU 
itself in F, then FB.FC:=: FA . FJ) = ~ FA. FE. 

f On the given chord AB as diameter describe a circle cutting the polar of the 
given i^omt 0 m X and Fj then will the points {AX, BY) and {AY, BX) be the 
extremities of the chord through 0 at right angles to AB. 
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throngli the vertices meets the curve again at the extremities 
of one of its own diameters. 

476. If and F'Q be any pair of supplemental chords of 
a rectangular hyperbola, and if the tangent at Q and its ordinate 
to PP' meet that diameter in T and F, shew that the bisectors 
of the angle PQP' are parallel to the asymptotes, the segments 
CP and TP' subtend equal angles at and the circle around 

touches QV, Shew also that any chord subtends supple- 
mentary angles at its pole and the centre of the curve, and that 
the inclinations of any two tangents to their chord of contact 
are equal or supplementary to the angles which they subtend 
at the centre. 

477. If a conic pass through the centimes of the four circles 
which touch the sides of a triangle it must be a rectangular 
hyperbola, and its centre will lie on the circumscribed circle of 
the triangle. 

478. The foci of all the ellipses which can be Inscribed In a 
given parallelogram lie on a rectangular hyperbola passing 
through its four vertices. 

479. The lines connecting the extremities of any two chords 
drawn through a focus parallel to conjugate diameters of an 
equilateral hyperbola pass through fixed points on the asymptotes. 
Examine the cases in which the focal chords coalesce or are 
parallel to the axis. 

480. The axis of the rectangular hyperbola which touches 
an ellipse and has its axes for asymptotes is a mean proportional 
to the axes of the ellipse. 

481. Construct a rectangular hyperbola having given the 
centre and a tangent and a point on the curve, or having given 
an asymptote and a tangent and its point of contact, or having 
given a diameter and one other point on the curve. 

482. The common tangents to the circles described on any 
two parallel chords of opposite branches of a rectangular hyper- 
bola as diameters subtend right angles at the extremities of the 
diameter which bisects the chords. 
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483. If two right angles revolve about opposite extremities 
of a diameter of a rectangular hyperbola so that the point of 
concourse of two of their arms is always a point on the curve, 
their other two arms will make equal intercepts on the normal 
at that point, and will themselves intersect upon the curve. 

484. Tangents (or normals) are drawn in a given direction 
to a series of confocal conics: prove that the points of contact 
lie on a rectangular hyperbola passing through the foci and 
having an asymptote in the given direction. 

485. The lines connecting the extremities of any chord and 
any diameter of a rectangular hyperbola Intersect in two points 
which are concyclic with the extremities of the diameter: deter- 
mine the condition that they may intersect on & fixed circle. 

486. Find the points on an equilateral hyperbola at which 
the normal is parallel to a given chord. 

487. The locus of the pole of any chord of a parabola which 
subtends a right angle at the focus is a rectangular hyperbola. 

488. The subnormal at any point of an equilateral hyperbola 
is equal to the central abscissa; the tangent from the foot of 
the ordinate to the auxiliary circle is equal to the ordinate; the 
projection of the normal (terminated by either axis) upon either 
focal vector is equal to the semi-axis ; and the intercept made 
on any tangent by the asymptotes subtends a right angle at the 
point in which the normal meets either axis, 

489. Any two supplemental chords of a rectangular hyper- 
bola fom an isosceles triangle with either asymptote, and con- 
versely. 

490. Any two conjugate diameters of an equilateral hypei- 
bola contain equal and similar triangles with the ordinates and 
abscissae of their extremities to any other diameter. 

491. The sum or difference of the inclinations of any two 
conjugate diameters of an equilateral conic to a fixed diameter 
is constant : distinguish between the several cases. 
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4Q2. Any circle drawn througli the extremities of a diameter 
of a rectangular hyperbola meets the curve again at the extre- 
mities of a diameter of the circle, and Its tangents at those points 
are ordinates of the diameter of the hyperbola. 

493. The circles described on parallel chords of a rectangular 
hyperbola as diameters have a common radical axis. 

494. The ends of the equal conjugate diameters of a series 
of confocal ellipses lie on the confocal rectangular hyperbola. 

495. The straight line joining the feet of the perpendiculars 
from any point of a rectangular hyperbola to two conjugate 
diameters is parallel to the normal at the point. 

496. The opposite arcs cut off by any two diameters of a 
rectangular hyperbola subtend equal angles at any point on 
the curve. 

497. Any two rectangular hyperbolas so placed that the 
axes of the one coincide with the asymptotes of the other inter- 
sect at right angles, and each of their common tangents subtends 
a right angle at the centre ; and if two tangents to a pair of 
conjugate rectangular hyperbolas be at right angles, the straight 
line joining their points of contact subtends a right angle at the 
centre. 

498. If on opposite sides of any chord of a rectangular 
hyperbola equal segments of circles be described, the four points 
in which the completed circles meet the hyperbola again will 
be the angular points of a parallelogram ; and if parallels be 
drawn from any point on a rectangular hyperbola to the sides 
of an inscribed parallelogram, they will meet its opposite sides 
in two pairs of points lying on a circle. 

499. The foot of the focal perpendicular upon any chord of 
a rectangular hyperbola which subtends a right angle at the 
focus lies on a fixed straight line. 

500. The normal at any point P of a rectangular hyperbola 
meets the curve again in §, and BE is a chord parallel to the 


aui 
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normal: prove tliat PiJ, QE and PS', QR intersect on the 
diameter at right angles to OP.* 

501. In any right angled triangle inscribed in an equilateral 
hyperbola the perpendicular upon the hypotenuse is the tangent 
at the right angle. Hence shew how to find a third point on 
the curve when two points and the tangent at one of them are 
given ; and shew that the curve is determined when two points 
and the tangents thereat are given, or three points and the 
tangent at one of them, or two points and the tangent at one 
of them and a second tangent. 

502. Griven the middle points and the directions of two 
chords of an equilateral hyperbola, the two points and the 
intersection of the parallels through each point to the opposite 
chord determine a circle which passes through the centre of 
the hyperbola. 

503. If through each of two points a parallel be drawn to 
the polar of the other with respect to an equilateral hyperbola, 
the circle through the two points and the intersection of the 
parallels will pass through the centre of the hyperbola. 

504. Given the centre of a rectangular hyperbola and a 
self-conjugate triad, determine its asymptotes.t 

505. Two equilateral hyperbolas can be inscribed In a given 
quadrilateral, and their centres are at the points In which 
the diameter! of the quadrilateral meets the circumscribed circle 
of the triangle formed by its three diagonals. 


Examples 471, 482, 484, 492—500 and others are fi'om Wolstenholme’s Mathe- 
.5. 

le centre and PQR the conjugate triad, let CP meet QR in 7, i 
R’ such that Q'V=R'V=^CV; then will CQ' < 
iwing method applies to the general hyperbola (E 
to QR, RP, PQ, anf^ find the two double lines 
■naira of 
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506. Tb® tkree pairs of chords connecting any four points 
on an equilateral hyperbola intersect upon the circumference 
of a circle which passes through its centre. 

507. The nine-point circles of the four triangles determined 
by four given points cointersect at the centre of the equilateral 
hyperbola which passes through the four points.^ 

508. Four points being taken at random in a plane, there 
exists In general one other point in the same and one only 
such that the lines radiating therefrom to the middle points 
of the six lines connecting the four points are inclined at the 
same angles as the lines which they severally bisect. 

509. Given any two points in the plane of an equilateral 
hyperbola and the directions conjugate to the diameters passing 
through them, determine a circle on which the centre lies. 
If a chord and the direction of the polar of a point upon it 
he given, this circle passes through the point and bisects the 
chord and has its tangent at the middle point of the chord 
in the given direction. 

510. Determine the centres of the four equilateral hyperbolas 
which pass through two given points and touch two given llnes.f 

51 1. Given two points of an equilateral hyperbola and 
two tangents to the same, determine the four positions of the 
chord of contact.j: 


* Three other circles may be determined by Ex. 502 and another by Ex. 506, 
making in all EIGHT, which pass through the same point. 

t If A and A' be the given points, C the intersection of the tangents, and X and 
r the points in which they meet the points A, A' and X, Y determine an 

involution throngh one of whose foci P or Q the chord of contact of the two tangents 
must pass : let it pass through P, of which OQ wiU be the Polar. Bisect AA' in I 
and AT in C, and draw a circle through P and I having its tangent at I parallel to 
CQ (Ex. 509). Through the second intersection of Cl with the circle draw Px meeting 
CK in X, and draw the tangent to the circle and let it meet CQ in. y: then the 
intersections of xy with the circle determine two of the required centres, and the 
other two are determined by interchanging P and Q. This construction is given by 
POKCELET in Gergonne’s Annalesj tome Xil., where he corrects (p. 244) the mis- 
statement of the ioint article by Briancbon and Poncelet (xi. 218) that the Jour centres 
lie on ONE circle. 

I Determine as before the point P on the chord of contact and its polar CQ ; 
nnd a third point P on the curve (Ex. 474) j and let F and F' be the foci of the 
involution determined by A, B and the pair of points in which the tangents meet 
AP. Then will PF and PF' be two positions of the chord of contact. 
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51a. Griyen that the centres of all the equilateral hyperbolas 
circumscribing a triangle lie on a circle, deduce the fundamental 
property of the nine-point circle of any triangle. 

513. The three circles whose diameters are the diagonals 
of any quadrilateral belong to a coaxal system,^ whose limitino- 
points are the centres of the two inscribed equilateral hynei^ 
bolas, 

514. The director circles of all the central conics touching 
the same four lines haye a common radical axis,! which is 
also the directrix of the inscribed parabola; and if the conics 
touch but three lines, their director circles have a common 
radical centre. 

515. The circumscribed circle of any triangle which is self 
conjugate with respect to a conic cuts its director circle ortho- 
gonally:! h the conic be an equilateral hyperbola the circle 
passes through its centre : if it be a parabola its directrix passes 
through the centre of the circle. 

516. The base of an isosceles triangle being upon a fixed 
straight line and each of its equal sides passing through a fixed 
point, whereof one is on the fixed line, shew that the locus 
of the vertex of the triangle is an equilateral hyperbola passing 
through the fixed points and having an asymptote parallel to 
the fixed line. 


* See Townsend’s Chapters on the Modern Geometry of the Pointy Line, and Circk 
Art. 189 (vol I. p. 253). 

t This follows from Prop, vii by reciprocation, as in tbe Oxford, Cambridge and 
Dublin Messenger of Mathematics, vol. I. p, 159. A direct proof by mvohtion is 
given in vol. in. p. 31 of the same, by “ W. K. C.” [Olipford.] 

I It may be shewn that the circumscribed circle of the triangle formed by tbe 
three diagonals of a quadrilateral is orthogonal to the circles on its three diagonals 
as diameters. Ex. 515 then follows with the help of Ex. 514 by regarding the sides 
of any self conjugate triangle as the diagonals of a quadrilateral which envelopes 
the conic. This theorem is due to Gaskin, who proved it by the Cartesian method 
in his work (p. 33) already referred, to in the note on Ex. 458. Eight years later 
the equivalent theorem ; “ On donne m triangle conjugiie d une ellipse,. Ja tangevie 
menee du centre de VelUpse an cercle circonsci'it au triangle est egale d la corde iu 
quadrant d^ellipsef was proposed by Cap. Eaure as Quest, 524, in the Nouvelks 
Annales, tome XIX. p. 234 {I860), See also xix. 290, 345; xs, 25, 77; v. oGS 
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517. If through five concyclic points taken in fours five 
equilateral hyperbolas be drawn, their centres will lie on a 
second circle of diameter equal to the radius of the former. 

5 1 8. The locus of the centres of all the conics which pass 
tkough four given points is a conic. Prove that the locus 
will reduce to a circle if any two of the conics through the 
four points be equilateral hyperbolas, and to an eg^uilateral 
hyperhola if the four points He on a circle. 

519. The angular points and the centroid and orthocentre 
of any triangle determine ten triangles whose nine-point circles 
meet in a point ; and this point lies on the circumference of 
the maximum ellipse that can be inscribed in the original 
triangle.* 

520. Shew that the centre of any equilateral hyperbola 
inscribed in an obtuse angled triangle lies upon the circle 
with respect to which the triangle is seif conjugate. 

521. The angular points of a triangle and the extremities 
of any diameter of its circumscribing circle, taken four together, 
determine five equilateral hyperbolas whose centres lie on the 
nine-point circle of the triangle. 

522. A variable triangle circumscribes an equilateral hyper- 
bola and its nine-point circle passes through the centre of the 
curve: prove that the locus of the centre of its circumscribed 
circle is the hyperbola in question. 

523. Prove that the opposite sides AB and CD of a paral- 
lelogram inscribed in a rectangular hyperbola subtend either 
equal or supplementary angles at any point P on the curve; 
the circumscribed circles of the triangles PAB^ FBG^ PGD^ 
PDA are equal; and the product of the perpendiculars from 
Pto each pair of opposite sides of the parallelogram is the same. 

524. With the extremities of any diameter of the circum- 
scribed circle of a triangle as foci two parabolas are drawn 


* See Mathematical Questions j qc^from the Educational Times, toI. iv. p, 89. 
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touching the sides of the triangle ; prove that the tangents at 
their vertices are the asymptotes of one of the series of rect- 
angular hyperbolas which pass through the vertices of the 
triangle. 

525. Given the base of a triangle, prove that If the bisectors 
of its vertical angle be parallel to fixed lines, or if its two 
sides make equal angles with two fixed straight lines, the 
locus of its vertex will be a rectangular hyperbola whose 
asymptotes bisect the base of the triangle and are parallel to 
the bisectors of its vertical angle. 

526. Given two fixed tangents to a variable parabola and 
a fixed point on its axis, prove that the locus of its focus is 
a rectangular hyperbola having its asymptotes parallel to the 
bisectors of the angle between the fixed tangents and its centre 
at the bisection of the line joining their point of concourse to 
the fixed point on the axis. 

527. If a rectangular hyperbola has double contact with 
a parabola, the line joining the intersection of their common 
tangents with the centre of the hyperbola is bisected by the 
directrix of the parabola. 

528. The circle described with any diameter of an equi- 
lateral hyperbola as radius meets the curve again In three 
points which determine an equilateral triangle ; and conversely, 
the circumscribed circle of any equilateral triangle inscribed 

equilateral hyperbola has one of its radii coincident 
^ and 05 be the 

trisection of the arc lies upon me 

has OA for a diameter and passes through the point of con- 
coimse of OB with the tangent at A to the circle. Deduce 
from the above that the problem, to trisect a given angle, admits 
of three solutions. Prove also that that if points P and Q be 
taken on AB such that 

arc AP~ 2 arc BQ^ 

the intersection of AP and OQ will lie on the hyperbola. 
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529. A pair of mean proportionals to two given magnitudes 
m and n may be found as follows. Describe a parabola of latus 
rectum equal to and with its axis and the tangent at its 
Tertes as asymptotes describe a hyperbola whose semi-latus 
rectum is a mean proportional to m and 2 n] then will the 
distances of their point of concourse from the asymptotes be 
the two mean proportionals which were to be found.^ 

530. The circle described on any radius of a rectangular 
hyperbola as diameter meets the curve in two points whose 
distances from the asymptotes are in continued proportion; 
and conversely, the hyperbola drawn through the point of 
concourse of two sides of a rectangle so as to have the other 
two sides for asymptotes meets the circle circumscribing the 
rectangle in a second point whose distances from the asymptotes 
are a pair of mean proportionals to the sides of the rectangle. 
Hence shew how to find a pair of mean proportionals to two 
given magnltudes-t 

531. The difference of the ordinates of the points In which 
any tangent to an equilateral hyperbola meets the directrices is 
to the difference of their distances from the centre as the diagonal 
to the side of a square ; and their distances from the centre are 
to one another as the focal perpendiculars upon the tangent.f 


* This construction also (cf. Art. 20, Cor.) is ascribed to Meuaechmus. 

t The Delian problem of the Duplication op the Cube (z.e. the construction 
of a cube of twice the volume of a given cube), which so exercised the ancient 
geometers, was reduced by Hippocrates of Chios to the problem of finding a pair 
of mean proportionals to two given magnitudes (Art. 20, Cor, and Exx. 432, 529, 530). 
See Reimer’s EUtoria Prohlematis de OuBi Duplicationb (Grotting^, 1798) • Walton’s 
Problems in iilustratiGn of the principles of Plane Coordinate Geometry^ p. 157 ,■ 
Eretschneider’s Die Geometrie und die Geometer vor Euklides, §78. The method 
of Ex. 530 is employed in G-regoire de St Vincent’s Opus Geometricum Quadratures 
Clrculi (Lib. vi. prop. 138, p. 602), and elsewhere. The Teisection op the Angle 
(Exx. 308, 390, 52S) like the former problem is equivalent to the solution of a cubic 
equation, and either may be effected by the intersection of a circle -^vith a parabola 
as was proved, in the thii'd book of Ms Geometria^ by De3 Cartes j who further shews 
that solid problems in general can be reduced to the same two constructions, and 
gives his reasons for concluding a priori that Prohlemata Solida construi non possint 
absque Sectionibus Conicisj nec quee magis composita sunt sine allis Imeis, magis 
compositisP 

I Exx. 531 — 7 are from Booth’s New Geometrical Methods^ i, 291 — 2 and i. 343 : 
Exx. 538 — 40 from G-regory St. Vincent’s Opus Geom. Quadrat. Circidi^ Lib. Ti. 
props. 146, 156, 166 (pp. 606-16). 
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532. The auxiliary circle of an equilateral hyperbola is the 
envelope of the lines joining the points in which any two diameters 
at right angles meet the curve and its directrices respectively. 

533. If tangents be drawn to an equilateral hyperbola from 
a point on one of its directrices and tbeir chord of contact be 
produced to meet the directrix, the intercept upon it between 
the chord aod the point will subtend a right angle at the centre- 
and if the tangents be drawn from any point not on the directrix 
the focal distance and the polar of the point will intercept on the 
directrix a length which subtends a right angle at the centre. 

534. The intercepts on either directrix of an equilateral 
hyperbola between any chord and the tangents at its extremities 
subtend equal angles at the centre. 

535. The chords drawn from any two fixed points on an 
equilateral hyperbola to a variable point on the same Intercept 
on either directrix a length which subtends a constant angle at 
the centre, the constant angle being a right angle in the case in 
which fixed points are the vertices ; and the angles subtended 
at the centre by the intercepts on the two directrices are together 
equal to the angle subtended by the chord joining the fixed 
points, 

536. If a right angle revolve about the centre of an equi- 
lateral hyperbola, the abscissa of any point on either arm varies 
inversely as the abscissa of the point in which its polar meets 
the other arm. 

537. If a diameter of a parabola meet the curve in P and 
the directrix in M and a length MPQ be taken on it equal to 
the normal at P, the locus of Q will be a rectangular hyperbola 
having its centre at the vertex of the parabola. If M'FQ 
be any second position of MPQ^ shew that the hyperbolic area 
QMM' Q is equal to the product of the arc PP' of the parabola 
and its semi-latus rectum.* 


^ Wiien the diameters are consecutive the distance hatween them is to the arc 
P P' as the subnormal at P to the normal, whence the requhed result readily follows. 
Thus the QUADRATURE of the Hyperbola is reduced to the rectipioation of tk* 
Parabola. 
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538. A Lyperbola having for asymptotes the axis of a 
parabola and the tangent at its vertex cuts the parabola in 0, 
and APQ is drawn from the vertex of the parabola to meet it 
ia Q and to cut the hyperbola in P; prove that if the ordinate 
of Q cut the hyperbola in P, the segment A OP is equal to one- 
third of the segment APP; and if from the latter segment 
JOP be cut off equal to one-third of its area, then will AO' 
and the ordinate of 0' meet QP and AQ respectively on a 
parallel through O to the axis of the parabola. 

539. If from any two points Q and Q' on the above hyper- 
bola parallels be drawn to its asymptotes meeting the curve in 

and iY, A"', the areas OQ^I, OQN, OQM', OQ'N' will 

be proportionals. 

540. If through the point Q a second parabola be drawn 
having the asymptotes for Its axis and the tangent at its vertex, 
the arcs of the two parabolas will trisect the area Q3IN. 

XOTB ON TjBIE NINB-POINT CIBCLE. 

The property of the Nine-point Circle was stated and proved by 
Brianchon and Poncelet in Gergonne’s Annales, xi. 215 (1821). 
See above, p. 175, note. The property may be verified as suggested 
in Es. 512, viz. thus. Each of the six chords connecting a triad 
ABC and its orthocentre 0 (Art. 69) is a diameter of one of the 
series of equilateral hyperbolas which can be drawn through 
A. -S, 6': these six chords a.re therefore bisected by the locus of 
centres (a circle), which also contains tiie three intersections 
A A, P of the chords taken in opposite pairs (Art. 54 and p. 171, 
note). A short proof by inversion of the theorem (Salmon’s Conic 
Art. 131, Ex.), that the nine-^oini circle of a triangle touches, 
its inscribed and exscribed circles, was given by Mr. J. P. Taylor, 
Bellow of Clare College, in the Quarterly Journal of Mathematics, 
vol. XIII. p. 197. The same nine-point circle touches the sixteen 
inscribed and exscribed circles of the four triangles determined by 
a triad and its orthoeentre. 
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CHAPTER VIL 
THE CONE. 

71 . An unlimited straight line which passes through a fixed 
in space and moves round the circumference of a fixed 
e generates a surface which is called a The line in 

of its positions is called a Side or a Generating Line of the 
cone -5 the fixed point is called the Vertex^ and the straight line 
joining it to the centre of the circle is called the AxU of the 
cone.t 

When the axis is at right angles to the plane of the circle 
the surface generated is a Right Gircular cone : in other cases 
the cone is called Obligue or Scalene. In this chapter we shall 
shew that the curve of intersection of a cone with a plane is a 
)r a hyperbola ; and we shall derive their 
ary properties from the cone itself, confining our attention 

general, for the sake of simplicity, to the right circular cone. 

In the particular case in which the section of a right 
circular cone is taken at right angles to its axis, it is evident 
that the section is a circle. Any circular section may be 
regarded as the Base of the cone. 

The Focal Spheres of any plane section of a right circular 

^ ■" the co: 
contact 
their j 


* The complete cone consists of two infinite portions on opposite sides of ibe 
vertex. The (right) cone as defined by Euclid (Book xi. def. 18) is the £ni:e 
figure (p. 193) described by the revolution of a right-angled triangle about one cf 
the sides containing the right angle. 

t The cone and its axis are thus defined by Apollonius at the beginning of hs 
TIspt Kwvifcwv (p. 13, ed. Halley). In the oblique cone, which has two sets 01 
circular sections, this definition gives two lines, either of which may be called :iie 
axis.” In analytical treatises on Solid G-eomctry the term axis is not used as above. 
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section. We shall shew that these points and lines are identical 
with the foci and directrices as hereinbefore defined. 

In what follow^s suppose a plane through the axis and at 
right angles to the base of the cone to be taken as the Flane 
of Reference and the Section to be made by a plane at right 
angles thereto. 


THE OEDINATE. 

PEOPOSITION I. 

72. The squa7*e of the principal ordinate in any section varies 
as the product of the corresponding abscisses, 

(i) Let A and A' be the vertices of the section, PF a 
principal double ordinate meeting AA' in and let the plane 
of circular section through PP’ meet OA' in i, and OA in IT, 
the point 0 being the vertex of the cone. 

Then in the circle PN^^ is equal to LN.MN. And as LM 
moves parallel to itself, MN varies as AN and LN varies as 


0 



-4 A. Therefore PN^ varies as AN,AN^ or the square of the 
ordinate varies as the product of the abscisses. 

^ hen the section cuts all the generating lines on the same 
side of the vertex it is an Ellipse^ and when it cuts both 
branches of the cone (fig. p. 199) it is a EyperhoJa, 


0 
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(ii) If the axis AN of the section be parallel to the side OL 
of the cone, then, in the figure of Art. 74, since the leno-tli L\ 
is constant whilst NR varies as the abscissa AN^ therefore PV" 
(or LN. NR) varies as AN^ and the section is a Parabola, 
Hence it appears that whatever be the vertical angle of tbe 
cone the section is a parabola, a hyperbola or an ellipse according 
as the angles LOA and OAN are together equal to or greater 
or less than two right angles. 

Gorollary 1. 

Since in the former^part of the proposition 
PN'^ : AN, A'N= LN. MN : AN, AN^ AH, AK : AA\ 

where AH and AK are the diameters of circular sections it 
follows that the conjugate axis of the section is a mean proportional 
to the diameters of the circular sections through its vertices^ and 
the semi-axis conjugate is a mean proportional to their radii 
or to the perpendiculars from the vertices of the section upon 
the axis of the cone. 


Corollary 2. 

Hence it readily follows that the orthogonal projection of the 
section upon a plane of circular section is a conic having a focus 
upon the axis of the cone.'^ 

SCHOLIUM A. 

denechmus) is said to have been the discov 
which have been accordingly called after 
the Menmhmian Triads. Thus Proclus in the second book of 
commentaries on the First Book of Euclid, writing on Def, 4, states 
upon the authority of Geminus: “But with respect to these 
sections, the conic were invented by Meenechmus (sz^.), which also 
Erastosthenes relating says, Nor in a cone Mcenechnian ternarm 
diridd^ (Thos. TayloPs Proclus^ i. 134); and see the end of the 
letter of Erastbthenes to Ptolemy, given by Eutokius in his com- 
mentary ht! Archimedes, De Bphcer. et Cvl f Archim. Op., p. 146, 
ed, Torelli), where the same verse. 

M£ve')(fj.eLOVQ KwroTOfieiv rptdSagy 


* This property was given by W. H. Talbot, of Cambridge, in Gergonnii 
Annales^ Xiv, 126. 
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appears in its original context. The authorities are given as above 
ia Bretschneider’s, Bie Geometer und die Geometrie vor JEuhUdes, 
^116, p. loo. 

" The parabola, the ellipse, and the hyperbola were anciently 
regarded as the sections of right circular cones of different angles 
]K\^pianes at right angles to their sides, and were accordingly known 
as the sections of the right-angled, the acute-angled, and the 
obtuse-angled cones respectively. Apolloxius shewed that they 
eould all be cut from one and the same right or scalene cone, and 
he <^ave them their names Barahola, ^Ellipse, Hyperbola, for the 
reason assigned above in Chap. iv. Scholium A, p. 82. See Pappi 
Ales. Collectio, lib. vii. § 30 (p. 672, ed. Hultsch) ; and J. H. T. 
Miiller’s Beitrdge %ur Terminologie der Griechischen Mathematiher, 
p. 25 (Leipzig, 1860). Abghimedes is sometimes wrongly sup- 
posed to have employed the term Farahola, for the reason that one 
of his treatises came to be known by the title, *Ap)(^tf.nidovQ rerpa- 
UapctlooXijQ, whereas throughout the treatise the author 
uses only the periphrasis, rov opQoyojptov icdpov to/llcL In like 
manner he calls the ellipse ij rov o'ivyooplov kcSpov rogd, and the 
exceptional occurrence oi the term Ellipse itself in his work Be 
Conoid, et Spheroid, (lib. i. caj3. 9, &c.) is rightly attributed to an 
error of transcription. 

Eutokius, at the commencement of his commentary on the Conics 
of Apollonius (p. 9, ed. Halley) explains the names of the three 
conics as follows.'^' Let LOE be the angle of the cone, AE the axis 
of the section supposed at right angles to the side OR, and A the 
vertex of the section, which will be a Parabola, a Hyperbola, or an 
Ellipse, according as the angle of the cone is equal to, or greater or 
less than a right angle. The Parabola is accordingly said to be so 
called because AE is parallel to OL : the Hyperbola because the 
angles L OA and OAE together exceed two right angles, or because 
EA falls bej'ond the vertex and meets the side EO produced : and 
the Ellipse because the angles ZOA and OAE are together less 
than two right angles, or because it is a defective circle {kvkXov 
iXkHTTTj). If however the names in question were first introduced 
by Apollonius, it is clear that they are to be explained as on p. 82. 
The property of the ordinate there given is used by him to discri- 
minate between the three conics and forms the actual basis of his in- 
vestigations, so that having once obtained it he makes in reality 
very little further use of the cone. 

TPIE ASYMPTOTES. 

PROPOSITION II. 

73. The sections of a cone hy parallel planes are similar 
curves / and the asymptotes of the hyperbolic sections made hy 


* The passage is given in tlie Greek at the end of Walton's geometrical rrohlems 
(5e: above, Es. 530, note). 


0 2 
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parallel planes are parallel to the sides of the cone vdiicli li- 
on the parallel plane through its vertex. 

If any fixed straight line through the vertex 0 of the cone 
meet a pair of parallel planes in M and and if a variable 
plane through OMN meet the sections made by those planes in 
P and then 

MPiNQ==OM: ON] 

or the parallel vectors MP and NQ are in a constant ratloj and 
the sections are therefore similar. 

If M and N be the centres of a pair of hyperbolic sections 
the vectors MP and NQ become infinite together: hence the 
asymptotes of any two parallel hyperbolic sections are 
parallel to one another, and therefore also to the sides of the 
cone determined by the parallel plane through the vertex, since 
this is a limiting position of one of the planes of section. 

Corollary. 

The angle between the asymptotes of a hyperbolic section 
cannot exceed the vertical angle of the cone; and conversely 
in order to cut a hyperbola of given eccentricity from a cone 
we must take a cone whose vei'tical angle is not less than that 
between the asymptotes* 

THE FOCAL SPHEKES. 

PEOPOSiTiON irr. 

74. The distance of any point of a section from the poini of 
contact of its plane loith either focal sphere is in a constant ratio 
to the distance of the point froni the plane of contact of the sphere 
with the cone^ or to its distance from the line in which that plane 
meets the plane of sectionP 

Let S be the point in which the plane of the section touches 


* The reader who prefers to define a conic as the section of a cone by a plane 
may define its foci and directrices by means of the focal spheres (p. 192), as Pierce 
Morton (Schol, B) proposed to do. The p)roposition will then take the form that 
“ The distance of any point on a conic from either focus is in a constant ratio to its 
distance from the corresponding directrix.” 
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eltlier of its focal spheres, and MX the line in which it meets 
the plane of contact of the sphere with the cone. 

Take any point P on the section, and let Q be the point 
in which the side of the cone through P touches the sphere, 
and let FM be supposed parallel to the axis of the section. 

(i) Then the tangent FS to the sphere is equal to the 
tangent FQ^ and the perpendicular from P to the plane of 
contact varies as FQ^ and likewise as PM; and therefore SF 
varies as that perpendicular, and likewise as PMF 

Hence the point of contact S and the line MX are a Focus 
miFirectnx in accordance with their definition on p. 1. 

(ii) This I'esult is usually obtained, rather less directly, as 
follows. 

Having made the same construction, let the side of the cone 
through the vertex A of the section touch the sphere in F 


O 



and meet the plane of circular section through P in P ; let PN 
be the ordinate of P to the axis AX of the section, and let X 
be supposed to lie In the plane of reference. 


If « and ^ be the inclinations of the axis of tlie cone to tlic axis of tlie section 
and to a side of tbe cone respectively, then SP = cos a. sec (3 . PM ; or the tccentricitjf 
la equal cos a. sec /3, and is therefore limited by the vertical angle of the cone aud 
rannui exceed sec (3. 
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Then since 8P is equal to PQ^ and PQ is equal to 
therefore 8P is equal to EE, 

Hence and by parallels, 

8P ; NX^ EE : NX^ AE : AX 


or 8P is to PM or NX in the constant ratio of 8A to AX, 

In the case of a bifocal conic the second focus and directrix 
are determined in like manner, as is indicated in the diagrams 
of Art. 75. 


PEOPOSITION IV. 

75. The sum or difference of the distances of any point on 
a section from the points of contact of its plane loith the food 
spheres is constant^ being equal to the intercept made by the planes 
of contact of the spheres upon any side of the cone. 

Let 8 and H be the foci, or points of contact of the focal 
spheres, and Q and E the points in which the spheres meet 
the generating line through any point P of the section. 


0 
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(i) Then since the tangents from P to either sphere are 
equal, therefore by addition in the case of the ellipse, 

/gP+ EP= PQ + PE=. QB, 
which is the same for all positions of P on the section. 

(ii) And by subtraction in the case of the hyperbola, 



which is constant, as in the former case. 

Corollary. 

In the first figure if OA and OA\ drawn firom the vertex 
of the cone to the vertices of the section, touch the )8'-sphere 
in E and E\ then 

OA'-A’jS= 0E'=^ 0E= 0A-A8, 
or OA! ~ OA is equal to 8H. In the second figure it may be 
shewn in like manner that OA! + OA is equal to 8H. Hence 
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the cone. 


the eccentricity is the ratio of ~ 
distance of the foci from the centre is ^{0 A 


AA , and the 
OA). 


PEOPOSITION V. 

76. The tangent at any ^oint of section mahes egual angles 
with the focal distances and with the side of the cone.- 

Let TPt he the tangent at any pom P to the section, and 
let the side OP of the cone meet the focal spheres mp snip. 
tLh since the tangents PS and Pp to the fif-sphere are 
qual, and likewise the tangents T8 and Tp, therefore the 



M Angle-property of the f3htC ^ subsequent articles. Tie same 

Messenger of Mathematics p^iWished some years kter m 

StrS S.mj to ~t P-bll-M « W »»" 
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triano*les TSP and TpP are equal in all respects, having their 
angles at T equal and their angles at P and their supplements 
equal 

In like manner it may be shewn that the angles at T and 
tliose at P in the triangles THP and TpP are equal 

Hence I SPt =pPt = pPT = HPT, 

or the tangent TPt makes equal angles with the focal distances 
B? and EP and with the side OP of the cone* 

PROPOSITION VI. 

77 . If tangents he drawn to a section from any point in its 
flane^ and a side of the cone he drawn through either point of 
contact^ the intercept upon it between the focal spheres subtends 
at the point of concourse of the tangents an angle equal to ike 
angle between them. 

It may be shewn as in Art. 76 that the angles STP mi p TP 
are equal, where T is any point on the tangent at P; and in 
like manner that the angles HTP mi p TP are equal. 

Hence LpTp^^ STP+ ETP^ STH-v 2STP. 

If TPh be the second tangent from T to the section, and 
If the side of the cone through R meet the spheres in q and 5 ', 
it may be shewn in like manner that 

LqTc[=^ 8TR i- HTR = PPP/q- 28TB. 

And since the triangles 2}^' and qTq have their sides which 
touch the spheres equal and their bases pp and qcf equal, their 
angles at Pare equal Hence a fresh proof that the angle 8TP 
is equal to HTR (Art. 50) ; and it follows that 

Td^aTf, 

as was to he proved.f 

Corollary. 

ItPTB be a right angle, jp 2^' is a right angle and T lies 
on a certain sphere. The locus of P is therefore the section 


* This may also be proved by the metbod of Art, 48 (i), since OP ^ SP is 
constant. 

t Observe that tlie triangle Tpp is identically equal to the triangle QTH ' of 
Art. 50 (Cor. 2 and Scholium D). 
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of a sphere by a plane; that is to say, it is the circle 
is called the Director Circle. 

proposition VII. 

78 The conjugate axis of any section is a rnean proportional 
to the diameters of its focal spheres, and its latus rectum varies^ 
as the perpendicular to the plane of section from the vertex of 

lTaA’ he the axis of the section and / and F the centres 
of its focal spheres. 



(n Then since fA and FA bisect the supplementary angles 
between AA' and the side of the cone through A, therefore 
by similar triangles /ISid, FBA, 

fS’.AS^AExFH, 


and therefore fS . FR ^8 . AR OB , 

or OS is a mean proportional to the radii of the spheres, an 


2 OB to their diameters. 
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.1i) Draw OL perpendicular to and draw fk and FK 
to the points of contact of the spheres with the side OA of 
tiie cone. 

Then since OK is equal to the semi-perimeter of the triangle 

fJc . OK=^ A OAA' =^iOL. AA\ 

where OK varies as the radius FK, 

Therefore OL .A A' varies as/Zj.i^iT or ] that is to say, 
Oi is in a constant ratio to the latus rectum. 

Corollary. 

If a sphere be described about the vertex of the cone as 
centre, the latus rectum of the section made by any plane 
touching it will be constant, and will be equal to the diameter 
of the circular sections whose planes touch the sphere. 

PEOPOSITION viir. 

79. The sphere of which the line joining the centres of the 
focal spheres of any section is a diameter contains the auxiliary 
circle of the section. 

(i) Since fF (in Art. 78) subtends right angles at A and 

the sphere on fF as diameter cuts the plane of section in the 
circle on AA as diameter, which is the auxiliary circle of the 
section. 

The annexed duplicate proof further establishes the relation 
between the auxiliary circle and the tangent. 

(ii) Through any tangent YZ to the section draw a plane 
through / and likewise a plane through F. These bisect the 
supplementary angles between the plane of section and the 
tangent plane through TZ to the cone, and are therefore at 
fight angles. 

li 8Y and HZ be the focal perpendiculars upon the tangent, 
jT is at right angles to YZ and to the plane FYZ. 

Hence fY is at right angles to FY^ and the sphere on fF 
as diameter passes through F, and its trace on the plane of 
section is a circle, whereof AA is evidently a diameter. 
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Corollary. 

The right angled triangles /uS'F and FSF being similar 
SY.HZ=fS.FH= 

or the product of the focal perpendiculars upon the tano-ent 
constant. 


scHOLixnr b. 


constructions for the Foci and Directrices of the sections of 
due to Hamilton, Dandelin, and others. 

..AMiLTOiv^ of Dublin, in Lib. ii. prop. 

Seciionihus Conicis Traetatus GeomfHom in quo ex natun 
ip Affectiones faeiUme deducuntur methdo norl 

(Londini, 'ishes the following properties. In 

figures of Art. (supposing the spheres to be omitted) if 5 be a 

focus mils taken equal to AS, then (1) the S-directris is 

determined by intersection of the plane of the conic with the 
■ cul n non'-, and (2) the vector SP to any point 

oni e segment PQ cut off by the same 

OP of the cone; and (3) when 
etions are thus determined w 


vh’tually i 
of contact o 
circles of the 


:o the 
S,JP 

of OF and OF', he had 
mig determined as the point 
.Jbed or one of the escribed 
or in other ,s the point of 

the plane He did 

this form 
AS.A'S 
r that C8 


shewed 
the relation 


nm Royale dee Sciences et Belles 
123—153, 1822), in which h 
the of a section are determined by 
SS" (2) that in an elliptic section 

results, so far 
(unlike 
e eoui'se 
mils, or 
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but in neither case does he make any mention of the directrices, 
gee also tom iv. 77 ; Quetelet’s Correspond mca 7natJiemaiiqiie et 
pbisique^ i. 82 ; Gergonne’s Annales, xv. 392. 

' A complete determination of the Foci and Directrices of the 
sections of the cone by means of the Focal Spheres was at length 
proposed by Pierce Morton (B.A., 1825) before the Camlridge 
Fhilosophieal Society in 1829 {Transaetmis^ vol. iii. pp. 185 — 190, 
1S30; and see pp. 228 — 9 of the anonymous Geometry, FJane Solid 
end Bplierical, in the Library of Useful Knowledge, London, 1830). 
From his introductory remarks it would seem that he was not 
aetpiainted with the investigations of Hamilton and Dandeiin. 

THE SEGMENTS OF CHOEDS. 

PROPOSITION IX. 

SO. A chord of a com being divided at any pointy to determine 
the rectangle contained by its segments. 

Upon the surface of a right or scalene cone take any two 
pobts A and A' (figures of Art. 75), and in the line AA' or 
its complement take any point X : it is required to determine 
the magnitude of the rectangle XA . XA\ 

Take any fixed circular section KBK\ and from the vertex 0 
of the cone draw a parallel to A A' to meet its plane in 
and let the plane AOZA' meet the fixed circular section in 
K and E’ and the parallel section made by a plane through X 
inFandX. 

Then by similar triangles AEX^ ZKO and A'E'X^ ZK'O, 
XA . XA' ; XX, XX' = ZO ^ : ZE. Zli', 

where (1) the latter ratio depends only upon the direction of 
AA'j since when this is given the point Z is known and the 
product ZK.ZE' is determined, and (2) the magnitude of 
AX. XX' depends only upon the y^osition of X in space. 

By taking A and A' on a given plane of section we deduce 
the results of Art. 16. 


SCHOLIUM c. 

The method of Prop. ix. is frequently attributed to Eamiitoiij 
in whose treatise it holds a prominent place {Sectiones Conioee, 1758, 
Lib. I. props, x. xi.). He supposed that he had thereby settled 
the old controversy about the cone and the plane in favour of the 
ancients, who derived the sections” Irom the cone; not being 
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that the property in question conld he proved ^ano 
t eaual eLe (Art. 16). Hamilton’s proposition had app, 

■,,Vops. 43, 49 (pp. appsnaed^ to^ 

^TTJS auctore JD. Giiavino Giuomo 
"■ -n-here in prop. 48 the ease oi tiro parauei cnords cut p 
, ’chord is considered, and tiie property oi tuO pairs o! pam 
3 is deduced in prop. 49. hae ^so 
■leos ■ or A Few Introduction to the Jlauwiiuiticj, ..■} V, . do 
■ 706), Part n. § 69 (8), p. 255 : ‘‘ In any Come teees 
are cut hv two others, ana all terminate at 
n +ho tfectano-las of^the Segments slinil be Proporthii; 

These’references are given by Abr. PoLertson, SecUomiin Comeu. 
libriseptem, p. 348 (Oxon. 1792). 

EXAMPLES. 


541 The latus rectum of a parabola cut from a given 
right cone varies as the distance between the vertices of the 
section and of the cone. 

542. The foci of all similar sections of a given right coae 
lie upon two other right cones. 

=43 Prove by means of Art. 75 , Cor. that the paraUel 
sections of a cone have the same eccentricity; and give a 
construction for cutting an ellipse of given eccentricity trom 


a given right cone. 

344 The eccentricity of a section is a ratio of majority 
or miimrlty according as the acute angle between the axes 
of the cone and of the section is less or greater than halt the 
vertical angle of the cone. 

343 If two or more plane sections have the same direc- 
trix, the corresponding foci lie on a straight line through 
the vertex of the cone. 

346. Shew bow to cut from a given right cone an ellipse 
whose axes shall be of given lengths, or whose latus rectum 

and area shall be of given magnitude. 

547. The area of the triangle through the axie'^, in the right 


awn tliroii 
The truing 
vertex of 

See Cliasles, Aiierqih EUtoruiiu 


be made by planes at right angles to the 
iefined as on p. 192) at right angles to 
of the cone) was the triangle deternni.Ai 
of the conic upon the plane throiiga me 
;(ed. 2, id75). 
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cone, taries as the squaie of the minor asis of the section 
and the volume cut off from the cone by the plane of the section 
varies as the cube of its minor axis, and is of constant magnitude 
so long as the minor axis is constant. Is the same true of the 
scalene cone? 

548. If the minor axis of a section he given in length and 
direction, the locus of the centre of the section is a hyperbola. 

549. Given a right cone and a point within it, constract 
the two sections which have the point for a focus; and shew 
that their planes make equal angles with the straight line 
joining the point to the vertex of the cone. 

550. The vertical angle of a right cone being a right angle, 
the pei-pendicular from the vertex to any plane is equal to 
the semi-latus rectum of the section made by that plane. 

531. Shew how to cut a section of maximum eccentricity 
from a given cone. Under what conditions is it possible to 
cut a rectangular hyperbola from a cone? 

552. Shew how to place a given section (when possible) 
in a given cone. 

55 j* If from the centre (7 of a hyperbolic or elliptic section 
a line GW be drawn at right angles to the axis to meet the 
sides of the triangle through the axis, the square of the semi-axis 
conjugate is equal to CV.OV'; and the semi-axis conjugate is 
equal to the distance of G from the vertex of the cone in the 
case m which the transverse axis of the section is parallel to 
the axis of the cone. 

_ 554 ' Two right cones of supplementary vertical angles 
being placed with their axes at right angles and their vertices 
coincident, shew how to cut from , them a pafr of conjugate* 
hyperbolas. Shew also that if the two cones be cut by a plane 
perpendicular to their common generating line, the directrices 
of one of the sections will pass the foci of the other. 


That is to say, conjugate in form and dimensions, but not lying in the same 
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555. The locus of the centres of the elliptic sections whose 
major axes are equal is a prolate or oblate spheroid. 

556. If V be the vertex of a right angled cone, and FX 

the ordinate of P in a parabolic section whose vertex is ^4 
shew that the semi-latus rectum is equal to FT-- AX'. ^ 

557. An ellipse and a hyperbola lying in planes at right 
angles are so situated that the foci of each are at the vertices 
of the other. Shew that if S be the vertex and A the focus 
and P any point upon a branch of the hyperbola, and if Q 
be any point on the ellipse, then 


558. If two cones be described touching the same two 
spheres, the eccentricities of their sections by identical planes 
are in a constant ratio. 

559. The vertex of a right circular cone which contains 
a given ellipse lies on a certain hyperbola, and its axis touches 
the hyperbola, and conversely. 

560. Two parallel tangents to a section of a right cone 
meet in M and M' a plane which touches the focal spheres 
in points Q and Q' on a generating line : shew that a circle 
goes round IIQM'Q'. 

561. Determine the asymptotes of a given section of a 
scalene cone. 

562. Assuming that one focus of the shadow of a sphere 
standing on a horizontal plane and exposed to the light of 
the sun is its point of contact with the plane ; find the envelope 
of the corresponding directrix, and the locus of the remainiDg 
focus, for a given day and place. 

563. By properties of the cone, or otherwise, find the locus 
of the extremity of the shadow of a vertical gnomon erected 
on a horizontal plane, on a given day and in a given latitude, 

564. The centre of a sphere moves in a room a vertical 
plane which is equidistant from two candles of the same height 
from the floor: determine its locus if the shadows upon the 
ceiling he always in contact. 
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565. If a point move in a plane in suet a way that the sum 
or difference of its distances from two fixed points, one of which 
lies ill the plane and the other without it, is constant, its locus 
will be a plane section of a right circular cone whose vertex 
is at the external given pomt. 

566. Prove in Art. 75 that 8 E and SE' bisect the diameters 
of the circular sections through A' and A respectively ; and that 
SO, AE\ AIE cointersect, and hence that B and E'E produced 
divide AA harmonically. . 

567. Prove from the cone that the intercept on any tangent 
to a conic between the curve and a directrix subtends a right 
angle at the corresponding focus. 

568. Prove also that the tangents from any point to a 
section subtend equal or supplementary angles at either focus. 

569. A tangent to a right cone being drawn, there may 
always be drawn through it pairs of planes cutting the cone in 
sections which have equal parameters. 

570. The section of maximum parameter which can be 
di-awn through a given point on a right cone has its plane 
at right angles to the generating line through the point, and 
has its tangent at that point parallel to the base of the cone. 

571. Through a given point on a right cone there may be 
drawn any number of planes making sections which have equal 
parameters; and the envelope of these planes is another right 
cone, having its vertex at the given point and its axis coincident 
with the side of the original cone through that point. 

572. In a given right cone, the locus of the foci of all 
equal parabolas is a circle whose plane is parallel to the base ; 
the locus of the foci of all the parabolas whose planes ai-e 
parallel is a straight line through the vertex of the cone ; and 
the locus of the foci of all the pai-abolas that can be drawn 
in the cone is another right cone having the same axis. 

573. The sphere inscribed in a right cono so as to pass 
through a vertex of a section intercepts upon the axis of the 
section a length equal to its latus rectum. 

p 



210 


EXAMPLES. 


574. If sections of a right cone be made haying one of their 
vertices at a fixed point on the cone, their circles of curvature 
at that vertex lie upon a sphere inscribed in the cone. 

575. The sum or difference of the tangents from any point 
on a conic to the circles of curvature at its vertices is constant. 

576. Prove from the right cone that a conic section mav 
be regarded as the locus of a point such that the sum or 
difference of the tangents therefrom to two fixed circles is 
constant. 

577. Prove from the right cone that a conic section is the 
locus of a point such that the tangent therefrom to a fixed circle 
is in a constant ratio to its perpendicular distance from a fixed 
straight line ; and prove that in the case in which the straight 
line cuts the circle it is the chord of real doulle contact of the 
circle with the conic and prove that the above-mentioned 
constant ratio or modulus is equal to the eccentricity of the conic. 

578. Two circles have double internal contact with an 
ellipse, t and a thii'd circle passes through the four points of 
contact. If T be the tangents from any point on the 
ellipse to these three circles, prove that = tL 

579. Notice the forms assumed by the several properties 
of the acute-angled cone when its vertical angle is diminished 
indefinitely, so that the surface becomes a cylinder. 

580. An oblique cone or cylinder being described upon a 
circular base, shew that its subcontrary sections are likewise 
circular.! 


* Hence it appears that a focus of a conic may be reganUd as an evanescent circle 
having douhh contact zeitk the conic at the two imaginary points in which it is 
intersected by the corresponding directrix j and it may be inferred that the lines 
joining the focus to the two imaginary points at infinity through which all cii'cles 
pass are tangents to the conic, and hence that all conics which have the same two foci 
may he regarded as inscribed in the quadrilateral which has the two foc^ and the two 
circular points at infinitg for its opposite vertices. See Salmox^S Cmiic Sections. 
chap. XIV, on Methods of Abridged Notation. 

I If CM be the central abscissa of a point of contact, and CN the abscissa of any 

CM 

point on the conic, the tangent from that point to the circle is equal to 

X Two sections are said to be snhcohtrarg when the traces of their planes 
upon the plane of reference are inclined to the sides of the cone or cylinder at angles 
which are alternately equal. 
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581. Extend the theorems of Art. 72 to the oblique cbne; 
and shew that if through any point on a side of the triangle 
through the axis there be drawn two planes of circular section 
and any other plane hetween them, the third plane will cut 
the cone in an ellipsCj having its minor axis in the plane of 
reference. 

582. If AA be the axis of a section of a scalene cone, 
and AD and Ad be diameters of its circular sections through 
A, shew that the square of the distance between the foci is 
equal to AD. Ad. Shew also in the right cone, with the 
construction of Art. 72 , that the circle di'awn with the middle 
point of AA as centre to bisect AH. and AK passes through 
the foci. 

583. If a scalene cone be cut by any plane at a given 
distance from its vertex, the latus x'ectum of the section will 
be constant.^ 

584. The transverse axis of a section of an oblique cone 
being supposed to lie in ’the plane of reference, prove that the 
circle which touches the axis and passes through the centres 
of the two circular sections which can be drawn through 
either vertex determines the nearer focus. f 

585. If the conjugate axis lie in the plane of reference, 
and if two circular sections be drawn through either of its 


* Tiiis extension of Art. 78, Cor. may be proved as follows. Supposing tbe 
ti-ansverse axis to lie in the plane of reference, let DD' be the diameter (in that 
plane) of the section which is parallel to the base and equidistant with the plane of 
the conic from the vertex 0 (fig. Art. 72) of the cone. Draw OYZ parallel to A A' to 
meet AS in Land BJD' in Z, Then it may be shewn that AT =: OZ, and hence 
that SS ' : AJS = A'K ; AA'. The latus rectum is therefore equal to JOS'. This 
theorem is due to James Bernouilli. See the Leipzig Acta Eruditoinim, ann. 1689, 
pp. 586-8 j and Chasles’ Aperqu Slstorique, p. 19. 

t Exx. 584 and 585 are from Chasles’ AjJcrqii Sistoi'ique, Xote it, p. 285, where 
it is added that the Eccentricity is a mean proportional (Ex. 582) to the distances 
of the centre of the conic from the centres of the two circular sections through either 
of its vertices. It is to be noted that (before the directrix came into general use) the 
eccentricity w’as sometimes defined (1) as the distance of the foci from the centre, 

or (2) as the ratio of that distance to the semi-axis, or (3) as the ratio — ^ , where h 

denotes the semi-latus rectum and a the perihelion distance of the orbit (Euler’s 
Theoria 3Aotuu)n Planetarum et Cometarum, prob. viii, cor, 1, p. 36). 

P 2 
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extremities, the circle upon the line joining their centres as 
diameter passes through the foci. 

586. Every tangent plane to a cone cats the cyclic planes 
pair of lines making equal angles with the line of contact: 

ery plane through two sides of the cone cuts the cyclic 
in two lines which make equal ano-lRg those sides. 

587. The siuh or difference of the angles which any tangent 
plane makes with the cyclic planes is constant. 

. The sum or difference of the lines drawn from the 
vertex of a right cone to the extremities of any diameter of 
a section is double of the line from the vertex to an extremity 
of the conjugate axis. 

sphere drawn through the vertex of an oblique 
in a circle, the plane of a section sub- 
planes of any two great circles 


their planes. 

590. The lines of intersection of any tangent plane to a 
scalene cone with its two cyclic planes are such that the product 
of the tangents of the angles which they make with the inter- 
section of the cyclic planes is constant. 

591. The product of the sines of tlie angles which any side 
of a cone makes with the two cyclic planes is constant, 

592. If a section of a cone be made by a plane which cuts 

the planes of two subcontrary circular sections and the sphere 
containing them In two right lines and a circle respectively, 
raid if a chord bo drawn to the circle from any point of the 
section; the product of the segments of the chord is to 
the prod * ’ '* * Boint to the 


For this very general theorem and its corollaiies see the article by Xr, 
John Walker on Geometrical Propositions relating to Focal Properties of Surfaces 
and Curves of the Second Order in the Camhrhhje and Buhlm Mathematical Journal^ 
vol. vri. pp. 16 — 28 (1852'). The special case of Ex. 504 is also proved in the iifessemw 
of Mathematics, vol. ix. pp. 33, 34. See also Mr. S. A. Eciishaw’s treatise on The Cone 
and its Sections (London, 1875}, 
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593. The above-mentioned constant ratio Is the ratio of the 
nroduct of the sines of the angles which the cyclic planes make 
with the plane of the section to the product of the sines of the 
angles which they make with any side of the cone. 

594. A sphere being drawn through two subcontrary circular 
sections of a cone, and the planes of those sections being pro- 
duced to meet ; prove that their line of Intersection is a directrix 
of the section made by either plane drawn through it to touch 
the sphere, and that the point of contact Is the corresponding 
focus. 

595. From the above construction deduce that any tangent 
to a conic (from the curve to either directrix) subtends a right 
angle at the corresponding focus. 

596. All the right cones which have the same conic section 
for their base have their vertices upon another conic section, 
lying in a plane at right angles to that of the former, the 
foci of each curve being at the vertices of the other, 

597. If a hyperboloid of revolution and its asymptotic cone 
be cut by a plane, their two sections v.-iil be similar.* 

598. If two spheres be Inscribed in a conoidf so as to 
touch a given plane of section, the two points of contact will 
be the foci of the section, 

599. All sections of a conoid made by planes through 
one its foci have that point for one of their foci, and they 
have the intersections of those planes with the directrix plane 
of the conoid for their corresponding directrices. 

600. The cone whose vertex is at a focus and whose base 
is any plane section of a conoid is a right cone. 


* For proofs of tlie theorems of Exs. 597 — 600 see Eutton’s .4 Coiirm of 
T;iatlcs, composed for the use of the Eoyal Militray Academy, toI. ii. pp. 106 — 'iuO 
(I'ith edition, ed. Thomas Stephens Davies, 1843),- and see Eesant’s Conic Sections 
treated geometrically^ chap. SII. 

t A conoid is the surface generated by the revolution of a conic ahoiu: one or 
its axes. 
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CHAPTER VIIL 

CURVATURE. 

81. If PQ be a small arc of a curve and PT Its tangent 
at P, tbe angle QPT is called the Angle of Contact of the 
arc P<9. 

If PQ' be an arc of a second curve touching the former at 
and if QQ' meet the common tangent in T- then will the 
curvature of PQ at P be equal to or greater or less than the 
curvature of PQ' at P according as the limiting ratio of the 
angle of contact QPT to the angle of contact QPT (when FQ 
and PQ' are diminished indefinitely) is a ratio of equalityj 
majority j or minority. 

The Circle of Curvature of a conic at any point P is the 
circle which has the same curvature as the conic at P: it is 
therefore the limiting position of the circle which touches the 
curve at P and meets it again at an adjacent point which 
ultimately coalesces with P: it is also the limiting position of 
the circle which meets the curve at P and at two other pomts 
which ultimately coalesce with P, The centre, radius and 
diameter of this circle are called the Centre of Curvature^ the 
Radius of Curvature^ and the Diaraeter of Curvature of the 
conic at P, and its chord in any direction through P is called 
the Chord of Curvature of the conic in that direction. 

It is easily seen that a circle which cuts a conic must cut 
it in two or four points, and hence that the circle of cuiTature 
at any point P of a conic will in general cut as well as touch 
it at P, and will also cut it in one other point. Any other 
circle touching the conic at P must lie wholly within or without 
the former, and since it cannot cut the conic at P it is easily 
seen that it cannot pass between the curve and its circle of 
curvature at that point. The circle of curvature is therefore 
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the circle of closest contact with the conic at P, and is called 
its Osculating Circle at that point. 

A circle which touches a conic at an extremity of either axis 
will in general meet it again at the two extremities of a chord 
parallel to the other axis; whence it readily follows that the 
circle of curvature at an extremity of an axis is to be regarded 
as meeting the conic in four coincident points. It may also 
be regarded as having double contact with the conic at two 
coincident points,^ and it does not cut the curve at its point of 
. contact. It is easy to determine the points in which any other 
circle touching the conic at the same point meets it again, 
and hence to shew that no such circle can pass between the 
conic and its circle of curvature at that point. 

PROPOSITION I. 

82. The focal chord of curmture at any point of a conic is 
equal to the focal chord of the conic parallel to the tangent at 
that point 

Let FSP be any focal chord of a conic, PT the tangent 
at P, and ESB' the focal chord parallel to PP. 



^ By regarding the centre of curvature at the vertex as the ultimate position of 
the foot 01 the normal at P ■when P coalesces with we deduce from the property 
SG = 6.SP (Art. 10) that the mdius of curvature at A is equal to AS (1 4- e), or 
to the semi-latus rectum. By like considerations it may be shewn that the radius of 

(7A- 

curvature at B in the ellipse is equal to . 
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Describe a circle touching the conic at P and cutting it at 
an adjacent point and let TQ taken parallel to PP'^ and 
let it be produced to meet the circle again in E and the conic 
in Q\ Then by Art. 16 and by a property of the circlcj 

TQ.TE\ TQ.Tg^TP\: TQ .TQ’ : PF, 
or TH: = : PF. 

Let PS meet the circle again in Z7; and let the point Q 
coalesce with P, so that the circle becomes the circle of curvature 
at P. 

Then T likewise coalesces with P, and TQ' with PP\ and 
TE with PZ7; and therefore (from the above proportion) the 
chord of curvature PU (being the limit of TH) is equal to 
the focal chord EF parallel to PT^ as was to he proved.* 

Corollary L 

It follows that in a central conic the chord of curvature at P 

through either focus Is equal to -qj^ (Art. 36, Cor.) : in the 

parabola the chord of curvature through the focuSj or parallel 
to the axisjt is equal to iPP: and in the general conic the focal 

2P(?^ 

chord of curvature is equal to — -j— (Art. 15, Cor. and Ex. 45 ). 

Corollary 2 . 

Given the chord of curvature at P in any one direction, the 
chord in any other direction can be determined. For let PZ7 
be the given chord and PV any other, and let a parallel to the 
tangent at P meet PU in E and PF in P; then it is evident 
from the circle that 

PF:PP=PP:PP, 


* This proof is due to Professor Townsend (Salmon’s Conic Sections, Art. 397) : 
a Yariation of it will be given in Prop, ii., where the circle of cuivatine is regarded as 
the limit of a circle which cuts the conic in three points, two of which ultimately 
coalesce with the third. 

I Draw a circle touching the parabola in P and cutting it in i2 (fig. Art. 32), and 
let MR meet the circle again in K, Then MR , MK ~ MF- = ASP . MR (Art. 23, 
Cor. 2), or 3IK = ASP. Hence another loroof of the result given above in tlie text. 
It is to be noted that any two chords of the circle of curvature equally inclined 
to the normal at P are equal. 
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or the ratio of PV to the given chord PTJ is known. If K be 
supposed to coincide with /S', then 

PV. PF= 8P. PU^ SP. RE, 

which gives an expression for the chord of curvature PV in any 
direction in terms of the focal chord RE (of the conic) parallel 
to the tangent at P. For example, in the parabola it follows 

4/SP“ 

at once that the Diameter of Curvature is equal to ? 

where 8Yis the focal perpendicular upon the tangent. In the 
central conics, supposing KF to pass through (7, we deduce that 

PU , CA 

the Diameter of Curvature is equal to — ^ — ■ [PU being 


drawn through /S), or 


PEOPOSTTION II. 

83. At any point of a conic the chord of curvature in any 
direction is to the chord of ike co7iic in the same direction as the 
focal chords {of the co7iio) parallel to the tangent and to the chord 
of curvature. 

Let a circle meet a conic in three, adjacent points P, 
and let PU be a chord of the circle, and let it meet QQ' in V 
and the conic again in P'. 


Complete the chord Q VQ in the figure of Prop. i. 
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Then by a property -of the circle and by Art. 16 
PV.VU: P7.FF= QV.VQ' : PV.VP'J^ 

where p and q are the focal chords of the conic parallel t 
PFaniQQ\ 

Therefore VU : VP' =^qx p. 

Hence, if Q and <9' (and therefore also V) be supposed to 
coalesce with P, so that the circle becomes the circle of curva- 
ture and QQ becomes the tangent at P, it follows that the 
chord of curvature PZ7 is to the chord of the conic PP' in the 
same direction as its focal chord parallel to the tangent at 
P to its focal chord parallel to PP', as was to be proved.* 

• PROPOSITION III. 

84. To determine the length of the centred chord of curvature 
at any point of an ellipse or hyperbola^ and likewise ike length 
of the chord of curvature drawn in any other direction, 

(I) Let PCF be any diameter of a central conic, QFa 
double ordinate of that diameter adjacent to its extremity?: 
we have to evaluate the central chord of curvature of the conic 
at P. 



* If any focal chord meet the tangent at P in it follows at once by Ex, 79 
(cf. Ex, 447, note) that the chord of curvature at P parallel to it is equal to 
SP HP' 

, as was virtually shewn in Art. 82, Cor. 2. It will he observed that 

Prop. II. alone completely determines the curvature of a conic at any point, but 
it seemed desirable to regard the subject from di^Eerent points of view. 
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Draw a circle touching the conic at P and cutting it at Q, 
and let it meet PP' again in U, and let its chord EQ parallel 
to PP' the tangent at P in T. 

Then since QV^=TF^=TQ. TH, 
therefore TQ.TE: PF. FP' = CE‘ : (7P*, 
or TEiVF=CIFiCP\ 

where CD is the semi-diameter conjugate to CP. 

By making Q coalesce with P, so that the circle becomes the 
circle of curvature at P, we deduce that 

PU:PP'=OE^:CP% 
or PU.OP=2CIP, 

where PZ7 is the central chord of curvature at P. 

(ii) More generally, if QH and PU be parallel chords of 
the circle drawn in any direction, and if QV meet PU in B 
and CD in P, then since QR ; ^ F is a ratio of equality when Q 
coalesces with P,* it is easily seen, as in the former case, that 
ultimately 

PR.TH: PF.FP'= GF : CP'^-, 


T 



and it follows by parallels that 

PE.TExCP.'. :GP\ 

* See Newton’s PHncipia^ Lib. I. Sect. I. lemma 7, cor. 2. Also, upon curvature 
in general, see lemma 11 with the notes in the edition by Mr, P. T. Main (after 
LH. Evans) of Sections XI j and see the Appendix^ pp. 131-111, in that 

edition (Cambridge, 1871). 
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or (rZT being now coincident with the chord of curvature 
PU.PE=‘iOD\ 


PU) 


2 CD'^ 

The Diameter of Gurvature at P is equal to , vdiere pf 

(defined as In Art. 46) is equal to the central perpendicular upon 
the tangent.^* 


PEOPOSITION IV. 

85. To evaluate the common chord of a conic and its circh r/ 
rvature at any 'point* 

If three of the four points in which a circle meets a conic 
coalesce at P and their fourth common point be (g, it follow? 
from Art. 16, Cor. 2 that the chord PQ and the tangent at P 
are equally inclined to the axis; that is to say, the common ckP> 
of a conic and its circle of curvature at any point and tiid^ 
coinmon tangent at that point are eqiially inclined to the axis. 

(i) In the Parabola, let the common chord PQ meet the ash 
in P, and let the common tangent at P meet the axis in Z 
Then it is easily seen that the second tangent TP’ from I 
is parallel to PQ.^ and that PP' is a double ordinate to the axis, 
and that PQ is equal to four times PR or PP.f 

(li) In the Ellipse, let the diameter CD parallel to the 
tangent at P meet the common chord PQ in Z; then will 
, PQ be equal to 2 CD'\ 

'ake a circle of radius CA^ and take any diameter of the 

making the same angle therewith 
the diameter narallel to that tangent 


* Th.e radius of curvature of the general conic may be evaluated by regardix^.g 
centre of curvature as the ultimate intersection of two consecutive noraials, :z.i 
assuming that 80 = e,SP (Art. 10), and PK= ^ latus rectum (Art. 11). The es* 
. PG^ * 

pression (Art. 82, Cor. 2) for the radius of curvature has been obtained in tiii; 

direct manner by Professor Adams {Ox/, Camh. PuhJ. Messenger of Mathemdi^i, 
vol. III. pp. 97-99). 

t The chord of curvature in any other direction may be deduced. For exantpi:-, 
it may be shewn by angle-properties that the circle meets PS produced in a poin: V 
lying on the diameter through Q in the parabola, and hence that P V is equal to 
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TLen if PG meet the circle again in P', 


It follows by Orthogonal Projection that in the Ellipse (the 
=ame letters being used) PX.PQ is equal to twice the square 
o: the semi-diameter parallel to PQ: therefore, the diameters 
parallel to PQ and the tangent at P being equal. 


It is left to the reader to obtain the same result by a method 
applicable to the hyperbola also.^* 


SCHOLITTK. 

Apolloxitjs in treating of maxima and minima takes a point on 
the axis of a conic at a distance equal to the semi-latus rectum from 
its vertex {Conics, Lib. Y. props. 4 — 6, which is in fact the 

centre of curvature at the vertex, althougli ho does not in any 
direct manner touch upon the subject of curvature, Cf. Vincentio 
Tiviaiii’s treatise, Be Maximis et Minimis geometrioa divinatio in 
Ciiintiun Conieorim Apollonii Pergcei adJmc desideratum (Florent. 
1659 o* fmd see Abr. Pobertson’s Sectmmm Conicarmn libri septem^ 
p. 372 (Oxon. 1792). 

Euyghexs came very near to the subject of curvature when 
he propounded his theory linearum ciirvarum evolutione et 

dimensioned’ {Horologium Oscillatorimn, Pars in. Paris. IGTS), 
since the evolute of a curve is the envelope of its normals and the 
locus of its centres of cu vature. The first case of rectification of a 
curve was that of the cubical parabola by William Eeil :f the 
cycloid was rectified soon after by Christopher Weev, Huyghens 
had previously (1657) reduced the rectification of the parabola 
.[Ex. 535, note] to the quadra turo of the hyperbola {Horolog. OscilL 
pp, 72, 77;. 


The proof in the test is given to indicate the applicability of Orthogonal 
r:vi action (chap. IX.) to the treatment of curvature. If any two lines (as PQ and 
:r.e iraigent at P) equally inclined to the axis of the ellipse be projected on -to its 
aiisLliary circle, the projected lines will be equally inclined to the axis: or if the 
term equally inclined be restricted to parallels, .we must say that if two lines make 
equal or supplementary angles ndth the axis, their projections will make equal 
tr supplementary angles v/ith the axis. 

t This was suggested by the Arithmetlca Infinitorian of Wallis (Oxon. 1G5G; : 
Van-Heiiraet seems to have rectified the same curve independently (1659) very soon 
after Xeil. See Montucla’s llistoire des Mathcmatiq;U€Sj Part iv. Liv. vi. §IT, tome ii, 
p. 303, Huyghens awmrds the palm to the later discoverer, considering that iseii’s 
nvGstigation was incomplete {Jloroloa, p). 7*2). 
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The Osmlating Circle received its name from Leibjtitz- 
ITedifafio nova de natura Anguli Contackm'^ ^ OscuK by Gr. Q- L is 
the Acta Eniditorum for 1686 (pp. 289 — 292, by misprint 489~l29‘^'^ 
See also pp. 292 — 300, and the Acta for 1692, pp. 

110 — 116 , 440 — 6 . The subject of curvature was considered bv 
Newton in the seventh and eighth chapters of his Geometria 
Analyiica* 


EXAMPLES. 

601. Prove the following construction for the centre of 
curvature at any point P of a conic. From the point in wbicli 
the normal meets the axis draw a perpendicular to the normal 
meeting 8P in (?, and from Q draw a perpendicular to BP 
meeting the normal in 0 . Then 0 is the centre of curvature 
at P. 

602. The circle which touches a conic at P and intercepts 
upon the diameter through P a length equal to its parameter! 
is the circle of cinwature at P. 

603. The circle of curvature at any point of a conic being 
the circle through that point and two others which ultimately 
coalesce with It, shew that the centre of curvature may he 
regarded as the point of ultimate intersection of two consecu- 
tive normals to the conic. 

604. The circle of curvature at any point of a conic may 
be regarded as touching three consecutive tangents to the 
conic ! 

605. Determine the position of the common chord of a 
parabola and its circle of curvature at an extremity of the 
latus rectum, 

606. The diameter at either extremity of the latus rectum 
of a parabola passes through the centre of curvature at its 
other extremity. 


* For earlier controversies on the nature of the angle of contact see Wallis, De 
Angulo Contactus et SeviicircuH disquisitio geometrica (Oxon. 1656). 

t The parameter of any diameter of a central conic is defined as a third propor- 
tional to that diameter and its conjugate. 

X For proofs of Exx. 603—4 see the section on curvature in Main’s 
Ap 2 )endix (see above p. 219, note). 
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607. The radius of curvature at any point of a parabola 
is double of the portion of the normal Intercepted between the 
curve and the directrix. 

60S. At any point of a parabola the intercept made by 
tbe circle of curvature upon the axis is a third proportional 
to the latus rectum and the parameter of the diameter to the 
point. 

609. At any point Pof a parabola^ If PFbe the projection 
of SP upon the tangent, the chord of curvature through the 
vertex Is a third proportional to AF and 2PF. 

610. If P be the middle point of the radius of curvature 
at P in a parabola, PP subtends a right angle at S. 

61 1. If the normal to a parabola at P be produced to any 
point 0 . express the radius of curvature at P in terms of the 
line OP and its inclinations to the tangents from 0 , 

612. The radius of curvature at an extremity of the latus 
rectum of a parabola is equal to the projection upon the direc- 
trix of the focal chord parallel to the tangent at that point. 

613. Given a circle and a straight line, it is required to 
find a parabola (see Ex. 607) having the line for its directrix 
and the circle for a circle of curvature. 

614. The envelope of the common chords of a parabola and 
its several circles of curvature is a parabola, and the locus 
of their middle points is a parabola. 

615. The tangent from any point of a parabola to the circle 
of curvature at its vertex is equal to the abscissa of the point. 

616. If tangents TQ and TQ' be drawn to a parabola 
from any point T on the fixed diameter which meets the 
curve in P and the directrix in Jf, the centre of the circle 
round TQQ' lies at a constant distance 2PJf from the dlrectrix. 
If 0 be the centre of the circle, P the projection of 0 upon 
the fixed diameter V the middle point of QQ\ and X the 
foot of the directrix, shew that 

OF : Pif- OF : FV ^ MX: 8X. 

Shew also that the radius of the circle varies as ST, 
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617. If from the vertex of a parabola chords AH and 

be drawn equally inclined to the axis, the normals at the 
extremities of any chord parallel to AH intersect upon the 
normal at i?';* and the centre of the curvature at the ex- 
tremity of the diameter which bisects AH lies upon the normal 
at H\ 

618. Triads of points can be found on a parabola such that 
the normals thereat cointersect. The circle through any three 
such points passes through the vertex of the parabola, and 
the centroid of the triangle which they determine lies on the 
hxis. 

619. In Ex. 616 shew that the ordinate of the point of 
concourse of the normals at Q and Q' is to the ordinate of V 
as the product of the ordinates of Q and Q' to the square of the 
semi-latus rectum. Hence determine the ordinate of the centre 
of curvature at P, and likewise the length of the radius of 
curvature. 

620. Give a geometrical method of drawing normals to 
a parabola from a point on the curve. 

621. Determine a point on a given conic at which the 
circle of curvature is of given magnitude ; and in the case of 
the ellipse determine the limits of its magnitude. 


Let Q(2' in Ex. GIG bo supposed parallel to AB. Produce TO to meet the circle 
again in J\" (the point of concourse of the normals at Q, Q'), draw the perpendiciilar 
i\77 to the fixed diameter, and talce JfK equal to TJI upon J//I produced. Then 
it is easily seen that K is a -fixed poini (the position assumed by N when QQ! passes 
through S), and NH : BK ~ 2J/X ; SX. Therefore N lies on a fixed straight line 
through K, which may be proved (from the property of the subnormal) to he the 
normal at R'. For the above I am indebted to the Eev. A. F. Tony, Fellow of 
St. John’s College. The following method may also be suggested : since the angle 
O/SFis aright angle (Ex. 146), wx have an intercept TO between two fixed straight 
lines 1)0 and />7’at right angles snbtcncling a right angle at a fixed point and we 
have to shew that the extremity N ot TO produced to double its length lies upon a 
Or anain, taking three positions of P in Art. 2G — P and P' on 

points to cointersect at a point rvhosc projection upon ths 
prove that PN , ZG - P'N\ ZG' = P"N". ZG" ] whence it follows, after some r 
auctions, that PN + P'N' = P''N'\ On the tetrads of concurrent normals to a 
central conic see Ex, 286, 
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622. If the osculating circle at a vertex of an ellipse passes 
through the further focus, determine the eccentricity. 

623. The cli'cle of curvature at a point on an ellipse passes 
through a vertex : find the point. 

624. The circle of curvature at an extremity of one the 
equal conjugate diameters of an ellipse passes through its other 
extremity. Explain the corresponding result in the hyperbola. 

625. The circles of curvature at the extremities of two 
conjugate radii CF and CD of an ellipse meet the curve again 
in Q and shew that PE is parallel to DQ. 

626. Find the points on a central conic at which the diameter 
of curvature is a mean proportional to the axes. 

627. Express the chord of curvature perpendicular to the axis 
at any point of an ellipse in terms of the ordinate of the point. 

628. Fx’om the point in which the tangent to an ellipse 
at P meets the axis a straight line is drawn bisecting one of 
the focal distances and meeting the other in Q. Prove that 
FQ is one fourth of the focal chord of curvature at P. 

629. If the circle of curvature at P in an ellipse passes 
through a focus, then P lies midway between the minor axis 
and the further directrix, and the parallel to the tangent through 
the focus divides the diameter at P in the ratio of three to 
one. The circle of curvature cannot pass through either of 
the foci if the semi-axis exceed the distance between them. 

630. Shew that a conic can be described with a given focus 
so as to have a given circle of curvature at a given point.* 

631. The foci of all the ellipses w^hich have a common maxi- 
mum circle of curvature at a given point lie on a circle- 

632. The tangent at P In an ellipse meets the axes in S 
and JT, and GF is produced to meet the circle round GHK 
in L : prove that 2PZ/ is equal to the central chord of curvature 
at P, and that CL . GP is constant. 


^ This is a limiting case of the problem to describe a conic of which a focus and 
three points are given. 


Q 
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633. A hyperbola which touches an ellipse and has a nair 
of its conjugate diameters for asymptotes has the same curva- 
ture^ as the ellipse at their points of contact. 

634. At any point P of a rectangular hyperbola, if py 
be a perpendicular to an asymptote, the chord of curvature 

in the direction PN is equal to • 

635. At any point of a rectangular hyperbola the radius 
of curvature varies as the cube of the radius of the curve. 

636. At any point of a rectangular hyperbola the normal 
chord is equal to the diameter of curvature. 

637. At any point of a rectangular hyperbola the diameter 
of the curve is equal to the central chord of curvature. 

638. If from a given point on an ellipse there be drawn 
a double ordinate to either axis, and If to the diameter through 
its further extremity a double ordinate be applied from the 
given point, it will be a chord of the circle of curvature at 
the given point. 

639. The normal chord which divides an ellipse most 
unequally Is a diameter of curvaturCjt and is inclined at half 
a right angle to the axis. 

640. A chord of constant inclination to the arc of a 
closed curve divides its area most unequally when it is a 
chord of curvature. 

641. Every chord of a conic which touches the circle of 
curvature at its vertex is divided harmonically by that circle 
and the tangent at the vertex.^ 

642. The radius of curvature at any point of a parabola 
Is bisected by the circle which touches the parabola at that 
point and passes through the focus. 


* Curvature is measured by the reciprocal of the radius of curvature. 

t The normal in two consecutive positions must cut off equal areas, and must be 
bisected at the centre of curvature. 

J Exx. G41--3 are from the Mathematician^ vol. i. 290 (London, 1845). 
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643. The radius of curvature at any point of a central 
conic is cut harmonically by the two circles which touch the 
conic at that point and pass one through each focus. 

644. If T be the point of concourse of the common tangents 
of an ellipse and its circle of curvature at P, and if 0 be the 
centre of the circle, G the centre and B either focus of the 
ellipse; then Plies on the confocal hyperbola through P, and 
0(7 bisects PP, and PPand /S^Pare equally inclined to OS. 

645. A circle through the vertex of a parabola cuts the 
curve in general in three other points, the normals at which 
cointersect. If the point of cointersection of the three normals 
describe a coaxal conic having its centre at the vertex of the 
parabola, the locus of the centre of the circle will be a conic 
having its centre at the focus of the parabola, and the ratio 
of its axes will be twice as great as the ratio of the axes of the 
former conic. 

646. Find a point P on an ellipse at which the common 
tangents of the ellipse and its circle of curvature are parallel. 
Shew that their common tangents and common chord are 
parallel to the asymptotes of the confocal hyperbola through P; 
and that their finite common tangent is bisected by the common 
chord. 

647. The common chord of an ellipse and its circle of 
ciirvature at any point and their common tangent thereat divide 
their further common tangent harmonically. 

648. On the normal at P to an ellipse FO is measured out- 
wards equal to the radius of curvature : shew that PO is divided 
harmonically at the points Q and Q in which it meets the 
director circle, and that 

1 1 2 

649. The angle between the normals at adjacent points P 
and Q of an ellipse whose foci are S and S' is equal to 
\[PBQa-PS' Q). Deduce that, if PR be the focal chord of 
curvature at P, 


4 


1 


1 
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650. Three points can be found on an ellipse whose oscn- 
lating circles meet at a given point on the curve the three 
points determine a maximum inscribed triangle, and the four 
points lie on a circle. 


» Let BOD a masimiam inscribed triangle, and A the point in which the 
osordating circle at B meets the eUipse again. If B' be a consecutwe position of £, 
the triangles BCD and B'CD must He between the same paraUek. Hence the 
tangent at B is paraUel to CD, which is therefore equaUy inclined to the axis with 
A.B (Art. 85), so that a circle goes through ABCD (Art. 16, Cor. 2). Ex. 650 (except 
as regards the area of the triangle) is due to Stein'EE, who stated the theorem 
without proof in Crelle’s Journal, vol. xsxil. 300 (1846) : it was proved in vol. 
XXSVI 95 by JOAOHMSTAD, who further shewed that the centroid of the three 
points is at the centre of the elliiose, and that the normals at the three points 
cointersect. 
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CHAPTER IX. 

OPTHOGOXAL PEOJEOTIOH. 

86. The foot of tlie perpendicular from any point In space 
upon a plane is called the Orthogonal Projection^ or briefly the 
Projection^ of the point upon the plane. The projection of any 
line or figure upon a plane is the aggregate of the projections 
of its several points thereupon. The term Plane Projection is 
defined in Art. 90. 

The Parallel Projection of any figure upon a plane is the 
aggregate of the points in which a system of parallels from all 
points of the figure meet the plane: when the parallels are 
taken at right angles to the plane of projection we come back 
to the special case of orthogonal projection, to which our atten- 
tion will be In the first Instance confined. 

PROPOSITION I. 

87. The projections of jjarallel straight lines upon any plane 
are parallel straight lines^ and each line or segment is in the same 
ratio to its projection, 

(i) The projection of a straight line upon a plane is the 
common section of that plane with the plane drawn at right 
angles to it through the line, since their common section 
evidently contains the projections of all points on the line. 
The projections of parallel straight lines, being the common 
sections of the plane of projection with a system of planes at 
right angles thereto, are themselves parallel straight lines. 

(ii) If any two parallel straight lines AP and BQ meet a 
plane in A and B (fig. Art. 89), and if AO and BB be 
their projections upon it, then by similar triangles 
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or each of tbe parallels is in the same ratio to its projection, 
and in like manner it may be shewn that any segment of either 
is in the same ratio to its projection. This ratio is the trigono- 
metrical secant of the angle between any of tbe parallels and its 
projection. 

Hence it is evident that parallel straight lines (and the 
segments of one and the same straight line) are to one another 
as their projections upon any plane. 

If two or more systems of parallels be projected orthogonally, 
each line in any system will be in a constant ratio to its 
projection, but this ratio will change as we pass from one 
system to another. 

PROPOSITION II. 

88. The points of concourse of straight lines or cun-es 
correspond to the points of concourse of their projections; tangents 
project into tangents: and a curve of any degree or class projects 
into a curve of the same degree or class. 

(i) Since figures are projected by projecting their several 
points, if two or more figures have a point in common their 
projections must have tbe projection of tbe point in common. 
Thus if a variable line pass through & fixed point, tbe projection 
of the line will pass through a fixed point. 

(ii) If P and Q he adjacent points on a curve, and p and q 
be tbe feet of the perpendiculars from them to the plane of 
projection, then if Q be made to coincide with P the per- 
pendicular Qq must coincide with Pjo, and the point q with p; 
in other words, of PQ become the tangent at P, then in the 
projection pq will become tbe tangent at p. 

(ili) It is hence evident that a curve and any straight line 
ip its plane Intersect in the same number of points as their 
pi'ojectiops, and hence that a curve and its projection must alwajs 
be of the same degree or order 5 and further, that the number 
of tangents which can be drawn from apy point to a cuive is 
tbe same as the number which can be drawn from tbe projection 
of tbe point to tbe projection of tbe curve, and hence that a 
curve and its projection are always of the same class. 
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PROPOSITION III. 

89, The areas of all figures in one filane are in the same 
ratio to the areas of their pr ejections on a gimn plane. 

Let AB be the common section of the primitive plane and 
the plane of projection, and let FA and QB be drawn from 


p 



any two points P and Q in the former plane at right angles to 
i5, and let PG and QD be perpendiculars to the plane of 
projection. Then since AP and BQ are in a constant ratio to 
their projections AC and BQ,^ the rectilinear figure APQB is in 
the same constant ratio to its projection AGJDB, 

In like manner, if PP' be any segment of AP and QQ' any 
segment of BQ^ the rectilinear area PP'Q'Q Is in a constant 
ratio to its projection; and hence the aggregate of any number 
of figures as PP' Q Q Is in the same i-atio to the aggregate of 
their projections. 

But any rectilinear area in the primitive plane may be 
divided into elements as PP'Q'Q by drawing planes at right 
angles to AB^ and any curvilinear area may be regarded as 
the limit of a rectilinear area. Hence every ai'ea is to its 
projection In a constant ratio, which is easily seen to be equal 
to the secant of the angle between its plane and the plane of 
its projection. 

90. Plane Projection, 

The above propositions all follow from the constancy of the 
ratio of A P to its projection, where PA is the perpendicular 
from any point P in the primitive plane to its common section 
with the plane of projection. The relations between the locus 
of P and its projection will evidently still be of the same kind 
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if the former plane be turned about AB into coincidence with 
the latter, the situation of P in its own plane being supposed 
to remain undisturbed. The new position of P will He in AC 
produced, and will be such that its projection G now divides AP 
in a constant ratio. Since all points and their projections are 
thus brought into one plane, we shall speak of the point 0 
which divides AP in a constant ratio as the orthogonal Plane 
Projection of P. 

The relations between a figure and its plane projection may 
of course be obtained directly by plane geometry. Thus if Pp[ 
be an ordinate to a fixed axis, and if it be divided (externally 



or internally) in a constant ratio at p, it is easily proved by 
similar triangles that if the locus of P be a straight line meeting 
the axis in P, the locus of will be a straight line meeting the 
axis in the same point; parallels as PP, FT correspond to 
parallels y}P,yP': and the results of Props. I.— ill. in general 
may be similarly established in ^lano. 

It may be proved also that if two straight lines make 
supphmentanj angles with the axis their projections make 
supplementary angles with the axis. 

The following examples will serve to illustrate the method 
of orthogonal projection. 

91 . The Ellipse, 

A cylinder being regarded as a cone whose generating lines 
are parallel, It follows from Art. 72 that the plane sections of a 
right circular cylinder are ellipses, which may be of any eccen- 
tricity. It follows that an ellipse of any eccentricity may k 
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projected orthogonally into a circle having its plane at right 
angles to the axis of the cylinder. This circle will evidently 
be equal to the minor auxiliary circle of the ellipse. 

An ellipse may also be pi-ojected orthogonally in piano into 
a circle by producing its principal ordinates in the ratio of GA 
to GB^ or by diminishing the ordinates to its minor axis in the 
ratio of CB to CA ; and conversely a circle may be projected 
in piano into an ellipse by increasing or diminishing every 
ordinate in a constant ratio. [Art. 33. 

а. Let an ellipse and a circle be projectively related. Let 
PQ be any one of a system of parallel chords in the ellipse: 

the corresponding chord of the circle, which will itself belong 
to a system of parallels. 

The middle point 0 of FQ corresponds to the middle point o 
oipq] and if the locus of the one be a straight line, the locus 
of the other will be a straight line. But the locus of o in the 
circle is a straight line, and therefore in the ellipse the locus of 
the middle points of any system of parallel chords is a straight 
line. Fi'cm this it is further evident that conjugate diameters 
in the ellipse correspond to diameters at right angles in the 
circle. 

б. Next let 0 be a fixed point and PQ any chord of the 
ellipse passing through it: then pg in the circle will pass 
through the corresponding fixed point o. 



Let GD be the radius of the ellipse parallel to PQ^ and Cd 
the corresponding radius of the circle, which will be parallel 
Then by Prop. i. 

OP : OQ : GD = op : og : Cd. 

Therefore OP. 0 Q : GD^ = op . og : Gd% 
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or {op.ori and Cd in tlio circle being constant) OP.OQ varies as 
the square of the parallel semi-diameter CD. 

c. Since the ordinates PN and pN in the second figure of 
Art.' 33 are as GB to (7A, the area of any segment or sector 
of the ellipse is to the area of the corresponding segment or 
sector of the circle as CB to CA, and the area of the whole 
ellipse is to that of the circle in the same ratio. The area 
of the ellipse is therefore equal to tt .GA .CB^ and it is a mean 
proportional to the areas of its major and minor auxiliary 

circles. 

d. Any maximum or minimum or constant area related to 
the ellipse projects into an area similarly related to the circle. 
Thus the greatest triangle which can be inscribed in a circle 
being equilateral, the greatest triangle whieh can be inscribed 
in an ellipse may be shewn to be that which has its sides 
parallel to the tangents at its angular points and its centroid 
at the centre of the ellipse. 

92. The Equilateral Coyiics. 

Any hyperbola can be projected into an equilateral hyper- 
bola in the same way that an ellipse can be projected into a circle 
(Art. 33) ; and thus from certain properties of the equilateral 
conics (Art. 61) we can deduce corresponding properties of 
central conics in general. For example, having proved for the 
equilateral hyperbola (Art. 65) as well as for the circle, that 
the conjugate parallelogram is equal to iCA~, we infer that 
in any central conic the conjugate parallelogram is equal to 
AA'.BB'. In like manner other projective properties which 
have been established for the two equilateral conics are at once 
seen to be capable of extension to central conics in general. 

93. Properties of Polars, 

Using the same letters as in Art. 41 but supposing the curve 
to be a ciVc/e, we have the angles at o and T right angles, and 
therefore 

GO.GT= Co.Gt^ CA\ 

or Th a fixed point and tT & fixed straight line. 
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la other words, if a chord of a circle pass throngli a fixed 
point 0 the tangents at its extremities intersect on a fixed 
straight line tT^ and conversely. The same follows at once 
for the ellipse by orthogonal projection. 


94. Property of a Quadrilateral. 

AB Cl) be a fixed quadrilateral inscribed in a circle, PQ a 
variable diameter of the circle, Pa^ Pb^ Pc^ Pd perpendiculars 
to ABj CD^ AC, BD respectively; then by Euc. vi. c the 
rectangle Pa.PQ is equal to PA.PB, and thus 


Pa.Ph 


PA. PB. PC. PD 

PQ^ 


Pc.Pd. 


Project the circle into an ellipse. Then (still using the same 
letters) Pa.Ph In the ellipse varies as Pc. Pd, and the lines 
Pa, Ph, Pc, Pd meet the sides of ABGD at constant angles, 
and therefore vary severally as the perpendiculars fi’om P to 
those sides. 

The theorem is inferred to be true for the hyperbola regarded 
as a quasi-ellipse (Scholium C, p. 101), as also for the parabola. 
Hence the products of the perpendiculars from any point on a 
conic to the sides of a fixed inscribed quadrilateral, tahen in 
opposite pairs, are in a constant ratio ; and conversely, if a 
point he thus related to a fixed quadrilateral, its locus will be 
a conic circumscribing the quadrilateral. 

It follows by supposing two opposite sides of the quadri- 
lateral to vanish that the product of the perpendiculars to any two 
fixed tangents to a conic from a variable pomt on the curve varies 
as the square of the perpendicular from that point to their chord 
of contact. 


95. Curvature. 

The common chord of an ellipse and Its circle of curvature 
at any point and their common tangent at that point make 
supplementary angles with the -axis (Art. 85), and may there- 
fore be projected into a chord and tangent at a point of a 
circle making supplementary angles with a given diameter. 

[Art. 90. 



236 


ORTHOGOXAL PROJECTION. 


Given a point 0 on a circle, three positions may be found 
on the curve of the point P such that OP and the tangent at P 
make supplementary angles with a given diameter, and the 
three positions of P determine an equilateral triangle. 

Hence it may be deduced that there are three points on an 
ellipse, lying at the vertices of a maximum inscribed triangle, 
whose osculating circles cointersect at a given point on the 
circumference of the ellipse. [Ex. 650. 

PAEALLEL PEOJECTKm. 

96. The parallel projections of straight lines, being the 
common sections of parallel planes drawn through them with 
the plane of projection, are themselves parallel straight lines ; and 
it is easily deduced that Props. I.— ill. In general are applicable 
to parallel projection. Moreover it is to be noted that in the 
figure of Art. 90 the ordinate PN may be supposed to meet 
the axis at any constant angle and not necessarily at right 
angles. We may therefore ‘^project” a point obliquely also 
in piano by increasing or diminishing its ordinate (drawn in 
any given direction) In a constant ratio. 

Although parallel projection is not essentially more general 
than orthogonal projection, it enables us to effect some con- 
structions with greater ease and directness, as will appear from 
the next article. 

97. Any tioo angles of a triangle may he projected into angles 
of given magnitude. 

(i) Given the angles SUP and HSP^ it is required to project 
them into angles equal to SHg and HSg respectively. This 
may be effected most simply by parallel projection [in piano or 
in space) as follows. 

Take 8H as the axis of projection, and let it meet gP in 
G. Then (1) if : PQ be taken as the projecting ratio, the 
triangle SPR may be projected in piano by ordinates parallel to 
PG into the triangle BgR'^ or (2) if the triangles be situated 
in different planes (having 8R for their common section), the 
one may be projected into the other by lines parallel to Pg. 
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It is hence evident that miy triangle may he p^'ojected hy 
parallel lines into an equilateral triangle ; and in like manner 
that any parallelogram may be projected into a square. 

(li) To project any triangle 8PH orthogonally into an equi- 
lateral triangle, let an ellipse be described about it so as to 
have its centre at the centroid of the triangle. Then if the 
ellipse be projected into a circle, SPH will at the same time 
project into an equilateral triangle Inscribed in the circle, since 
each side of the projected triangle will be parallel to the tangent 
at the opposite vertex. 

LAMBERT’S THEOREM.^ 

98. The intercept on any focal vector of an ellipse between the 
curve and any chord parallel to the tangent at its extremity is 
equal to the diametral sagitta of the nrc cut off hy the corre-' 
spending chord in the auxiliary circle. 

In an ellipse take any focal vector 8P^ let the diameter 
conjugate to CP meet SP in /i, and let any chord QQ' parallel 
to CK meet SP in 0. 

Produce the ordinates of P, Q' outwards to meet the 
auxiliary circle in p, and let yn and o be the middle points 
of Q Q' and qq\ which will lie on a common ordinate onilL 


* This name is given to the theorem in ellir>tic motion deduced below in the 
Scholium from Art, 99. 
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Then PmiPC^poijjC 



by parallels; and PK is equal to pO (Art. 38, Cor. 3); and 
therefore PO and po are equal, as was to be proved. 

If O’ and o’ be any second positions of 0 and o, it follows 
that 00’ is equal to oo \ thus by taking O' at S we infer that 
80 IS equal to the altitude of the triangle Sqq\ If the parallel 
from 8 to qq’ meet Cp in it is thus evident that eveiy 
segment of the line K80P is equal to the corresponding 
segment of the radius Gsop, Hence 

K8. KO = Us .Co^CS. CM, 

since the angles at s and M are right angles. 

99. If in tico ellipses described on equal major axes there he 
taken equal chords Q Q such that SQ-^ 8 Q' is of the same 
magnitude in both ellipses^ the areas of the two focal sectors 8QQ’ 
xoill he in the subduplicate ratio of the latera recta of their ellipses. 

In each of two ellipses having equal major axes make the 
same construction as in Art. 98, with the proviso that SP^ and 
PO shall be of the same lengths in both ellipses; then will QQ' 
and 8Q' be of the same lengths in both ellipses, and the 
areas SQQ' will be in the subduplicate ratio of the latera recta 
of their ellipses, and conversely. 

(i) For the serai-diarneter CD parallel to QQ\ being a mean 
proportional to 8P and AA' — /SP, is of the same length in 

Take SP at random in the less eccentric ellipse, and find an equal SP in 
the other. 
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both ellipses ; and, the sagittse 'po in the two circles being cqna 
! 98), the chords are equal ; whence it follows in virtue 
of the projective relation 

QQ' CD = qq[ X GA, 

that the chords Q Q' are equal in the two ellipses. 

(ii) And since CM is the abscissa of the middle point of 
QQ\ therefore 

SQ-^ 8Q'=^ A A’- 2 

where CS.CM^ or K8.K0 (Art. 98), is the same in both 
ellipses; and therefore also 8Q-\- SQ is of the same magnitude 
in both. 

(iii) It is further evident that the segments qpq are equal 
and the triangles Sqq are equal in both circles, and hence 
that the two sectors Sqq are equal. It follows by projection 
that (the major axes of the two ellipses being equal) the focal 
sectors SQQ are In the ratio of the minor axes of their ellipses, 
or In the subduplicate ratio of their latera recta. Conversely, 
if two focal sectors SQQ of any pair of ellipses described on 
equal major axes be thus related, then will QQ and SQ-[-SQ 
be of the same lengths In both ellipses. 

100. Tlie area of any focal sector SQQ of a central conic 
divided hy the square root of its lotus rectum may he expressed 
in terms of QQ\ 8Q-\'SQ\ and the traiwerse axis^ and is 
independent of the magnitude of the conjugate axis. 

This may be inferred from Art. 99 for the ellipse : or It may 
be proved by the following method, which will be seen to be 
applicable to the hyperbola as well as to the ellipse. 

In an ellipse whose axes are AA and BB' take any diameter 
PGP’j and let JP8 meet the conjugate diameter GI) in If and 
the tangent at P' in P, so that PK is equal to GA and BII 
to AA. 


* Assume that at any point P on the curve SF — CA + e . CX. Noiice also in 
Art. 100 (ii) that SX = PK - SP CA ~SP = e. CX. 
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With S as focus and P and H. as vertices describe a second 
ellipse, and let KL be its semi-axis conjugate. Then if B' 
be tbe further focus of the first ellipse, 

= 8P.P8' = 8P. 8H=^.KL\ 

(i) Let QOQ any double ordinate to PP\ let it meet PE 
In 0 , and let be a double ordinate to PH in the second 
ellipse. Then by the nature of ordinates, 

QO '^ : CH^PO.OP' : CP^ = Po.oE-. KF‘ 

o“ : EL'\ 

or (20 is equal to go and QQ' to gj'- 

(li) And since 8K : GN= 08 : GA= C8 : PK, 

therefore 8K : GM=- G8 : Ho, 

or in terms of the eccentricities e and e, 

and therefore 


= 8q + 8^'. 

(iil) Let a line through 8 at right angles to QQ' meet QQ' 
in m and the tangent at P in «; then will the equal chords 
QQ' and qq' in any two consecutive positions cut off elements 
of area which, being as their own breadths, are in the constant 
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rafw of S7n to So^j and this is also the ratio of the triangles 
SQQ' and Sqq on equal bases. 

Therefore the whole segments QP' Q' and as also the 

sectors SQQ' and Sqq\ are as Sm to So^ or as Sn to 8P^ 
or as GB to CD or KL\ that is to say (the transverse axes 
being equal) the sectors 8QQ' and 8qq are in the subduplicate 
ratio of the latera recta of their ellipses. 

Lastly (calling the second ellipse described as above the 
auxiliary ellipse) if any two ellipses having equal major axes 
be placed so as to have a common focal vector 8P^ they will 
have the same auxiliary ellipse ; and it is inferred by comparing 
each of the two ellipses with their auxiliary ellipse that their 
corresponding focal sectors 8QQ will be in the subduplicate 
ratio of their latera recta provided that QQ' and 8Q-\~ 8Q be 
equal in both. Hence, when the three lengths QQ\ SQ-t- 8Q\ 
AA' are given the area of the focal sector 8QQ' divided by the 
square root of the latus rectum is determined. 


The substance of the preceding section may be found in 
Lamert’s Insigniores Orhitce Cometarum Pr opr let at (pp. 102-125), 
where it is deduced that the time in any arc QQ/ of an elliptic orlit 
described about S is a function of 8Q + 8 Q', the chord Q Q', and the 
major axis, and does not depend upon the minor axis. Lor an 
investigation of the expression for the time the reader may consult 
the Messenger of Mathematics^ vol. vii. p. 97: the result may also 
be obtained in the same form by the following process, which has 
the advantage of giving a more direct geometrical interpretation to 
some of the symbols employed. 

Assuming the results of Arts. 98, 99, and noticing farther that 
sf is equal to CJD (Ex. 651 ), let a denote the angle oCg, and }3 the 
angle sCf Then 

^ Co.Cs CM.CS , 8Q+SQ^ 

P = 1 


and therefore 1 - cos (/3 ± a) 


* See above, p. 57 ; and for a further account of the work see the Messenger of 
Mathematics j vol. IX. p. 63. 


K 
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Let n denote the mean motion in the ellipse: t the time in 
the arc QQ, which is proportional to the sectorial area >SQQ' 

^0,. 9^ B6c.i.Sqq') divided hy the square root of the latus rectum 

(Newton’s Frineipia, Lib. i. Sect. iii. prop. 14, theor. 6). Then 
since in the circle 



\qq' « aect.Cqq' - A (%' “ (“ " sin a. COS /3), 


it may he deduced that 

= {/3 + a - sin {13 + a)} -{13- a - sin (/3 - a)}, 
where /3 + a and /3 - a are known functions of AA', QQ, and 

The corresponding theorem in parabolic motion had been gwen 
hy Euxeu in the JAiscsllttnca FcTolinGnsia^ tom. yii. pp. 19, 20 (1 ^43). 
Lambebt (1761) extended it to the central conics generally ; although 
Tifi-stpll in his elaborate article (Nova Acta Academice Scienttarwn 
Imperialis FeiropoUtanm, tom. i. pp. C140)-(18g, HS?) overlooks 
Lambert’s references in Preface and text (§§57, 9o, 213, &c.; to 
the hyperbola. On the parabola see Examples 691 and 692. 


EXAMPLES. 

651. The diameter parallel to any focal chord of an ellipse 
is equal to the projectively corresponding chord of its major 
auxiliary circle. 

652. The orthogonal or parallel projection of a parabola is a 
parabola ; and an ellipse on hyperbola may be projected into an 
ellipse or hyperbola of any eccentricity. 

653. Shew how to project a parabola and a given point 
within it. so that the projection of the point may be the focus 
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of the projection of the curve and thus deduce (from a pro- 
perty of the directrix) that the tangents to a parabola at the 
extremities of any chord drawn through a fixed point within 
it intersect upon a fixed straight line. 

654. Any two similar and coaxal ellipses may be projected 
into concentric circles. Hence shew that a chord of an ellipse 
which always touches a similar and coaxal ellipse is bisected 
at its point of contact, and that it cuts off a constant 
area from the outer ellipse ; and shew that the portions of any 
chord intercepted between the two curves are equal, 

655. Shew how to project any two coaxal ellipses or hyper- 
bolas into confocal ellipses or hyperbolas; and extend the 
theorem of Ex. 382 to any pair of coaxal conics of the same 
species. 

656. If a chord of an ellipse and the tangents at Its ex- 
tremities contain a constant area, the chord cuts off a constant 
area from the ellipse and touches a similar ellipse, and the 
tangents at its extremities intersect on another similar ellipse. 

657. If CP and CD be conjugate radii of an ellipse, and 
if the lines connecting P and D with opposite ends of the major 
axis intersect in 0; then will DOP and an extremity of the 
minor axis determine a parallelogram. When is its ai’ea least 
or greatest ? 

658. The least triangle circumscribing a given ellipse has 
its sides bisected at the points of contact. 

659. The greatest ellipse which can be inscribed in a given 
parallelogram is that which bisects its sides. 

660. An ?2-gon described about an ellipse so as to have 
its sides bisected at their points of contact Is of constant area, 
and the ^-gon formed by joining every two successive points 
of contact Is of constant area. 


* Let TP and TQ be tbe tangents whose chord of contact PQ passes through 
and is bisected by the given point j and let TPQ be projected into an isosceles triangle 
right-angled at the projection of ^^(Art. 97), 

E2' 
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66 1. If a triangle be inscribed in an ellipse, the parallels 
through its vertices to the diameters bisecting the opposite 
sides meet in a point. 

662. Parallel chords drawn to an ellipse through the ex- 
tremities of conjugate diameters meet the curve again at the 
extremities of conjugate diameters. 

663. Two ellipses of equal eccentricities and parallel major 
axes can have only two points in common ; and the common 
chords of three such ellipses meet in a point. 

664. P, Q, It being three points on an ellipse, a diameter 

AC A' bisects PQ and meets BP in iV and in T- nrove 

665. Through the centre of an ellipse and the points of 
concourse and contact of any two tangents a similar and 
similarly situated ellipse can be drawn. 

666. G are similar and similarly situated ellipses 
and B is concentric with A and passes through the centre of 
0 . Shew that the common chord of A and C is parallel 
to the tangent to B at the centre of ( 7 . 

667. Through a given internal point draw a straight line 
cutting off a minimum area from a given ellipse. 

668. If the tangent at the vertex A of an ellipse meets 
a similar coaxal ellipse in T and T\ any chord of the former 
drawn from A is equal to half the sum or difference of the 
parallel chords of the latter through T and T\ 

669. Determine the greatest triangle that can be inscribed 
in an ellipse with one angular point at a given point on the 
circumference. 

670. Given an ellipse, If a parallelogram be inscribed in 
it so that one side divides the diameter conjugate thereto In 
a constant ratio ; or if a parallelogram be described about it so 
that one of its diagonals is divided in a constant ratio by the 
curve ; the area of the parallelogram will be constant. 
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671. The tangents to an ellipse at P and P' are parallel, 
any two conjugate diameters meet them in D and and any 
third tangent meets them in T and T ' ; shew that 

: P'D\ 

672. A triangle ABC inscribed in an ellipse has its centroid 
at the centre of the ellipse; shew that the tangents at the 
opposite extremities of the diameters through A, P, G form 
a triangle similar to and four times as great as triangle ABC. 

673. If two conjugate hyperbolas having a pair of conjugate 
diameters of an ellipse for asymptotes cut the ellipse at points 
lying on four diameters 1, 2, 3, 4 taken in order: then will 
1, 3 and 2, 4 be conjugate in the ellipse, and 1, 4 and 2, 3 
in the hyperbolas. 

674. The locus of the middle point of a chord of an ellipse 
drawn through a fixed point is a similar ellipse, having its 
centre midway between the fixed point and the centre of the 
given ellipse. 

673. Determine the greatest isosceles triangle that can be 
inscribed in an ellipse with its base parallel to either axis. 

676. Any two radii of a circle and any pair of the radii 
at right angles thereto determine equal triangles: what is 
the corresponding property of the ellipse ? 

677. Any double ordinate to a given diameter of an ellipse 
being divided into segments whose product is constant, the 
point of section traces a similar coaxal ellipse. 

678. If the tangents at T and T' to an ellipse meet on 
a similar coaxal ellipse having AA for major axis, shew that 
the loci of the points (AT, AT') and (AT', A'T) are ellipses 
similar to the former. 

679. If PP' be a diameter of an ellipse and B be 
any two points on the curve, shew that the line joining the 
intersections of PQ^ PB and PP, P’ Q passes through the 
intersection of the tangents at Q and B and is conjugate in 
direction to PP\ 
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680. In a given ellipse shew how to place a chord passino- 
through a given point in the axis which shall contain with 
the radii to Its extremities a maximum triangle. 

681. From the extremities of any diameter of an ellipse 
straight lines are drawn to either focus; shew that the radii 
parallel thereto in the auxiliary circle meet the circle at points 
lying on a chord through the focus. 

682. A triangle of constant area being inscribed in an 
ellipse, find the locus of its centroid. 

683. If Pand Q be projectively corresponding points on an 
ellipse and its major auxiliary circle, the radius of the ellipse in 
the direction CQ is equal to the perpendicular from G to the 
tangent at P. 

684. AA' being a diameter of a conic and Q any point 
on the tangent at A^ shew that the line A'Q cuts the conic 
in a point B such that the tangent thereat bisects A Q, 

685. If CPj CP' be semi-diameters of an ellipse, Q and 
Q' the points in which the conjugate diameters meet the 
tangents at P' and P respectively ; the triangle determined 
by a pair of its semi'^axes is a mean proportional to the triangles 
OPP' and GQQ\ 

686. If a triangle inscribed in an ellipse have its sides 
parallel to the diameters P, b'\ b'" and the focal chords c , c\ 

; and if a, b be the axes and p the parameter of the ellipse, 
and J) the diameter of the circle circumscribing the triangle j 
shew that 

687. The square root of the continued product of the six 
focal chords of an ellipse parallel to its six chords of inter- 
section with a circle is equal to the parameter of the ellipse 
multiplied by the square of the diameter of the circle. 


The theorem is due to Mao Cullagh. (Salmon’s Conic Sections^ Art, 369). 
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688. Shew that 8 'B (fig. p. 79) is perpendicular to the 
taagent from X to the auxiliary circle. If Z be the point 
of contact of this tangent and G its intersection with 
determine the eccentricity • of the ellipse so that the lines GZ^ 
SGj XB may meet in a point. 

689. Two particles describe the same ellipse subject to the 
same force at the centre : shew that their directions of motion at 
any time intersect on a similar ellipse. 

690. A given triangle may be orthogonally projected from 
an equilateral triangle; or it may be orthogonally projected 
into an equilateral triangle. Determine by a geometrical con- 
struction the magnitudes of these equilateral triangles. 

6gi. Prove by the method o'f Art. 100 that the area of 
any focal sector SMN of a parabola divided by the square 
root of its latus rectum may be expressed in terms of 8M-\- 8N 
and MK 

692. Prove also that if PV be the diametral sagitta of the 
arc MN^ then 


and fi’om this last result deduce that 


3 

sector 




693. If in any two ellipses or hyperbolas on equal trans- 
verse axes there be taken equal focal vectors /SP, and if chords 
QQ be drawn in them parallel to the tangents at P and so 
as to make equal intercepts on the equal focal vectors; shew 
that the chords thus drawn are equal in the two conics, and 
that 8 Q'\^ 8 Q is of the same length in both, and that the 


* This is here suggested as perhaps the most direct "way of establishing geome- 
trically the theorem in parabolic motion commonly asciibed to Li.Jl3EET hut 
previously discovered by Euler (Scholium, p. 242), 
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focal sectors SQQ are in the subdapllcate ratio of the latera 
recta of their ellipses or hyperbolas.^ 

694. Given, in a conic orbit described about the focus 8 
under the action of a given force, a chord QQ\ the parallel focal 
chord, and the sum of the terminal focal vectors SQi-SQ) 
the time of describing the arc QQ is constant.f 


695. Given the directions of two sides of a triangle inscribed 
in a given ellipse, determine the envelope of its third side. 


* The proof is very much as in Art. 100 j but the two conics are thus compared 
directly and without the interposition of an auxiliary conic in which the chord 0 ! 
the sector is at right angles to the principal axis. 

t This extended enunciation of Lambert’s theorem (as I am informed by Prof. 
Townsend) was given in a lecture in the year 1845 by the late Prof. Mac Cdllagh 
of Dublin, who proved that the sectorial area SClPQ' and the square root of the 
iatus rectum of the orbit vary severally as the sine of the angle between BP and QQ’, 
having previously shewn that OP is constant, and that every chord parallel to QQ' 
which cuts in a constant ratio is of constant length. 
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CHAPTER X. 

CROSS RATIO AXD I3^VOLITTIOX« 

101. A SET of points on a straight line constitute a Range^ 
or row, of which the line is called the base or axis ; and a set 
of straight lines radiating from a point constitute a Pencil^ of 
which the point is called the Vertex or the centre and the lines 
are called Rays or radiants. 

The ratio of the ratios in which the straight line joining 
two points is divided by any other t’wo points, in its length 
is called a Double Section Ratio ^ or an Anharmonic Ratio ^ or 
a Cross Ratio of the four points. If two ranges of four points 
have one cross ratio of the one equal to one cross ratio 
of the other, it may be shewn that every cross ratio of the 
one is equal to the corresponding cross ratio of the other: 
we may therefore in practice speak of a tetrad as having 
one cross ratio only, although its four points determine six 
segments to each of which belong a reciprocal pair of cross 
ratios.f 

102. If a line BD be divided at A and (7, the ratio 
AB,OD\AD,GB (which is a cross-multiple of the ratios 
AB CB 

and '^) may be taken as the cross ratio of the points 
ABCD^ and it is expressed by the notation [ABCD], It may 


* CoUinear points are (or were) sometimes said to “ range on a straigiit line^' — for 
an example see Bootli’s New Geometrical Methods^ toI, i. §48. 

f For a further exposition of the principles of Anharmonic Section see 
Townsend’s Modern Geometry of the Poiid Line and Cwcle^ yoL ii. The purpose 
of this chapter is not so much to establish these principles as to apply them to 
conics. 
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be shewn that this ratio is unaltered hy tJie interchange of amj 
two points of ike range provided that the remaining two points 
he at the same time interchanged. In other words, it niay be 
shewn that 

[ABCD] = [BADC] = [CDAB] = [DGBA], 

The cross ratio of a pencil of four rays is that of the rano-e 
which it determines on any transversal : this ratio will be shewn 
to be independent of the position of the transversal (Art. 103^ 
The cross ratio of four radiants ABCD is expressed by [ABOlf^ 
and the cross ratio of four radiants Oa^ Oh^ Oc^ Od by 0 ^^alcd\ 
Qx{0.abcd\. ‘ 

Tetrads of points and rays are said to be egual or eguian^ 
harmonic when their cross ratios are equal; and ranges and 
pencils of any number of constituents are said to be honxo-^ 
graphic^ when every tetrad of the one system and the corres- 
ponding tetrad of the other have equal cross ratios. The 
notation 

[ABODE &c.] = [A'B'CEE' &c.} 

is used to express that two systems whose constituents corre- 
spond in pairs are homographic. More briefly, if A and A be 
a variable pair of homologous (f.e. corresponding) constituents 
of two homographic systems, the equation [A] = {A'} may be 
used to signify that every four positions of A and the correspond- 
ing positions of A' have equal cross ratios. The corresponding 
notation for a pencil having its vertex at 0 is 0 [A], 

Thus far we have spoken only of collinear points and of 
concurrent lines, but the following definitions may be added 
in anticipation of Art. 113. The cross ratio of Four Pomts on a 
\ Conic is that of the pencil which they subtend at any fifth point 
/ on the curve ; and the cross ratio of Four tangents to a Conic is 
i that of the range which they determine on any fifth tangent 
thereto. In the special case of the Circle it is at once evident 


* TMs term is sometimes confined to systems of more than four constituents, but 
it may he used with equal fitness for the special cause of tetrads, in place of the 
longer word eguianliai'Tnonic. The still shorter term equal (although not in general 
80 used) may often be employed with advantage as an abbreviation for “ equal as 
regards cross ratio”— for which the term equicross is suggested hy Prof. Townsend. 



CROSS RATIO AND INVOLUTION. 


251 


that these ratios are independent of the position of the fifth point 
or tangent^ since four given points on a circle subtend a pencil 
of constant angles at any fifth point on the curve, and since 
the segments of any fifth tangent by four fixed tangents 
subtend constant angles at the centre. It will be shewn in 
Art-. 113 that the cross ratios of four given points on (or 
tangents to) any conic are likewise constant. 

We proceed to establish certain Lemmas relating mainly 
(!) to Cross Ratio in general, and (2) to the special case of 
homography called Involution, with a view to their eventual 
application to some of the fundamental properties of conics. 

CROSS RATIO. 

103. The cross ratio of the points in which four fixed 
radiants are met hy a variable transversal is constant^ 

(i) Let four lines radiating from 0 be met by any trans- 
versal in the points R, 0, i), and let the parallel through B 
to OD meet OA in a and OC in 5. 





Then by similar triangles, 

AB:AI)= aB : DO 
and CDi GB^DOiBh. 


Hence 


AB.GD aB 
'AD.GB' bB^ 


which Is constant for all positions of ab parallel to OD*y and 
therefore [ABGD] Is constant for all positions of ABCD without 
restriction. 


* It is to be noted that this very important theorem of the ancients implicitly 
contains the method of ’ Conical Projection. 
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5 have thus proved that 

{ABGI)] = {aSSoo ], 

where co denotes the point at infinity in which aBb meets OD, 

It is to be noted that the transversal may be drawn so as 
s (produced through 0) upon eitlier side of 
figure of Art 107 (i), considering the pencil 

t AB in B and 

{BMAQ] - {BPAE} - {BBCQ} == {DPCF} 
the rays of the pencil being taken in the same order in every 
case. 

(11) It is further evident that different pencils have equal 
cross ratios when their corresponding angles are equal or 
supplementary. 

For example, if SR and ST turn about S (Art. 9, Cor. 1] 
so as to be always at right angles, the pencils S {5} and 8 [T] 
are equiangular and therefore homographic. Or again, if TS 
and TH in Art. 50 remain fixed whilst the conic varies (so 
e tangents from T always make equal or supplementary 
with TS and TH respectively), the pencils T {P} and 
are homographic, 

104. Condition that a variable straight line 
a fixed point, 
r rays determine 
(Art. 103); 


In ] of the 

determ 

transversals through A 


* TMs term is used by some writers as an abbreviation for the lirie joining two 
points. See for example Heneioi’s Elementary Geometry ^ Congrueini Figures, §4.- 
(London, 1879). The “join” of two lines is their common point. 
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Conversely, If BB' and CC be any two assumed positions of 
a Tarlable straight line, 0 their point of concourse and A that 
of 5(7 and B G\ and if OA be a third position and DD any 
other position of the variable line, the condition that DB 
should pass through the fixed point 0 Is that [ABCD] should 
be always equal to [AB' C B]. 

105. Condition that a variable, ^omt should lie on a fixed 
straight line. 

A range of four points subtends equal pencils at any two 
vertices; and conversely, if two equal pencils having different 
vertices be such that three pairs of their corresponding rays 
intersect on one straight line, the fourth pair must intersect 
on the same straight line. 

In particular, if 0 and O’ be the vertices of two pencils 
which have 00' A for a common ray, and if (7, D be the 
intersections of their remaining three pairs of rays, then will 
BCD be a straight line provided that 



If now (supposing the rays of the two pencils to be variable) 
the intersections of tw^o pairs of homologous rays be at given 
points B and (7,' the remaining intersection D will lie on the 
fixed straight line BO. 
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This result and that of Art. 104 may be together expressed 


If two tetrads of ‘points or rays ABGD and A' BCD' be 
equmiharmonic, then if one pair {A, A') coalesce the remaining 
three pairs {B, B'), [G, C), [B, If) are in perspective. 

106. Condition that a tetrad of points or rays may he har- 
monic. 

(i) If BB be divided harmonically at A and (7, and if the 
signs ± he used to denote opposite directions, then it is easily 
seen that 

AB CB_.^ ^ = -1 

AB' CB~ AB' GB CB'AB 

or {ABGB} = {ABG^=^{ 

The condition that the range ABCB should be harmonic 
is therefore that the points A and C or the points B and D 
should be separately interchangeable. Each pair of inter- 
changeable points are said to be harmonically conjugate to each 
other with respect to the remaining pair. 

(ii) A pencil 0{ABGB] will be harmonic if a transversal 

drawn parallel to one of its rays OB be cut in equal and opposite 
segments Ba and Bb (fig. Art. 103) by the remaining three 
rays. For example, since BP in Art. 60 one 

asymptote and is bisected by the other, i 

asymptotes and any two conjugate 
stitute a harmonic pencil. 

(iii) A pencil will also be harmonic if two of its rays be 
the bisectors of the angles between the other two. For 
ample, the tangent and normal and the focal distances at 
point of a conic constitute a harmonic pencil. 

107. Properties of a complete quadrilateral. 

ABGB be a quadrilateral, and let 0, P, 

intersections of {AC, BB], {AB, CB), {AB, BG 
Then the figure as thus completed is called 
rilateral, and PQ is called its third Diagonal. 
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(i) Let the ray PO meet AD In M and BG in R. Then 
by the properties of radiants (Art. 103), 

0 [DMA Q]^0 [BR GQ] ^P[BBGQ]^P [AMD Q ] ; 



and therefore the range [DMAQ]^ in which the conjugate points 
A and D have been shewn to be interchangeablej is harmonic. 

[Art. 106 (I). 

Thus it appears that the two pencils whose vertices are 0 
and P are harmonic, and in like manner that the pencil Q 
is harmonic ; and hence that each of the three diagonals of the 
complete quad^dlateral is divided harmonically ly its remaining 
two diagonals, 

(ii) Let the sides AB^ of a quadrilateral meet in P 
and the sides PA, GB in 0> Complete the parallelograms 
BODE and AOGQj and let PP, PD meet in V and AQ^ PD 
mZ 


0 
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Then bj parallels 

POi CT=PB: 

or PG : PV= GT: VD^CQ: VP, 

Hence PQR is a straight line, and therefore the middle 
points of (9P, OQ^ OP lie on a straight line parallel to PQP, 
But the middle point of OQ is also the middle point of 
since the diagonals of parallelograms bisect one another- 
and for the same reason the middle point of OP is also the 
middle point of BD. 

Therefore the middle 'points of the three diagonals A <7, BD 
OP of a complete quadrilateral lie on a straight line. 

The straight line bisecting the three diagonals of a com- 
plete quadrilateral may be called the Diameter of the quad- 
rilateral (Ex. 375, note). 


SCHOLIXTM A. 

The fundamental anharmonic property of a pencil of four rays 
constitutes prop. 129 of the seventh book of the Ivyaycoyjj of 
Pappus (yoL ii. p. 871, ed. Eultsch), which affirms that tf tico 
straight lines A BCD and AB'C'D' he drawn across three radiants OB 
OC, OD (fig. Art. 104), then ’ 

AB.DCiAD, CB^AF.PC : AD'.B'C, 

This property is introduced (pp. 867 — 919) under the head of 
Lemmas on Euclid’s three hooks of Porisms, a subject treated at 
length by Eob. Siirsox in the work Be Poriwiatibus contained in his 
Opera qucedam reliqua (Giasgum, 1776), where some things that were 
obscure in Pappus are made clear. In the same section of the 
2vvayioyrf (prop. 131) is contained in substance the theorem of 
Art. 107, that either diagonal of a quadrilateral is cut harmonically ly 
its other diagonal and the join of the joms [note, p. 252] of its opposite 
sides (Chasles Apergu Bistorique p. 36, 1875). And further, it will 
appear (Schol. 0) that a theorem in Pappus implicitly contains the 
fundamental anharmonic property of four points on a conic. 

The ancient theory of transversals was revived and largely de- 
veloped in the first half of the seventeenth century by Desaegues, 
to whom Poxcelet, in the introduction to his Traite des ProprUUs 
Projectives des Figures (Paris, 1822), applies the title of honour “le 
Moxge de son siecle” (p. xxxviii). For some further bibliographical 
information on the subject see Poncelet loo, cit. and Chasles 
Apergu Bistorique. Of Carnot’s Geometrie de Position (Paris, 1803) 
Poncelet remarks (p. xliv) that in that work ‘^se trouve exposee 
pour la premiere fois et dans toute sa g4neralit6 cette belle Th%ie 
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des transversales dont nous avons deja si soiivent parl6 dans ee qui 
precede, et doilt les Anciens n’avaient fait qu’entrevoir les prineijdes 
ei la fecondite.’’ This method has been still further developed by 
Cbasles ^‘qui a mis en oeuvre d’une maniere tres-heureuse les 
prineipes de la Theorie des transversales pour demontrer la piupart 
des tlieoremes de Monge” (ibid. p. xlv). A good section on Trans- 
versals was contained in the 12th edition of Hutton’s Course of 
jlailmiaiiGS, voL ii. 214-46 (London, 1843),^ 

For the cross ratio — or as he called it ^^Doppelschnittsver- 
iiiiltniss” {ratio lissectionalisY' — of four points Moebius introduced the 
notation (A, (7, D) in his celebrated BaryGentrisclie Calculy § 183, 

p. 246 Leipzig, 1827) ; and he used the notation ^{c, d, h, a) for the 
cross ratio of the range determined by four lines c, d^ 3, a upon any 
transversal e (p. 256). Chasles {Traite des Sections Coniques Pt. i. 
p. 7, 1865), following the example of Mdbius, adopts the notation 
I a, Ij Cj d) for a point- tetrad, and uses O {a, c, d), an abbrevia- 
tion by separation of symbols for {Oa, Ob, Oe, Od), to denote the 
anharmonic ratio of a tetrad of radiants. More generally, whether 
the letters denote points or lines, we may write 0{ahed} for the 
cross ratio of the joins” of (0, a), {0, h), (0, c), {0, d)^ The 
form {0 . abed], used in Salmon’s Conic Seotions, is a convenient sub- 
stitute for 0 {abed] in cases in which cross ratios are compounded 
with one another (Mobius, p. 257). 

The term Anliarmonio was invented by Chasles and has been 
widely used ; but it is an artificial word and wanting in brevity, 
and perhaps ought rather to mean non-harmonic. The short and 
signifeant term Cross Ratio (which expresses the result of com- 
pounding two simple ratios crosswise) was coined by the late Prof. 
Cliffore, and may be found in his JElements of Bynamics (p. 42) 
published some four or five years later (London, 1878). It may be 
used also with a secondary reference to the transversal or cross-line 
on which the ratio is estimated. 

INVOLUTION. 

108. If three or more pairs of points A ! ; B' ] Gj C ' ; 
&c. be taken on a straight line at such distances from a point 
0 thereon that 

OA . OA' = OB. OB' ==OO.OG' = &c., 

they are said to constitute a system In Involution. The point 
Ois called the Gentre and the points (A^ A'), (5, B'), (G, C')j 
&c. are called Gonjugate Pomts or Couples of the involution. 
The centre is evidently conjugate to the point at infinity upon 
the axis. 


^ Steiner called it DoppelYerhaltuiss.’ 
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If the several points of an involution lie on the same side of 
the centre as their conjugates respectively, the products OA.OJ' 
&c. are to be regarded as positive, and the involution Is said 
to be positive ; but if conjugate points lie on opposite sides 
of the centre the involution is said to be negative. In a positive 
involution there are two points F and F' (on opposite sides of the 
centre) each of which coincides with its own conjugate : these 
ar^ called the DouUe Points or Foci of the involution. In a 
J3^gative involution the foci are imaginary. 

When two pairs of conjugate points B and A\ E are 
given the involution Is completely determined. For If two 
pairs of parallels be drawn through A and 5, E respectively, 
and if they intersect in P and the line PQ evidently meets 
the axis of the involution in a fixed point 0 such that 

OA : 

or OA.OB^OA'.OE. 



Thus the centre 0 and the constant of the involution are known, 
and the system is completely determined.'^ 

A Pencil of lines in involution is a pencil which determines a 
row of points in involution on any transversal: every such 
pencil has one pair of Double Eays^ on which lie the double 
points of all its transversals. [Art. 112. 

109. A system of circles having a common radical axis de- 
termine fairs of points in involution on any transversal. 

For if a system of circles be drawm through two points P 


* The six lines joining any four points PQP'Q' determine an inyolntion on any 
transversal ; the construction in the text results from taking P' and Q- at infinity. 
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and Q, and if a transversal meet PQ in 0 and meet any two of 
the circles in A, A' and B, it is evident that 
* OA . OA! = OB. OB' = OP. 0 Q. 

Conversely, if circles be drawn through the several pairs of 
conjugate points of an Involution and through a common ex- 
ternal point P, they will all meet at a second fixed point 
such that PQ passes through the centre of the Involution. The 
Foci of the involution are the points of contact of the two 
circles which can be drawn through P and Q so as to touch 
the transversal : these points are imaginary when P and Q lie 
on opposite sides of the transversal. 

110. A pencil of rays in involution has in general two conju'^ 
gate rays only at right angles ; hut if two pairs of conjugate rays 
le at right angles every two conjugate rays are at right angles. 

Let P be the vertex of a pencil in involution, and let a 
transversal meet two pairs of conjugate rays in -4, A and P, B\ 
Then the circles APA and BPB' determine by their intersection 
a second fixed point and every circle through P and Q meets 
the transversal in points G and O' such that P(7, PG' are con- 
jugate rays. [Art. 109. 

Now in order that the angle GPG' may be a right angle 
the centre of the circle GPG' must lie on the axis of involution. 
In general one circle only can be drawn through P and Q so 
as to have its centre upon a given transversal ; but if two circles 
can be so drawn the transversal must bisect PQ at right angles, 
and must therefore be the locus of the centres of all the circles 
that can be drawn through P and Q. 

It is hence evident that a right angle turning about its 
vertex generates a pencil of rays in negative involution: for 
example, the conjugate diameters of a circle constitute a negative 
involution. 

It is further evident that there are two points (one on each 
side of the axis) at which all the segments of a range in 
negative Involution subtend right angles. 

111. If a row of points he in involution any four of them and 
their four conjugates are equicross^ and conversely. 
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(i) For if (A, A'}, {B,B% (C, O’), (D, D') be conjugate 

points in an involution of which 0 is the centre, then since by 
definition, ■* 

OA': OB' = OB: OA, 

thetefore A'B' : OB’ ~ AB : OA ; 

and similarly CD’ : OD’=^GD: 0 0. 

Hence AIB’.C’D ' : OB’.OD' ^AB.CD : OA. OC-, 
and in like manner (or by merely interchanging B and D, 
and B’ and D’), 

A'D’.O’B’ : OB'. OD’ = AD. OB: OA.OO-, 
and therefore [AB’C’D’] is equal to [ABCD], or every four 
points and their conjugates are equicross, as was to be proved. 

From the general relation [ABOD] = {A B’ O’ D'\, where the 
several couples may be taken arbitrarily, we deduce as one 
form of the relation between three couples in involution (by 
substituting A for D and A for D'), that 
OA] = {AB'O’A] 

which readily reduces to 
AB.B'C 

Another form of the relation between the three couples is 
[ABAO] = {A’B’AO’], 

AB.A’O _A’B'.AO’ 

AO.A’B~ A’O'.AB” 

or AB.AB’:AO.AO’ = A’B.A’B’:A’O.A’C’. 

Conversely, when one of these relations is established the 
three couples AA', BB\ GO' are proved to be in involution. 

(ii) Otherwise thus. Let circles be drawn each through two 
conjugate points of an involution so as to cointersect at points 
P and Q (Art. 109). Join P to any four of the points and join 
Q to their conjugates. Then it may be easily shewn that the 
two pencils thus formed have their angles equal (or supple- 
mentary) each to each,* and are therefore equlanbarmonic. 


^ For tMs proof see McDowelTs Exercises on Euclid and in Modern Geometry. 
Arts. 206, 7 (Cambridge, 1878), 
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112. The foci and any two conjugate points of an involution 
constitute a harmonic range. 

This is evident from Art. 35, Cor. 1, where A and A! may- 
be taken as the foci of an involution of which B and X are any 
two conjugate points. 

Conversely, any two points B and X which form a harmonic 
range with a pair of fixed points A and A! are conjugate points 
in an involution whereof A and A! are the foci. 

SCHOLIUM B. 

The theory of Involution was laid down by Desabgues (1593 — 
1662), the friend of Descartes and teacher of Pascal, in his Bnou- 
ILLON PnoiECT dhme attemte aux euinemens des rencontres dhm Cone 
aiiec U7i PlaUj discovered in manuscript by M. Ohasles in 1 845, and 
printed in Poudra’s two volume edition of the CEmres de Besargues^ 
Yol. I. pp. 97 — 230 (Paris, 1864); an analysis of the work being 
also given, in which its strange and embarrassing terminology is 
replaced by the expressions now in use. 

The germ of the theory is contained in lib. vii. prop. 130 of the 
CoUectio of Pappus (p. 873, ed. Hultsch), which may be stated 
conversely as follows : 

If the sides of a triangle PQR meet a trayisversal in A, B, G, and 
if the three radiayits from any point 0 to its opposite vertices meet the 
trmisversal in P, B respectively then 

AF, CB:AB, CF=FA . DE : FE, BA. 

That is to say, the opposite sides and the two diagonals of any 
quadrilateral OPQR meet any transversal in pairs of points (Aj F), 
{B, E), {C, B) in involution, the cross ratio [AFCB] being equal 
to {FABE]- 

Desakgues, having defined and established some properties of 
his Livolution de six Points^ and having enunciated the so-called 
theorem of Ptolemy in a new form, next shews that the pencil sub- 
tended at any vertex by six points in involution is cut in points in 
involution by any transversal (Poudra, pp. 247, 256 — 8) ; he fully 
establishes the theory of poles and polars (sometimes wrongly 
attributed to de La Hire), shewing inter alia that the three pairs 
of chords joining four points on a conic determine a self-conjugate 
triangle, and not omitting to notice also the case of polar planes 
(pp, 263, 72, 90) ; and he proves that any conic and the sides of an 
inscribed quadrilateral determine points in involution on any 
transversal • (p. 268). It is to be observed that he regards six 
points as constituting a complete involution (which however does 
not really detract from the generality of his conclusions), and that 
he uses the term Bivolution de giiatre Points to denote the two double 
points or foci together with a single pair of conjugate points ; that 
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is to say, lie regards a harmonic range as an involution of four 

It may be well to quote from Poudra’s vocabulary of terms 
used by Desargues {(EuvreSy i. 101) the explanation of the still 
surviving term Involution^ which signifies Trois couples de points 
tels que oa x oa = oh x oh' — ocx oc et que tons les points conjugu^s 
sont tons m^les ou d^m^l^s entr’ eux.” 

ANHARMONIC PROPERTIES OP CONICS. 

PROPOSITION I. 

113. The cross ratios of four fixed joints on a conic and of 
the tangents thereat are constant and equal to one another,^ 

(i) Prom four fixed points A, (7, D on a conic draw 
chords to any point P on the curve, and produce them to meet 
the /S^dlrectrix In abed respectively, so that 

P{ABCD} ^P[abcd} =^S{ahcd], 



Then since the angles aSh^ bSc^ eSd^ being equal or 
supplementary to the halves of the constant angles ASB^ 
B8G^ C8D respectively (Art. 13), are themselves constant, 
it follows that P{a5c6^} and P[ABGD] are constant, whatever 
be the position of P on the curve. Conversely, a conic can 
in general he drawn through six pointsf PP'ABCB so related 


* The reciprocal properties (i) and (ii) were stated in their direct and conyerse 
forms in Steiner’s Systematische EntwioJcelung der Ahhangigheit geometrischer 
Gestalten von einander, 156, 7 (Berlin, 1832), where it is remarked that: “Die 
Satze lirikfl [= (ii)] sind, nnter anderer Form abgefasst, hekannt.” The property 
(iii) was given (for the circle) in Chaslbs’ Geometrie Superieure, § 663 (Paris, 1852). 

t The six points in Art. 105 may be regarded as lying on a conic which has 
degenerated into a pair of straight lines. 
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that P[ABCD]—P'{ABOD}‘j or if ABGD be fixed points, 
and P a variable point such that P[ABCD] is constant, the 
locus of Pis a conic through ABGD. 

(II) Next let the tangents to a conic at four fixed points 
ABGD meet the tangent at any fifth point in the range abed. 



Then since the angles aSh^ hSc^ eSd^ being equal or 
supplementary to the halves of the constant angles A8By 
BSO^ CSD respectively (Art. 13, Cor.), are themselves 
constant, it follows that S [abed] or [abed] is constant. Con- 
versely, a conic can in general be described touching six 
straight lines so related that four of them determine ranges 
of equal cross ratios [abed] and [aPed'] on the remaining 
two; or If four fixed straight lines meet a variable straight 
line in a range of constant cross ratio, the variable line envelopes 
a conic touching the four fixed lines. 

(iil) Lastly let P be a fixed point on a conic, PQ a variable 
chord meeting the P-directrix in P, and let T be the point 
of concourse of the tangents at P and Q. 

Then since the angle ItST Is always a right angle (Art. 9, 
Cor. 1), 

or the pencil subtended at P by any four positions of Q on the 
curve is equal to the range in which the tangents at the 
intersect the tangent at P. 

Gorollary 1. 

If two angles MBD^ MOD of given magnitudes turn about 
P, C as poles in such a manner that the intersecHon M of two 
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of their arms describes a straight Ime^ the intersection D of 
remaining arms describes {^in general) a conic passing through 
B and G for since 

B [D] = B [M] = C {M} - G {Z>}, 

a conic can be drawn through jB, G and any four positions 
of D ; and three assumed positions of D together with B and 0 
determine a single conic on which every other position of D 
must lie. But if the straight line described by M passes 
through B or G, or if the pencils B{I)} and G{D] have a 
common ray, the locus of i) is- a straight line. The general 
case affords a ready means of drawing a conic through five given 
points. [Ex, 367 . 

Gorollary 2 . 

If three straight lines md^ dr^ rni turn about given poles 
jB, G, Dj whilst m and r mom along fixed straight lines PG 
and PQ^ the point d describes a conic passing through B and C; 
for it is evident that 


It appears (by taking special cases) that the point P and 
the intersections of BB^ PQ and GD, PG likewise belong to 
the locus : and conversely, if these three points and B and 0 
be given, the lines PG and PQ can be drawn, and the locus 
of d, which is the conic through the five given points, can 
be traced.f 


^ This is Newton’s method of generating conic sections. The theorem is proved 
in the Princijna, Lib. i. Sect. v. lemma 21, where it is deduced from lemma 
20 [=Es. 80], and this again from the theorem Ad quatuor lineas (Schohum C), 
It is also stated, with generalisations and limitations, m his Enumeratlo Linearuni 
Tertii Ordinis, Cap. vir. (see p. 26 in Talbot s translation, London 1861 ; or Newtoni 
Opera quce exstant omnia, yoI, i. 556, ed. Horsley, London 1779), under the head; 
Ee Curvarum Descriptione Organica, 

f This method of drawing a conic thro-ngh five given points was discovered by 
Maol.WRTN in 1722 although not published by him till 1735. In the PhibsopJikal 
Transactions of the Royal Society of London (vol. vill. p. 50, 1809) he shews- how to 
deduce it by elementary geometry from the above mentioned lemma 20 of the 
Principia, ‘‘ which itself is a case of this description” (p. 43). Braikenridge, who had 
already published Maclaurin’s construction, is said to have been in communication 
wnth him and to have been made acquainted with his theorems in 1727 [ibid, pp. 6, 43}. 
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PROPOSITION II. 

114. The diameters of a conic form a pencil in hwolution 
in loMch conjugate diameters are conjugate rays. 

(i) For since any two conjugate diameters meet the 
^'-directrix in points V and F' such that 

XV.XV' — GX. 8X^^ constant, [Art. 14, Cor, 4. 

therefore CV and GV’ are conjugate rays in a pencil in in- 
volution. This involution is negative in the ellipse, and positive 
in the hyperbola: in the latter case the asymptotes are the 
double rays. [Art. 53, 

(ii) The centi’e of the involution determined by the pencil 
of diameters on any tangent is at its point of contact, since 
this is evidently conjugate to the point at infinity upon the 
tangent. This is in accordance with Art. 47, from which a 
second proof of the proposition may be derived. 

Corollary 1, 

From a fixed point 0 draw the perpendicular OP to a 
variable diameter GP^ and produce- It to meet the conjugate 
diameter in D: then since 


the locus of D is a conic through 0 and (7, and it evidently 
has real points at infinity on the axes of the original conic. 
At the four points of concourse of the conics the positions of 
OD are normal at D to the original conic. Hence we infer that 
there are four points on a given conic such that ike normals 
thereat cointersect at a given point (7, and the four points lie on 
an equilateral hyperbola^ which passes through 0 and through 
the centre of the given conic^ and has its asymptotes parallel to 
the axes of the latter.^ 


^ TMs method of drawing a normal OD to a conic from a given point C?, with 
the help of an equilateral hyperbola, is given by Apollonius in his Conics, Lib. v. 
props. 58-63, where he regards the normal as a line drawn from 0 so that the 
intercept upon it between D and the axis of the given conic is a miniranm. Tor 
another treatment of normals see Prof. Crkmona’s article On Korinah to Conics, in the 
Oxf. Camb. and Dublin Messenger op Mathematics, voL ill. p. 8S. See also Ex. 286, 
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Corollary 2. 

By drawing OP to meet CP (Cor. 1) at any other given 
angle and in a given sense” or direction of rotation, and 
proceeding as above, we determine a conic passing through 0 
and C and having its asymptotes (real or imaginary) parallel 
to those conjugate diameters of the given conic which contain 
an angle equal to the given angle ; and the two conics intersect 
at four points D such that OD meets the given conic at the 
given angle. If the sense of rotation be not given^ four other 
positions of OD (making in all eight), which meet the given 
conic at the given angle, can be in like manner determined. 

SOHOLItTM c. 

The celebrated ‘ Locub ad quaiuor lineas^^ 

ggag ) — handed down by Pappus from his predec 
; solution {CoUectio Lib. vii , vol. ii. pp. 677—9, ed. Hultsch), 
only by his new method of coordinates by Lescaetes 
etria Libb. i. ii. 7—16, 24 — 34, ed. Schooten, 1659), and at 
L completely solved by Newton {Principia Lib. i. Sect, 
iemm. 17 — 19) by the elementary geometry of Apollonius— 
plicitly “ " ' ^ '^"onertv of j 

points 0 

solution are as follows. 

(i) If P he any poim uj a conic and ABDC a given inscribed 
trapeziu7nj and if straight lilies PQ, PR, PT meet the sides 
CP, AC, DB resyectively at given angles rectangle PQ. x PR 
the rectangle PS x PT in a given ratio 

; PQ 
; and 
’ varies 

lib. III. um Ay 

which PQ me. 
chords AC, 

QK-PR', it 
was to be proved, 

5. Next let BB be not parallel to AC."^ Draw Bd parallel to 

(7 meeting >Srin T and the conic in d. Join Cd cutting PQ in r, 


note, where if Tand Z7 be given T' and C can be at once determined; and thus 
from the intersection of any two normals to a conic two other normals can be drawn. 
Corollaries 1 and 2, as they stand, are taken from Chasles’ Traite des Sections 
Coniques, chap. vii. pp. 142-4. On the parabola see Ex. 617, note, 

* See the lithographed figure No. 3. 



CEOSS EATIO AND INYOLUTION. 


267 


and draw BM parallel to PQ cutting Cd in M and AB in iV. Then 
br similar triangles, and by parallels, Bt (or PQ) is to Tt as BN 
to NJB] and Br is to A Q (or PS) as BM to AN; and therefore 

PQ.Br : PS.Ti^Tect NBM: rect. ANB,’^ 

= PQ.Pr : PS.Pt, by case a, 

= PQ,PB : PS.PTf dividendo. 

c. Having thus shewn that this last ratio has the constant 
value BNBM : ANNB, we see at once that PQ.PR will still vary 
z&PSPTif PQ, PR, PS, PT be drawn each at its own constant 
inclination to AB, CB, A 0, BB respectively. It is further evident 
that if PX and PZ be drawn to meet the diagonals AB and PC at 
constant angles, each of the ratios PX,PT : PQ.PR : PS.PT is 
constant. Conversely (lemma 18), if PQ.PR varies as PS.PT, the 
locus of P is a conic circumscribing ABCB. In lemma 19 and its 
two corollaries Newton completes the solution of the problem by 
shewing how to determine the actual locus of P for a given value 
of the ratio PQ.PR : PS.PT; and he concludes by remarking with 
evident satisfaction : ^‘Atque ita problematis veterum de quatuor 
lineis ab Ruclide inccepti &: ab Apollonio continuati non calculus, 
sed compositio geometrica, qualem veteres qucerebant, in hoc 
corollario exhibetur.” 

(ii) The anharmonic property of four points on a conic follows 
immediately from the above theorem Ad quatuor lineas. For if 
PQ, PR, PS, PT be perpendiculars to AB, CB, AO, BB re- 
spectively (cf. Art. 94), so that PQ.AB^ PA.PB sm APB, &c., 
and thus 

PQ.PR.AB. CB sin APB sin CPB 
PS.PT.AC.BB - sinAPC ' sinPPi)' 

and if the ratio PQ.PR : PS.PT and the trapezium ABBO be 
given; the cross ratio P{ABCB] will be constant. 

(hi) Chasles and others have proved the constancy of the cross 
ratios of four given points on or tangents to a conic by projection 
from the circle, and have taken the properties thus proved as the 
foundation of their treatises on conies : but the most elementary 
proofs of the properties in question are those which we have 
adopted in Art. 113 from the Geometrical Bemonstration of the 
Anhar^nonic Properties of a Conic contributed by Mr. B. W. Horne, 
Fellow of St. John’s College, to the Quarterly Journal of Mathematics, 
vol. IV. 278 (1861) : his proofs assume only those simple angle- 
properties of the focus of a conic which reduce, when the directrix 
is removed to infinity, to the fundamental angle-properties of the 
circle (Scholium A, p. 22). 


This notation was formerly in use for the rectangle AN.NB, 
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EECIPEOCAL POLAES. 

PROPOSITION III. 

115. The polar of any point with respect to a conic is a 
straight line^ and conversely,^ 

(i) Let a variable chord be drawn to a conic through a 
en point 0, and let the tangents at its extremities intersect 
T\ then will the locus of Tbe a straight line. 

For if the variable chord and its diameter OT meet the 



directrix in R and V respectively, then since ST and 
OBj SV are at right angles (Arts. 9, 14), therefore 

And since the homographic pencils 8{T} and G{T} have 
a common ray C8 (the point T lying on the axis when OB 
is a principal ordinate), the locus of T is a straight line. 

[Art. 105. 

Conversely, if T be any point on a straight line, it may 
be shewn in like manner that its chord of contact determines 
homographic ranges {-B} and {oo} on the directrix and the 
straight line at infinity, and hence that it passes through a 
fixed point. [Art. 104. 

(ii) Otherwise thus. Let PL and PN be given tangents 
to a conic, PMR any chord through P, and 0 its intersection 
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with LN] and let A and B be the intersections of the tangents 
at M and B, 

Then since the cross ratios of the tangents at B 


Q 



and of their points of contact are equal (Art, 113), therefore 
(estimating the former on the tangent at N and the latter on 
the transversal MB) we have 

[PANE] - L [LMNB] = [PMOB ] ; 

whence it follows that the tangents AM and BB intersect on 
the fixed straight line NO^ and conversely. [Art. 104. 

PROPOSITION IV. 

116. A TOW of points on any axis and their polar s with 
respect to a conic are homographic^ and they determine an 
involution on that axis, 

(i) It follows at once from the construction of Art. 115 (I), 
where B8T is a right angle, that if T be taken on the polar 
of a given point (?, then 

or the points T and their polars OB are homographic. 

(li) Otherwise thus. In the preceding figure, if the equal 
cross ratios L [LMNB] and N {LMNB] be estimated on the 
transversal MB^ then 

or 0 and P are harmonic conjugates with respect to M and B. 

[Art. 106. 
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Hence, as P moves along MB, the points 0 and P are 
conples in the involution of which M and B are the foci 
(Art. 112); that is to say, if P be a variable point on the 
polar of any given point <9, and <90 be the polar of P, the 
range (P) is homographic with the pencil <9 {0}, and the two 
together determine an involution on the polar of Q. 

Corollary 1 . 

If a pair of points divide a chord of a conic harmonically, 
each point lies on the polar of the other, and the two are 
said to be conjugate with respect to the conic. Prom the reci- 
procity of the relation between such points it is easy to deduce 
the theorem of Art. 17 , Cor. 1 , that the intersection of any two 
straight lines is the pole of the line whish joins their poles. It is 
evident that a system of conics having a common self-polar 
triangle (note, p. 272 ) determine an involution on any transversal 
drawn through a vertex of the triangle. 

Corollary 2, 

Two straigbt lines are said to be conjugate with respect to a 
conic when they pass each through the polar of the other, or m 
other words, when they are harmonic conjugates with respect 
to the two tangents (real or imaginary) that can be drawn to 
the conic from their point of concourse. From a given pomt 
there can in general be drawn one pair only of stoight lines 
at right angles to one another and conjugate to a given come 
(Art.' 110) ; but if the given point be a focus, every two conjugate 
lines drawn through it are at right angles (Art. 7 ); and con- 
versely it may be shewn that no other real point is so related 
to the conic. Notice that conjugate diameters ai-e also conjugate 
lines in the sense of this corollary. 

PROPOSITION V. 

117. If the locus of a point he a conic the envelope of its polar 
with respect to a conic is a conic, and conversely. 

Take four fixed points ABOD and their polars with respect 
to a conic: and take a variable point P and its polar with 
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respect to the same conic: and let the fixed polars meet the 
polar of P in the points a, 5, c, d respectively. 

Then by Art. 116, the points n, c, d are the poles of 
PAyPBjPO^PD] and P{ABGD} is equal to {ahcd}] and if 
the one be constant the other is constant. 

Hence, if the locus of P be a conic passing through the 
points ABCD^ the envelope of the polar of P will be a conic 
touching the polars of ABGD^ and conversely. [Prop. I. 

• Corollary, 

To any figure generated by points or poles corresponds a 
reciprocal figure generated by their polars with respect to 
any assumed auxiliary conic; and any property of the one 
figure implies a reciprocal property of the other. The method 
of deducing reciprocal properties from one another will form 
the subject of Chapter xii. Notice, as a special case of 
the proposition, that any conic may be regarded as its own 
reciprocal, its several points being the poles of the tangents 
thereat. Also see Scholium E at the end of this chapter. 

THE TEIANGLE. 

PROPOSITION VI. 

118. If two triangles circumscribe a conic their six vertices 
lie on a conic^ and conversely. 

Let ABG and DEFhQ two triangles whose six sides touch 
the same conic : let B G meet DF in d and EF in e : and let 
BE meet AB in h and AG me. 


A 





€ 
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Then by Prop, i, since the four tangents AB^ AC, FD^ FE 
are homographic with respect to the tangents BG and EB^ 
therefore 

or F[BGDE]=^A[BCDE]', 

and therefore the six points ABODEFYiq on one conic. 

Conversely, if the six vertices of two triangles He on a conic, 
it may be shewn in like manner that their six sides touch a 
conic. 

Corollary 1. 

If the enveloped conic be a parabola, and if I) be taken at 
its focus and E and F at the circular points at infinity (Chap, xi), 
the conic through ABGDEF becomes a circle. Hence th 
circimscribed circle of any triangle ABC whose sides touch a 
j)aTal)ola passes through the focus (Art. 29). 

Corollary 2. 

If tioo conics le so related that a single triangle can he in- 
scribed in the one and circumscribed to the other ^ an infinity of 
triangles can he so circuminscribed to the two conics. For let ABG 
be the first triangle, and ah any chord of the outer conic which 
touches the inner; complete the triangle ahc by drawing the 
second tangents from a and h to the inner conic: then the 
point G must always lie on the same fixed conic with the points 
ABGab. 

PEOPOSITION YII. 

119. If two triangles he self-polar^ with respect to a conic^ 
their six vertices lie on a conic^ and their six sides touch a conic. 

Let ABG and DEFhQ two triangles self-polar with respect 
to a conic ;t then evidently the join of any two of their six 
sides is the pole of the join of the opposite vertices. [Art. 116. 


* A triangle may be called self-polar with respect to a conic— cf . the French term 
“ attiopo/azre”— when each vertex is the pole of the opposite side. Such triangles are 
usually termed self -conjugate, and some writers call them self-reciproal. The vertices 
of a self -conjugate triangle constitute what is called a Conjugate (or self-conjugate) 
Triad of points. 

t See the lithographed figure No. 4. •, 
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Let BG meet AD in d and EF in d' : then d' is the pole 
of -iA and dZ and d" are therefore conjugate points (Art. 116) 
with respect to the conic. 

Also let BG meet A-S^in e and DF in d i then e and d are 
likewise conjugate points with respect to the conic: and it is 
evident that B and G are conjugate with respect to it. 

It follows that the points BG^ dd\ ed are couples in in- 
volutioDj and hence (Arts. Ill, 102) that 

or A [BGDE] ^F{BGDE]. 

Therefore a conic goes through the six points ABGBEF; 
and therefore another conic (Prop, vi) touches the six sides of 
the two triangles. 

Gordllary 1. 

If upon a given conic one triad of points self ^conjugate with 
respect to a second given conic can be determined^ an infinity of 
such triads can he determined upon it For if ABG be the 
first triad, R any other point on the first conic, 8 one of the 
points in which the polar of R with respect to the second conic 
meets the first, and T the pole of R8 with respect to the 
second conic ; the point T must always lie on the same conic 
with ABGR8, By taking R at the centre of an equilateral 
hyperbola, and 8 and T at the circular points at infinity 
(Chap. XI.), we deduce that ike circle through any conjugate triad 
with respect to an equilateral hyperbola passes through its centre. 

[Art. 64, Cor. 4. 

Corollary 2. 

Let the first conic become a circle, and let Q be one of its 
points of concourse with the second conic. Next let the points 
R and 8 coalesce at (Q, so that the inscribed self-polar triangle 
R8T degenerates into the vanishing triangle QQT: then T 
becomes the pole with respect to the co7iic of the tangent to ike 
circle at Q. Conversely, if QQ be any chord of a conic and 
yits pole, the circle drawn through T so as to touch Q,Q at Q 
(or Q) is such that an infinity of triangles self-polar with respect 
to the conic can be inscribed in it. 

T 
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Corollary 8.* 

Let the circle described as above meet the diameter QT of 
the conic in a second point and let V be the middle point of 
QQ^ and OP, CD the semi-diameters conj agate and parallel 
to Q Q', Then since 

VT. Vt= er = (<7P*~ OP) = CD\ 

it follows that OT, Vt is equal to Gn\ and hence that 
OT.Ct^ Gr± GA^± CB^; 

and hence that the circumscribed circle of any triangle self polar 
with respect to a conic is orthogonal to its director circle. In the 
case of the parabola every such circle is orthogonal to the 
directrix, or centre upon the directrix. Otherwise thus: 

let any circle in which self-polar triangles with respect to a 
conic can be inscribed meet the director circle in 0 and the 
chord of contact of the tangents OQ^ OQ' to the conic in P and 
F ; and let V be the middle point of Q Q\ Then since the 
points Pand F are conjugate, and since the angle QOQ is a 
right angle, 

TT-nt 

and therefore the line VOj which is normal to the director circle 
at 0, is the tangent at 0 to the circle OFF. 

THE QUADEILATERAL. 

PROPOSITION VIII. 

120. The intersections of the opposite sides and of the 
diagonals of a quadrilateral are a conjugate triad with respect to 
every conic circumscribing the quadrilateral. 

* The former of the two proofs of G-askin’s theorem (note, p. 186) in Cor. 3 is 
due to U. Paul Serret {Nouvelles AnnaJes xx, 79, 1861). The theorem may also be 
proved independently of Prop, vii., as follows : let QQ' be any chord of an ellipse, 
Fand T its middle point and pole, andP, Ji any two conjugate points upon it, so 
that VP.VR = QV^. Let the circle round TPE meet VT again in 0 : then it may 
be shewn that VO.VTzzQV^, and hence that CO.CT = CB^ {Nom. 
Ann. XX, 25). See also the Quarterly Journal of Mathematics X. 129. 
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If ABGD be any four points on a conlcj and OPQ the 
intersections of (AGj BD\ [AB^ CD)^ (AD, BG); then since 



the line OF and the point Q divide both AB and BG 
harmonically (Art. 107), therefore OF is the polar of Q. 

In like manner OQ is the polar of F: and therefore 0 is 
the pole of FQ, and the points OFQ are a conjugate triad, as 
was to be proved. 


Corollary 1. 

To draw tangents to a conic from a given point Q with 
the ruler only^ draw any two chords QAD and QBG from the 
given point: let the line FO (the join of the joins of AB^ CD 
and A a, BD) cut the conic in T and Ti draw QT and QT\ 
which will be the tangents required. 

Corollary 2. 

From a given point P draw a fixed chord FAB and a 
variable chord PD (7 to a conic. Then since A (7, BD and AD^ 
BG meet on the polar of P, therefore 

A[C]^B{D]=^A[D], [Prop. I. 

where G (or D) may be either extremity of the variable chord. 
Hence, taking any three positions of GD^ we have 

A { a<7' - A [DDV' C } ; 

and therefore any variable chord CD drawn through a fixed 
^ T 2 
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point determines an involution at any point A on the coym* 
and conversely. For example, a chord of a conic which 
subtends a right angle (Art 110) at a given point on the 
curve passes through a fixed point on the normal thereat.f 

PEOPOSmON IX. 

121. The three diagonals of a complete quadrilateral deter-^ 
mine a triangle which is self-polar with respect to every conic 
mscrihed in the quadrilateral. 

Let a, c, d denote the tangents at any four points 
A, J?, <7, D on a conic, and ah the join of any two of them 
a and h. 

Then (In the preceding figure), since AB and OB pass 
through P, their poles ah and cd lie on OQ the polar of P. 
And in like manner ad and he lie on OP, and ac and Id 
on PQ,\ 

That is to say, the three diagonals of the circumscribed 
quadrilateral abed lie upon the sides of the self-polar triangle 
OPQ, 


Corollary, 

In the reciprocal quadrilaterals abed and ABCD determined 
by any four tangents to a conic and their points of contact 
respectively, two pairs of diagonals cointersect and form a 
harmonic pencil 0 [PAQB] (Art. 107) ; and the third diagonals 
lie in one straight line, and their extremities form a harmonic 
range {ac, P, bd^ Q], [Prop. iv. 


^ otherwise thus : if PE and PF he the tangents to the conic from the given 
point P, then E [ECFL] is harmonic (Art. 18), and therefore A{ECFI)] is 
harmonic, or A P and A P are conjugate rays in the involution of which AE and AF 
are the double rays. Note that four "points on a conic are said to be harmonic when 
they subtend a harmonic pencil at every fifth (Prop, i.) • and the tangents at four 
such points are said to be harmonic. 

t This theorem is due to Fregier (Gergonne’s Annales vi. 231, 1816), 

X This was proved by Maclauiun in Sect. ii. §§ 35, 36 of the Appendix to his 
work on algebra above referred to (Ex. 324, note), in which he applied Cotes’ 
theorem of harmonic means to curves of the second order. He thus virtually recipro- 
cated a theorem of Desargues (Prop, vin.), although reciprocation, as a method, was 
only discovered in the century following. 
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PROPOSITION X. 

122. Any conic and the three joairs of chords joining any 
four ;poi7its upon it meet every transversal in four pairs of points 
in involution.^ 

(i) For if any transversal meet a conic in the points 
and any two of the three pairs of chords joining four points 
on the curve in the points BF and CC\ then by the theorem 
Ad quatuor lineas (Scholium C), 

AB.AB^ : AG.AC^AB.AF : 

and therefore AA^ BB\ GG' are couples in an involution 
(Art. Ill); and the third pair of connecting chords determine 
a fourth couple in the same involution, 

(il) Otherwise thus. Let any transversal meet a conic in 
the points AA\ and any two chords ab and cd in BB'^ and 
the chords ad and he in GG\ 

Then since the points AdbA on the conic are equicross with 
respect to a and c, therefore (estimating a [AdbA'] and c [AdbA] 
on the transversal) we have 

[ACBA] = [AFC A] = [AC' FA] ; 
and therefore AA^ BB\ GG' are couples in an involution 

(iii) The four sides of a given trapezium suffice to determine 
an involution on any transversal (Art, 108), and every conic 
circumscribing the trapezium passes through an additional 
couple in such involution ; and no conic which does not cii'cum- 
scribe the trapezium can pass through a couple in such involu- 
tion for every position of the transversal. For if the transversal, 
as it turns about any point A of a conic, meets it again always 


* This is one of the fundamental theorems of Desargues. Having first proved 
it for the circle he extended it to the general conic by projection, leaving to others 
to devise some direct proof applicable to the general case (Poudra’s (Euvres de 
Desargues i. 174, 193). The proof given above in Art. 122 (i) shews that the theorem 
is an immediate corollary from the ancient theorem Ad quatuor lineas. Tor the 
second proof (with a diagram) see Salmon’s Conic Sections^ Art. 344. The theorem 
seems to have been first stated for the case of three conies, instead of one conic and 
an inscribed quadrilateral, by Sturm (Gergonne’s Annales xvii. 180). At the end of 
the same memoir (p. 198) Sturm alludes to the reciprocal theorem of Prop. xi. See 
also Poncelet Traite des ProprlHes Projectiles 11. 149. 
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in the conjugate point A', this conic must have an infinity of 
points A' in common with the conic through A and the four 
summits of the trapezium. Hence the proposition may be 
stated as follows : 

A system of conics through four coramon points [loith their 
three pairs of common chords)^ meet every transversal in pairs 
of points in involution^ and conversely. 

Each of the two double points belonging to any transversal 
must be at its point of contact with one of the conics of the 
system, or at an intersection of a pair of their common chords. 
There can therefore in general be drawn two conics through 
four given points to touch a given straight line. 

Corollary 1. 

The foci of any transversalf with respect to a quadrilateral are 
evidently conjugate points with respect to every conic circum- 
scribing it. Hence the polar of a given point F with respect 
to a system of conics through four given points ABCD passes 
through a fixed point F ' which is determined as the second focus 
of the transversal which touches the conic ABGDFdX F. 

Corollary 2. 

Through three given points ABC draw two conics touching 
a given line at its extremities F and F' respectively. These 
conics Intersect at a fourth point -D, through which must pass 
every conic through ABC which has F^ F' for a pair of conjugate 
points.§ Hence we are led to infer generally that, in describing 
conics subject to given conditions, the condition that two specified 
points F and F' should he conjugate with respect to a conic is 
equivalent to having given one point D on the curve. 


* Each pair may he regarded as a degenerate hyperbola of the system. 

t We use this expression as an abbreviation for “the foci of the involution deter- 
mined upon any transversal by the sides of the quadrilateral, taken in opposite 
pairs.” 

X It was proved analytically by Lame {Examm cUs difftrentes meihodes employ ks 
pour resoudre les proUemes de Geometrie pp. 34 — 38, Paris, 1818) that if a system of 
conics {or quadrics) have the same points of hitersection, their diameters {or diametral 
planes) severally conjugate to a system of parallel diameters meet in a point. 

§ For example, if F and F' be the circular points at infinity, the conics are 
equilateral hyperbolas, and they pass through the orthocentre of the triangle A30. 
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Corollary 3. 

Each common tangent FF to two conics Is cut harmonicallv 
by every other conic (or pair of chords) through their four 
common points. By supposing three of the four common points 
to coalesce, and one of the conics to become a circle, we deduce 
that the common chord of a conic and Its circle of curvature at 
any point and their common tangent thereat divide their further 
common tangent harmonically, [Ex. 647. 

Corollary 4. 

A system of conics having double contact cut every trans- 
versal in pairs of points in an involution, having one focus 
upon their common chord of contact CC\ In particular, if a 
transversal meet one of the conics in and their fixed 

common tangents (which themselves constitute a degenerate 
conic of the system) in BB\ then CC' passes through a focus 
of the involution AA\ BB'.^ Hence, if two points AA on 
a conic and also two tangents to it be given, their chord of 
contact passes through one or other of two fixed points on the 
line AA ; and if a third point A' on the conic be given, the 
same chord of contact passes also through one of two fixed 
points on the line AA\ and may therefore have any one 
of four positions. There are therefore four solutions of the 
problem, to draw a conic through three given points so as to 
touch two given lines. 

Corollary 5. 

If one focus of an involution be at infinity Its other focus 
bisects every segment of the involution (Art. 112). Hence 
and from Cor. 4, any two conics having double contact malce equal 
and opposite intercepts on every transversal parallel to their 
common chords and therefore on every transversal without ex- 
ception in the case in which their common chord is the straight 
line at infinity (Art. 57). Conversely, we are led to infer from 
Ex. 50 that every two similar and coaxal conics are to he 
regarded as having double contact with one another upon the line 
at infinity. 


Notice the special case of Ex. 69. 
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PROPOSITION XI. 

123. The pairs of tangents from any 'point to a system of 
conics inscribed in the sanie quadrilateral form a pencil in 
involution^ and conversely. 

Let four tangents to a conic intersect in the three pairs 
of points aa '5 bb\ cc ; and let any transversal meet their polars 
in AA^ BB\ GO' and the conic in BD' • and let 0 be the 
point of which the transversal is the polar. 

Then each ray of the pencil 0 [aabVccDD'] is the polar 
of the corresponding point in the range {AABB' CG'JDD']^ and 
the two systems are therefore homographic (Prop, iv) ; and 
since the latter is in involution (Prop, x) the former Is also 
in involution. 

If now we suppose the four tangents to remain fixed whilst 
the conic varies, the pairs of tangents (9i), OD' from any 
assumed point 0 to every conic of the system are conjugate 
rays in the involution 0 [aabb'cd]^ as was to be proved. 

Conversely it may be shewn (Art. 122 §ili) that if the 
tangents from every point 0 to a conic belong to the involution 
0 [aa'hb'cd]^ the conic must be one of the system inscribed in 
the quadrilateral whose summits are aa\ bb\ cc. 

Corollary 1 . 

The director circles of all conics inscribed in the same quadri- 
lateral are coaxal.^ For if 0 be taken at either point of con- 
course of any two of these circles, the tangents from it to 
their two conics will be at right angles, and therefore the 
tangents from it to every conic of the system will be at right 

* Tliis is one of Gas]^in’ 8 theorems, for the reciprocal of which see Art. 69. It 
may also be deduced from Art. 119, Cor. 3. combined with Prop, xii., which require 
that the limiting points of every two of the director circles should lie upon a fised 
straight line, and also upon the circle through the intersections of the three diagonals 
of the quadrilateral, and should therefore be two fixed points. Prof. Townsend 
has established the analogous theorem in three dimensions, that the director spheres 
of the system of quadrics touching eight fixed planes {and therefore inscribed in the 
same developable surface) have a common radical plane. See the Quarterly Journal 
oj- Mathematics vol. vnr. 10—14. The same theorem appears to have been proved 
independently by M, Picqtjet (Chasles Happort sur lesprogres de la Geometric p. 370, 
Paris, 1870). It occurs to me that the director circle and sphere might hav^ been 
called the OaTHOOYCLB and Outhospiieiie. 
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angles (Art. 110). To tlie same coaxal system belong tbe 
circles on the three diagonals of the quadrilateral as diameters. 

[Art. 33, Cor. 3. 

Corollary 2. 

If one side of the quadrilateral be at/infinity, its three 
diagonals become the parallels through the vertices to the 
opposite sides of a triangle ; and the circles upon these diagonals 
become the perpendiculars of the triangle, whose intersection 
must therefore be a point on the directrix of every farahola 
inscribed in the triangle. [Art. 29, Cor, 1. 

Corollary 3. 

It may be shewn by reciprocation* from Art. 122 (or directly, 
by the kind of reasoning there employed), that the pole of a 
given straight line with respect to a system of conics inscribed 
in a quadrilateral lies upon a fixed straight line; and that to 
have given that a specified pair of straight lines are conjugate 
with respect to a conic is equivalent to having given one tangent to 
the curve ; and that two conics can in general be drawn through 
one given point so as to touch four given lines ; and that four 
conics can be drawn through two given points so as to touch 
three given lines. 

Corollary 4. 

Every pair of tangents 2!P, TQ to a conic whose foci are 
SmdiH are harmonic conjugates with respect to the bisectors 
of the angle 8TH (Art. 50), as are also the lines from T to 
the circular points at infinity <jS> and (Chap. Xl). The 
tangents JIP, TQ are therefore a couple in the same involution 
with T[8H<p<l>']^ and every conic which has 8 and S for foci 
may accordingly he regarded as inscribed in the trapezium 
On account of this affinity of the points 0, (j>' to the foci of 
every conic in their plane we shall sometimes speak of them 
as the Focoids, comparing the use of the term centroid^ or 
quasi-centre. 


Notice that the proof of Prop. xi. is itself an example of reciprocation. 
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PROPOSITION XII. 

124. The locus of the centres of all conics inscribed in a given 
quadrilateral is a straight linef which also bisects its three 
diagonals, 

(i) Since the director circles of the system of inscribed conics 
are coaxal (Art. 123, Cor, 1), their centres, which are also 
the centres of their conics, lie on a straight line. This line 
Is evidently the diameter of the quadrilateral (Art. 107), since 
the middle points of the tliree diagonals (regarded as flat conics 
inscribed in the quadrilateral) belong to the locus of centres. 

The proposition also follows as a special case from Art. 123, 
Cor. 3 by regarding the centre of every conic as the pole of 
the line at infinity with respect to it. 

(ii) In the following proof the parallelogram of forces is 

u. 

Let any conic touch four fixed lines AB^ BG^ GD^ DA in 

By Ly M respectively. Then the resultant of AM and ANy 
regarded as representing forces, bisects the chord of contact MNy 
and therefore passes through the centre of the conic. 

Q 



* This impottant theorem of Newton (Ex. 505, note), which was originally 
proved by the elementary method of Exx. 370—2, served as a starting point for 
later researches into the properties of systems of conics subject to less than five 
conditions. Notice the use made of it by Brianchon and Poncelet in Gergonne’s 
Annahs xi. 219. It might have been deduced from it by projection—a method not 
■tmhnown to Newton— that there are an infinity of pairs of straight lines conjugate 
to the entire system of conics touching four given lines, which is the equivalent of 
Prop. XI. on involution. 
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Tlius the centre is a point on the resultant of each of the 
pairs {AM, AN), {NB, RB), {OR, CL), {LD,MD)^, that is 
to say, it is a point on the resultant of AB, GB, AD, CD, and 
its locus is therefore a straight line."^ It is evident that the 
resultant of these forces bisects the two diagonals A G and BD ; 
and by resolving them severally into 

PB^AB, CQ+QB, QD + AQ, CP-hPD, 
we see that it bisects the third diagonal PQ also. 

Corollary, 

One conic and one only can be inscribed in a given quadri- 
lateral so as to have its centre upon any given straight line, 
since this line by its intersection with the diameter of the 
quadrilateral determines a single position of the centre of the 
conic. Hence we are led to infer that to have given a diameter 
of a conio is equivalent to having given a tangent to it, since 
either datum alike (when four other tangents are given) deter- 
mines one conic and one only. This is in accordance with 
Art. 123, Cor. 3, since every diameter of a conic is conjugate 
to the line at infinity. 


PROPOSITION XTII. 

’ 125. The centimes of all the conics which circumscTibe a given 
quadrilateral lie upon its eleven-point conic. 

(!) Through four given points two conics can be drawn so 
as to have their centres (real or imaginary) upon any given 
straight line. [Prop. xii. Cor. 

The locus of the centres of all the conics through four given 
points ABGD is therefore of the second order, since every 
straight line meets it in two points and two only. 

The join AB of any two of the four points meets this conic 
of centres in two points, which must evidently be the middle 
point of AB and its intersection with GD, 

(II) Otherwise thus. If 0 be the centre of any conic through 
ABGD, the radiants from 0 parallel to the six joins of the 


* NouveUes Annales I. 24 (1862). Tor a proof dependiog upon the d3maiaical 
principle of moments see tLe Quarterly Journal of Mathemutica vi. 215. 
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points ABGD are homographic with the radiants from 0 to 
their middle points (Prop, ii) ; and the locus of 0 is therefore 
a conic through those middle points. And it is obvious that th^ 
three intersections [AB^ GD\ (AG^ BD)^ (AD, BG) are also 
points on the locus. 

(iii) The conic of centres will have two real points at infinity 
or one^ or none according as two real parabolas or one or none 
can be circumscribed to the quadilateral ABGD. The locus 
will therefore be in general a hyperbola if this quadrilateral be 
convex (Ex. 184), or a parabola if two of its sides be parallel 
and an ellipse if the quadrilateral be reentrant. 

(iv) Let either of the two parabolas (real or imaginary) which 
pass through ABGD touch the line at infinity in Z, 'which will 
accordingly be the pole of that line with respect to the parabola 
and therefore the ceiitre of the parabola. 

The conic of centres therefore passes through the two points 
on the line at infinity which are conjugate with respect to all 
the conics through ABGD (Art. 122, Cor. 1), as well as 
through the six middle points and the three intersections of 
their three pairs of common chords; and we have therefore 
called it the Eleven-Point Gonic of the quadrilateral ABGD, 
Its centre is at the centroid of the points AZCi), since at that 
point the joins of the middle points of [AB^ GD}^ [AG^ BD\ 
(ADj BG) meet and bisect one another.^ 

It is evident that the polars of any yoint on the eleven-point 
conic of ABGD with respect to all the conics round ABGD are 
parallel.^ since they all meet in a point (Art. 122, Cor. 1), and 
one of them is the line at infinity. 

Gorollary 1, 

Since the eleven-point conic E contains a conjugate triad 
(Art 120) with respect to every conic F through ABOD^ 


* This is at once evident, since four equal particles at ABGD balance two and two 
about the middle points of any pair of the above lines ; and therefore the centroid 
of the four particles is at the middle point of the line joining any such pair of middle 
points. In the Quarterly Journal of Mathematics vi. 127 I have shewn how to 
verify a simple construction for the centroid of the area of any quadrilateral by an 
extension of the barycentric principle. 
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therefore if 0 be an intersection of E and the tangent to 
E&t 0 has its pole with respect to F on E. [Art. 119, Cor. 3. 

Gorollm'y 2. 

The eleven-point conic of any quadrilateral ABGD In- 
scribed in a conic touches the diameter of the quadrilateral 
formed by the tangents to it at ABCD^ since the complete 
locus of centres of the system of conics inscribed in the latter 
quadrilateral is its diameter (Prop, xil.), and the locus of 
centres of all conics round ABGD is its eleven-point conic, and 
one conic only can be both Inscribed in the one quadrilateral 
and circumscribed to the other. 

Corollary 3. 

When the two points at infinity which are conjugate to all 
the conics round ABGD are the m'cular pomts the eleven-point 
conic becomes the nine-point circle, and the points ABGD 
become a triad and their orthocentre. The nine-point circle 
really belongs to this form of teti*astlgm, and not specially to 
any one of the four triangles determined by its vertices; in 
the same way that the system of equilateral hyperbolas cir- 
cumscribing any one of these four triangles is a system of 
conics circumscribing the tetrastigm. 

SCHOLIUM n. 

We have seen that an ellipse or a hyperbola may degenerate 
into a straight line AA‘ or its complement (Art. 33, Cor. 3). Tor 
example, the diagonals of a quadrilateral may be regarded as flat 
conics inscribed in it, and accordingly their middle points belong 
to the locus of centres of all conics inscribed in it (Prop. xii). This 
agrees with the bifocal deflnition SP + HP = a constant, in 
accordance with which the point P may in the limit lie anywhere 
upon the line SF) or upon the complement of SE, if the lower 
sign be taken. 

Again, if TP, TQ and TP\ TQ be the tangents from any 
point T to two ellipses whose common foci are S and F, the angles 
PTP' and QTQ are always equal ; and hence when the inner ellipse 
assumes the line-form 8F the angles 8TP and FTQ are equal. 
But since this is also the case when the second ellipse is left out 
of consideration, and the lines TS and TF are simply drawn 
through the fixed points and F, the point-pair B and F are 
so far indistinguishable from the flat conic SF, 

Again, let the ellipse be regarded as the envelope of a straight 
line subject to the relation Xp. = P, where X and p are the perpen- 
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diculars upon it from S and IT. When 5 vanishes the ellipse acrain 
appears to coincide with the points /S' and which are represented 
hy X = 0 and = 0 taken separately ; but by taking X = 0 and u = o 
simultaneously we find that (besides the tangents whose points of 
contact are at B and S) the limiting conic has an in&fity of 
tangents which ultimately coincide with the line joining B, U koA. 
have their points of contact distributed, along BE.* We may therefore 
say (1) that an ellipse degenerates into the line /S^ joining its foci 
when its minor axis vanishes, meaning that BE is an actual 
limiting form of the curve ;t or (2) we may say that it “deo'enerates 
into” the point-pair B, understanding that at the instant at 
which it does so degenerate it ceases to belong properly speakine 
to the class conic, although the point-pah' B, E and the line joining 
them may be, as regards some properties, indistinguishable. “ 
In like manner the hyperbola may be said to degenerate into 
its asymptotes EOe and E’ Ce' (Art. 54); but strictly speaking it 
becomes the pair of vertically opposite angles ECE' and eCe' and 
then has for its tangents at C those lines only throuo'h C which lie 
within the said angles. The conjugate hyperbola aUhe same time 
becomes coincident with the two supplementary angles, and has 
for its tangents at C all the lines through C which fall within those 
angles. It is therefore practically sufficient to say that either of 
the two^ conjugate hyperbolas “degenerates into” the line-pair 
ECe, E'Ce s.ndi has for tangents every straight line through C-, 
but the theoretical difference between these two views of the limit 
becomes apparent when we observe that the one makes the cur- 
vature at C zero whilst the other makes it infinite. 

For some further discussion of these matters see the Quarterly 
Journal of Mathematics viii. 126, 235, 343. x. 93 ; Oxf. Camb. Dull. 
Messenger of Mathematics rv. 86, 129, 140, 148; Chasles Beetions 
Coniques pp. 30—38 ; Salmon’s Eigher Plane Curves up. 377, 883 
(ed. 3, 1879). 

EEXAfJEAMMUM MYSTICUM. 

PROPOSITION XIV. 

126. The three pairs of opposite sides of any hexagon inscribed 
in a conic have their intersections in one straight line. 

(i) Let ABODEF be any six points on a conic, and let 
0, P, Q be the intersections of {AB,DE), [BO, EE), [QD,AF]. 

* This appears also by projecting the conic upon any plane from any vertex in its 
own plane. 

t If X, V be the perpendiculars from three points upon a straight line, the 
envelope of a line subject to the relation \fxv = assumes a corresponding line-form 
when c vanishes. By supposing each coordinate to become equal to a perpendicular 
of the triangle of reference whilst the product of the remaining two coordinates 
vanishes, we see that the limit of the curve is made up of three parts each of 
■which constitutes a side of the triangle of reference or its complement. See also 
Mathematical Questions from the Educational Times, vol. xvi. 43. 
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Tlien since the four points AGDE are equlcross •with respect 
to B and therefore 

{ OKDE] [A CDE] = F [A GDE] = ( Q GDL], 
if E be the intersection of BP^ DO and L the intersection of 
IP, DQ. 

And since the ranges [OKDE] and {QGDL} are thus equal 
and have a common point D^ therefore the lines OQ, EL, EG 
meet in a point, or the points OPQ lie in a straight line,^ as was 
to he proved. 

(ii) Otherwise thus. Let 0 and Q be the intersections 
of AB, BE and AF, GD respectively. And let OQ meet AD 
in E, and BG m P, and EFm P\ Then will P' coincide with 
P. 

For the points 0, Q and the conic determine upon the trans- 
versal 0 § an involution to which, by a property of the inscribed 
quadrilateral ABGD, the couple PE belong (Prop, x); and 
by a property of the quadrilateral ADEF the couple P'R belong 
to the same involution ,t and therefore P' coalesces with P. 

(Ill) Otherwise thus.f Consider the surface generated by 


* This line changes its position when the points ABCDEF are taken in a different 
order. On the various Pascal-lines OPQ, see the note on Pascal's theorem at 
the end of Salmon’s Conic Sections; and see Townsend’s Modern Geometry chap. 17. 

t The proposition is thns virtually a corollary (Art 122 §i) from the theorem 
Adquatuor lineas. See also Salmon’s Conic Sections, Art. 267. 

X This proof, as it stands, is taken from Math. Questions from the Educational 
Times xyiii. 83 (1873). Eor the corresponding proof of Prop. xv. see vol. six. 65. 
Both theorems had been treated in this way by Dandelin in vol. ill. of the Isouveaux 
Mmioires de V Academic ^'c. de Bruxelles (1826). 



288 


CEOSS EATIO AND INVOLUTION. 


a straight line which always meets three fixed non-intersectino- 
straight lines in space. 

Let 1, 2, 3, be the fixed lines and 1', 2', 3' any three positions 
of the moving line. Then the common section of the two planes 
through 3', 1 and 2/2' respectively passes through the points 
(3', 2) and (1, 2'). 

In like manner the common section of the planes through 
1', 2 and 3, 3' passes through the points (T, 3) and (2, 3'); and 
the common section of the planes through (2', 3) and (1, 1') 
passes through the points (2', 1) and (3, 1'). The three common 
sections therefore form a triangle, and consequently lie in one 
^lane, 

Now let the surface be cut by any arbitrary plane. This 
plane will be met by the planes through 3', 1 ; 2, 2' ; &c. in 
a hexagon 1, 1', 2, 2', 3, 3'; and by the three common sections 
(since they are co-planar) in three collinear points PQU^ which 
are also the intersections of the opposite sides of the hexagon. 
The proposition is thus true for any plane section of the ruled 
quadric, and therefore for any conic. 

Corollary 1. 

Five points BCDEF on a conic being given, we may now 
find any number of sixth points A on the curve, viz, by drawing 
arbitrary lines BO through one of the given points 5, and then 
determining successively the points OPQ^ and the line QF^ 
and its intersection with BO. Notice that -d is a vertex of 
the variable triangle AOQ^ the extremities of whose side 
OQ slide along fixed lines ED and GD^ whilst its three 
sides pass through three fixed points PBF respectively. 

[Prop. I. Cor. 2. 


Corollary 2. 

If ABOEF be five given points on a conic, the tangent 
at any one of them C may be constructed by this proposition; 
for we have only to make D coincide with (7, in which* case 
the line GQ becomes the tangent at G. Again, by supposing 
C to coincide with B and E with F^ we deduce that the tangents 
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at the vertices B and F of a quadrilateral ABDF inscribed 
ia a conic intersect upon the straight line which joins the points 
of concourse of its sides AB^ I>F and AF^ BD, 

PROPOSITION XV. 

127. The joins of the three pairs of opposite vertices of any 
hexagon circumscribing a conic meet in a points 

(i) Let the tangents at A^ B^ &c, in the preceding figure be 
eij &c. ; and let ab denote the Intersection of any two of them 
a and 5. 

Then the join of ai and de is the polar of 0; the join of be 
and ^is the polar of P; and the join of cd and fa is the polar 
of Q. And these three joins meet in a point, since their poles 
OPQ are in one straight line. 

(ii) Otherwise thus. Let AA\ BB\ CO' be the opposite 
vertices of any hexagon chcumscribing a conic; and let the 
four tangents AB^ BC^ A'B\ G'A determine the range 
[ECA'F] on the tangent GA\ and the range [GKB'C'} on 
the tangent B' G\ 



These ranges being equal (Prop. l), we have 
A {BGA' G'} = [FGAF] = { GFB' G'} ^B[A GB’ G '} ; 

and therefore, AB being common to the two pencils, their rays 
{AO, BO), (AA’, BB'), {AG', BG') meet on a straight line 
(Art. 105), or the diagonals AA', BB', CG' of the hexagon 
meet in one point. 

D 
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Corollary 1. 

Having given five tangents to a conic we may determine 
their points of contact by this proposition ; for if the summit C 
of the circumscribing hexagon be on the curve^ the tangents 
AC and B* C being supposed to coalesce, then the line joinino- 
the opposite summit G to the intersection of AA and BB’ 
determines by its intersection with AB' the required point of 
contact 0\ We may also determine an infinity of other 
tangents to a conic when five tangents AB^ BC\ GA\ A'B] 
B' C are given; for if we draw any line through the given 
point A' to meet AB in J., the point C' may be determined as 
above. 


Corollary 2. 

The orthocentre of any triangle is a 'point on the directrix 
of every parabola inscribed in it For if abc be any three 
tangents to a parabola, ad the tangents at right angles to 
a and c respectively, and co the line at infinity, which together 
make up a hexagon aJcc go a! circumscribing the parabola, then 
the joins of ab^ dec and 5c, a'co are two of the perpendiculars 
of the triangle abc] and the join of the joins of the orthogonal 
tangents aa' and cd is the directrix ; and, by the proposition, 
these three joining lines cointersect 

SCHOLIUM E. 

Pascal’s theorem (Prop. xiv)--else where called by him the 
theorem of the Mystic Hexagram — was enunciated without proof in 
his Bssais pour les Coniques (1640) as a property of the circle, which 
might be generalised by projection, and then used as the foundation 
of a complete treatise on conics. See CEwores de Blaise Pascal, iv. 
1—6 (nouv ed. Paris, 1819) ; Chasles’ Apergu Ristorique, pp. 68—74. 

Brianchon’s theorem (Prop, xv) was deduced from Pascal’s by 
means of Desargues’ properties of what are now called polars 
(Scholium B). The author’s proof of his theorem, given in His 
Mkmoire sur les Surfaces courles du second Begrh {Journal de V Bcole 
poly technique, tome vi. 297 — 311, 1806), was as follows. 


* This proof is given, as by Mr. John C, Moore, in Salmon’s Conic Sections (Art. 
268, Ex. 3, sixth ed. 1879). See also Scholium p. 57. Brianchon and Poncelet had 
deduced the reciprocal theorem of Art. 69 from Pascal’s hexagram. 
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Take any three concurrent straight lines FAA\ PjBB\ PCC' 
in space, and let LNMlnm denote the six intersections 

(BC,B'0% (CA, C'A% 

{AB^A'B), {BC',B'C), {CA\ C'A) 

respectively. Then the four triads of points LMN'^ Lmn^ IMn, 
are evidently collinear, since they lie severally upon the common 
sections of the four pairs of planes. 

{ABC,AB'C% {ABC',A'B'C\ (AB'O, ABC'), {ABC,AB'C'). 

And since every two of these triads have one point in common the 
four common sections and therefore the six points LMNlmn lie in 
one plane, which also together with point P divides each of the 
segments AA, BB' , CC' harmonically. [Art. 107. 

If the whole figure he now projected orthogonally upon any 
plane, then (with the same notation) the six points LMNhnn will 
in general still lie by threes upon four separate straight lines, in 
the order above-mentioned ; but if any other three of them as LmN 
he also collinear the six points will then lie in one straight line, 
since the plane of projection must be at right angles to the plane 
of the original six points ,* and this line together with the point P 
will divide the segments AA, BB', CC' harmonically. 

This is the case when AA, BB', CC' are concurrent chords 
of a conic, since their extremities may be taken in any order 
to form an inscribed hexagon (Prop. xrv). Por example, the 
hexagon ABCAB'C has for its Pascal-line LM 71 , on which the 
remaining three points ImN must also lie. Brianchon then observes 
that two of the three concurrent chords suffice to determine this 
line, whilst the third CC may be supposed to turn about P, and to 
coincide with either of the former, or to become itself a tangent 
(if P be an external point). Having thus virtually given a fresh 
proof of the properties of polars,* he at once deduces his own 
theorem (Prop, xv.) from the reciprocal theorem of Pascal, which 
he takes from the Geometrie de 'position (Carnot), probably not 
knowing to whom it was due. See also Grergonne’s Annales iv. 
196, 379 (1813—14). 

This brilliant application of .Desargues’ theory of polars, in 
conjunction, with the property that the polar planes of all on 

one quadric with respect to a second envelope a third, which Brianchon 
proved in the same article (as an extension from the case of similar 
and coaxal quadrics), served as a basis for the method of Peciprocal 
Polars, the full development of which was so largely clue to 
PoxcELET (Crelle’s Journal iy. 1 — 71, 1829). 


^ Pascal Mmself also liad doubtless deduced the properties of polars (which he 
would have learned from Desargues) from his hexagram. 


U2 
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EXAMPLES. 

696. If ABO^ DEE be two triangles such that AB^ BE^ 
GF meet in a point, the intersections of ( 5 ( 7 , EF\ (CA, FD)^ 
[AB^ BE) lie in one straight line, and conversely^-; and 
every tetrad of radiants or collinear points in the figure is 
harmonic. 

697. If the vertices of a triangle slide severally on three 
fixed radiants, and if two of its sides pass through fixed points, 
the third side passes through a third fixed point in a line 
with the former two, and conversely. 

698. If one quadrilateral be divided into two others 
by any straight line, the diagonals of the three intersect in 
three collinear points. 

699. Prove for the case of the circle that any four points 
on the curve and the tangents thereat are equicross; and 
that the cross ratio of any four points ABCB on the curve is 

, AB.CB 
AB.BG* 

700. Prove that the sides and diagonals of a quadrilateral 
determine an involution on any transversal; and that. its six 
summits subtend a pencil in involution at any point in its 
plane. 

701. The circles on the three diagonals of a complete 
quadrilateral as diameters are coaxal; and they are orthogonal 
to the circle through the three intersections of- its diagonals ; 
and they determine an Involution on any transversal. 

702. Any two triangles which are reciprocal polars with 
respect to a circlet are in homology. 

703. Find the locus of intersection of tangents to two 
given circles whose lengths are in a constant ratio. 



* Two such triangles are said to be in persi^ectlve or in homology. Solutions of 
Exx. G 96-702, 705 are given in McDowell’s Exercises m Euclid mid in Modern 
Geometry, pp. 134-187, 227, 239 (new edit. 1878). 

t The same, may he proved for conic, as (for example) in Cremona’s EUnwits 
de Geometrie Projective, p. 227 (1875). 
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704. The pairs of radiants from any point to the Tertices 
of a triangle and parallel to its opposite sides respectively 
form a pencil in involution. 

705. Deduce by reciprocation from the property of the 
orthocentre that, if from any point radiants be drawn to the 
summits of a triangle, the radiants at right angles to them 
meet the opposite sides of the triangle in three collinear points. 

706. The nine-point circle JSF of the tetragon determined 
by a triad of points and their ortlioceiitre [Art. 125, Cor. 3) 
touches the sixteen circles inscribed or escribed by fours 
to the four triangles determined by the summits of the tetragon 
(note, p. 191). If ABO and 0 be the points of contact of 
any of these sixteen circles with its triangle and with N 
respectively, the sixteen sets of lines OA^ OB^ 00 ^ making 
in all forty-eight lines, pass by fours through the extremities 
of the six diameters of N parallel to the sides and diagonals 
of the tetragon; and every two tetrads which pass through 
opposite extremities of the same diameter have equal cross 
ratios.^ 

707. Prove by reciprocation from the theorem Ad quatuor 
lineas (or otherwise), that If a quadrilateral be circumscribed 
to a circle, the ratios of the products of the distances of 
its three pairs of opposite summits from any fifth tangent are 
invariable.t 

708. From the aaliarmonic point-property of a conic deduce 
the theorem Ad quatuor lineas:^ and thence deduce the theorems 
of Art, 16, and the property of any principal or oblique 
ordinate. Shew also how to deduce the anharmonic property 
of four tangents from that of four points | 


^ See Dr. Casey’s article in the Quarterly Journal of Mathematics, iv, 245. 
t See Mulcaliy’s Principle* of Modern Geometry, p. 43 (ed. 2, 1862). 

X All the chords PQ drawn to a conic from a given point P upon it are bisected 
by a similar conic touching the former at P and passing through its centre 0. Let 
the tangent at Q meet that at P in E. Then OE meets PQ in & point q lying on 
the inner conic ; and by the point-property of the latter, 

P{Q} = P[q}=0{q}=0{E}^[R}. 

This proof is from GrAaKi^’’s Geometrical Construction of a Conic Section p. 26 
( 1852 ). 
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709. From the anharmonlc tangent-property of a coulc 
deduce the rela-tlon between the intercepts made upon a pair 
of parallel tangents by any third tangent.* 

710. From the point-property of a conlcj A {ABCDj 
— B [ABCD]^ deduce that if from any point E on the chord 
AB a transversal be drawn meeting the tangents dX A^ B 
in f'and T\ and the conic in G and i), then 

KG. KT . TD = KD . TK. T G. 

71 1. Deduce elementary properties of the hyperbola from 
the relation. 

00 [ AB ^ 00 '} = 00 ' [ ABqo CO 

where 00 and 00 ' are its two points at infinity, and AB any 
other two points on the curve. 

712. Deduce Art. 23, Cor. 3 from the relation 

where qo Is the point at infinity on the parabola. 

713. Shew also by cross ratio that three fixed tangents to 
a parabola divide any fourth in a constant ratio. 

714. Deduce from Prop. VI. that, if a conic touches the 
sides of a triangle and passes through the centre of its 
circumscribed circle, this circle touches the orthocycle (note, 
p. 280) of the conic. 

715. Deduce from Prop. ix. that the nine-point circle of 
every triangle self-polar with respect to a parabola passes 
through the focus ; and construct a triangle self-polar to every 
parabola inscribed in a given triangle. 

716. If OP and OQ be tangents to a conic, the circle 
through P which touches OQ in is such that triangles 
self-polar with respect to the conic can be circumscribed to it. 


* Chasles has founded his Traits des Sections Coniques upon the anharmoiiic 
properties of conics (cf. Aperqu Historique, pp. 39, 331-344:). The properties of 
diameters and of the foci are deduced in chaps, vi. and x. The same general method 
is followed hy Cremona; and it is given as an alternative by Bouche and De 
Comberousse {Traite de Geometrie § 1125, 4me ed. Paris 1879). 
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717. Shew how to inscribe in a given conic a triangle 
(or 7z-gon) whose sides pass severally through given points.* 

718. Having proved the properties of polars by cross ratio, 
deduce the fundamental property of a diameter of a conic. 

719. Prove Prop. IT. by the same method, and deduce 
the elementary properties by which it was proved in the text. 

720. From the properties of quadrilaterals inscribed or 
circumscribed to a conic, deduce that the diagonals of every 
inscribed parallelogram are diameters of the conic; and that 
supplemental chords are parallel to conjugate diameters; and 
that the diagonals of every circumscribed quadrilateral are 
conjugate diameters. 

721. If a variable tangent to a conic meet the tangents from 
a given point L \n F and JT, and if M and Z* be a certain 
pair of fixed points on the fixed tangents; shew that JfZ. ZZT 
is constantjf and deduce that a variable tangent to a conic 
divides any two fixed tangents homographically. 

722. If ABGDE be a pentagon circumscribing a parabola, 
the parallels from B to GD and from A to BE intersect 
upon CE, 

723. If ABGD be a quadrilateral circumscribing a parabola, 
the parallels from A to GD and from G to AD intersect on 
the diameter through J 5 ; and every other tangent divides 
AD and BG (or AB and GD) proportionally.^ Consider also 
the limiting case in which ABGi^ a straight line. 


* On Exx. 7L7 &c. see Salmon’s Conic Sections §§297, S26— S, Exx-. where 
Townsend’s solution is given; Eonclie et De Comberousse Traite de Gconutrie 
§113 A The problem — for a simple case of which see Pappus Collect, lib. vii, 
prop. 117 — was solved by Pohoelbt, and analytically by GASKI^^ See Eistorkal 
Notices respecting an Ancient Prohlem in The Mathematician voL III. pp. 75, 1-1 >, 
225, 311, 42 (suppl.). 

t See Xbwton’s theorem Ex. 371, with Ex, 364, note ; and compare Ex. 726, note. 
See also ChaSLES Geometrie Supa'ieure § 120 ; Sections Coniques §56. 

J Exx. 722-3 having been deduced from Brianchon’s hexagon in Quetelet’s Corre- 
spondance mathematigue et physique iv . 155, Chaales was led (ibid. iv. 364, v. 280) 
from Ex. 723 to Ex. 724 (which is equivalent to the anharmonic property of four 
tangents to a conic), apparently without being aware that an equivalent theorem 
(Ex. 721, note) had been proved by Mewtox. See also Apei'qu llistorique: pp. 341—4 
(Xote xvi.). 
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724. In a quadrilateral ABGD circumscribed to a eoulc, 
tbe ratio of the ratios in which any fifth tangent divides either 
pair of its opposite sides is constant. 

725. If the fifth tangent meet AB^ CD in M and 
and if a sixth meet AD^ BOin P and then 

AM.BQ. CN.DP^AP.BN. GQ.DM. 

726. Quatuor rectis BL^ BI^ DK^ JDS positwne datis^ ducere 
guintam LH talern^ ut partes abscissce IK^ KL sintin ratione 
dataJ^ 

727. If a fixed conic 8 and a variahle conic S' be inscribed 
in the same quadrilateral, the four points in which S' intersects 
S subtend at any point on S' a pencil whose cross ratio is constant, 
being equal to that of the range in which the sides of the quadri- 
lateral meet any fifth tangent to /S.f 

728. If tbe tangent at 0 to a conic meet any other 
three tangents in the points abc^ and meet their three 
chords of contact in a'h'c^ prove that [Oahc] — [Oa'b'o'}, 

729. If AB be a given chord of a conic, and PQ a 
variable chord such [APQB] Is constant, the envelope of PQ 
is a conic touching the former at A and B. 

730. If the chords AB and CD of a conic be conjugate, 

and be a right angle, and a chord DP meet AB 

in Q] prove that the angle PGQ is bisected by GA or GB. 

731. If ABG be a triangle circumscribing a parabola 
and dbo the points at infinity on its sides, the tangents from 


Lambert Insigniores Orhitce Cometarum Proprietates sect. l. lemma 18 §§ 51-53 
(1761). The envelope of is shewn to be the parabola touching the four given 
lines (Art. 28, Cor. 8). [The problem had been solved in another way in the 
Arithmetica Universalis prob. 52 (ed, 1707) — al. prob. 56]. Here we have obviously 
the anharmonic property of four tangents to a parabola ; and by stating the result 

JHI KI 

in the projective form that the ratio of the ratios and is constant we at once 

shew the property to be true for all conics. [See also the Principia lib. i. sect. v. 
lemma 27 Cor., where Wren and Wallis are referred to for earlier solutions.] 

t Briefly thus : the cross ratio of the common points of any two conics in the one 
is equal to that of their common tangents in the other. 
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any point 0 to the parabola belong to the involution 
0 {AaBb Gc]. Hence shew that the directrix of every parabola 
inscribed in a triangle passes through its orthocentre. [Art. 110. 

732. The joins of four points on a conic meet any 
transversal in three pairs of points in an involution, to which 
the intersections of the transversal with the conic also belong. 
Hence deduce (by removing the transversal to infinity) that 
every conic through a triad of points and their orthocentre is 
a rectangular hyperbola. 

733. If AEB and CDF be two triads of collinear points, 
the intersections of {AF^ CE)^ [BF^ ED)^ (^{ 7 , DA) are in 
one straight line.* 

734. In a hexagon Inscribed in a conic, if two pairs of 
alternate sides are parallel the third pair are parallel. 

735. In every hexagon inscribed in a conic the two triangles 
determined by the two sets of alternate sides are in homology. 
State the reciprocal theorem. 

736. The Pascal lines of the sixty hexagons determined by 
a Pascal hexastigm pass by threes through twenty points; 
and the Brianchon points of the sixty hexagons determined by 
a Brianchon hexagram lie by threes on twenty straight lines.! 

737. If two conics touch one another at A and B^ and if 
LM be a chord of the outer which touches the inner conic ; find 
the loci of the intersections of AL^ BM and AM^ BL, 

738. The chords joining four points on a conic to any 
fifth P and to any sixth Q intersect in four points lying on 
a conic through P and Q, 


* Pappus ColUctio lib. vii. prop. 139 (vol. ii. p. 887, ed. Hultscb) ; Simson De 
Porismatibus p. 414; Chasles p. 77. Note that AFBCED is a hexagon, 

inscribed in a line-pair, so that Pascal’s theorem is a generalisation of this lemma 
of Pappus. 

t See Townsend’s Modern Geometry ii. 172, The terms hexastigm and hexa- 
gram are here very appropriately used to denote the figures determined by sis points 
and lines respectively, taken in any order. In the text however I have retained the 
term hexagram as a designation of Pascal’s figure out of regard for historical 
considerations. • 
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739. If a conic S be inscribed in a triangle self-polar 
with respect to a conic shew that triangles self-polar with 
respect to S can be inscribed in S'. 

740. Given the sum of the squai'es of the axes of a conic 

inscribed in a given triangle, the locus of its centre is a 

circle concentric with the polar circle of the triangle."^ 

741. Given five points on a conic, find (by cross ratio or 
involution) its second intersection with any straight line through 
one of the five points, and its two intersections with any other 
straight line; and determine its points at infinity and its 
asymptotes, real or imaginary. 

742. Prove by cross ratio that five tangents determine 

a conic; and determine other tangents and their points of 

contact ; and shew how to construct the tangents from any 
given point, real or imaginary. 

743. Prove by involution that if three sides of a quadrilateral 
inscribed in a conic turn about three points in a straight line, 
the fourth side turns about a point in the same straight line ; 
and hence shew how to inscribe in a conic a triangle whose three 
sides pass severally through three collinear points. 

744. Prove Carnot’s theorem, that if aa', hh'^ cg\ be the 
three pairs of points in which a conic meets the sides BC, 
CAj AB of a triangle, then 

Ab . Ah'. Be . Be. Ga . Go! = Ac . Ad. Ba . Ba!. Gh . Gh'.-\ 

Prove also that the same relation subsists when A^ B^ C denote 
the sides of a triangle ; a, a , &c. the tangents from its vertices 
to a conic; and Ab denotes the sine of the angle between 
any two lines A and b. 

745. The distances 'pgr of any point on (or tangent to) a 
given conic from three fixed lines (or points) are connected 


^ See the Ctuarterhj Journal of Mathematics 'Si. 130. 

t This is an obvious corollary from Art. 16. It is given in Carnot’s Geometric 
de positio^n §23G (Paris, ISOSj as a case of a more general theorem. 
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by a relation of tbe form 

Pf + Qi^ + + P'qr + Q'rp + B'pq = 0, 

where P, Q, &c. are constant coefficients. 

746. If four tangents to a conic parallel to four chords 
aid through either focus meet any fifth tangent in points ABGD, 
then 


2 ? 

vfhere p, p' and q are the perpendiculars upon the fifth tangent 
from two pairs of opposite intersections of the four tangents. 
If the latter be fixed pp’ varies as qq'. Hence deduce that 
the product of the focal perpendiculars upon any tangent to 
a conic is constant,^ 

747. If three summits of a quadrilateral circumscribing 
a conic slide severally on three rays of a pencil, the fourth slides 
on a fourth ray. Hence shew how to circumscribe to a 
conic a triangle whose three vertices lie on three given radiants. 

748. If upon a given arc AB of a circle whose centre is 

0 there be taken any arc Am^ and likewise an arc Bn 
equal to 2A7n^ then 0 [m]=B{ 7 i], Hence deduce a solution 
of the problem, to trisect a given angle A OB. [Ex. 528. 

749. The product of the distances of any point on a hyper- 
bola from a given pair of parallels to the asymptotes varies 
as its distance from the chord intercepted by the parallels : 
and the product of the distances of any point on a parabola from 
two fixed diameters varies as its distance from the chord joining 
their extremities. 


* The distances of any two tangents from eitlier focoid (Art. 123, Cor. 4) being 
in a ratio of equality, the products of the focal pei'pendiculars upon any two tangents 
are in a ratio of equality. The cross ratio of the range in which any tangent meets 

the sides of the quadrilateral is equal to — ^ where Si and HZ are 

the focal perpendiculars upon the tangent {Oxf, Camh. Hull. Messenger of 
Mathematics iv. 94). Chasles calls the points of concourse of common tangents to 
two conics “points ombilicaus” {Sections Coniques chst.'g. xiv.), with reference to the 
use of the term Umbilicus for focus noticed above on p. 6, 
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750. From Es.. 744 deduce a construction for a conic 
passing through four given points and touching a given straight 
line: and shew that the lines joining the vertices of a 
triangle circumscribing a conic to the opposite points of contact 
cointersect : and when four points on a conic and the 
tangent at one of them are given, shew how to draw the 
osculating circle at that point. 

751. Through the centre of a conic and any conjugate triad 
with respect to it a hyperbola can be described having Its 
asymptotes parallel to any given pair of conjugate diameters. 

752. The system of radiants from any point parallel to the 
tangents to a parabola is homographic with the range in which 
these tangents meet any fixed tangent."^ 

753. If from a series of collinear points pairs of perpen- 
diculars be drawn to two fixed straight lines, the joins of the 
feet of the several pairs of perpendiculars envelope a parabola 
touching the two fixed lines. 

754. If any chord of a conic drawn from a fixed point 0 
upon it meets the sides of a given inscribed triangle in points 
ABC and the conic again in P, shew that {ABGP] is constant; 
and deduce a construction for the tangent at a given point to 
a conic of which four other points are likewise given. 

755. If ABO be the intersections and abc the points of 
contact of three fixed tangents to a conic, the product of the 
distances of any tangent from A and a varies as the product of 
its distances from B and 0 : the product of its distances from 
h and c varies as the square of its distance from A ; the pairs 
of radiants from any point 0 to PC and Aa determine an 
involution to which the tangents from 0 to the conic belong: 
and these tangents with Oh and Oc determine an involution 
having OA for one of its double rays. 

756. Deduce from Brianchon’s hexagon that when a quadri- 
lateral circumscribes a conic the joins of its opposite points of 


* Por solutions of Esx. 741- 759, 765—800 see Cliasles’ Sections Coniqucs 
pp. 8-67, 72-109, 137— Uo, 160, 204, 209, 2-11—299, 321 
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contact pass through the Intersection of Its two diagonals ; and 
that in a triangle circumscribing a conic, the three lines joining 
its vertices to the opposite points of contact meet in a point, 

757. The three pairs of lines from the vertices of a triangle 
to the intersections of its opposite sides with a conic are tangents 
to one conic : and the lines from any two points to the vertices 
of a triangle meet its opposite sides in six points lying on one 
conic. Reciprocate these two theorems; and from the second 
of them deduce the property of the nine- point circle. 

758. The ratio of the products of the distances of any point 
on a conic from the odd and even sides respectively of a given 
inscribed 2??-gon is constant : and the products of the Intercepts 
on any chord made by the odd and even sides are In the same 
ratio from whichever extremity of the chord the intercepts are 
measured. 

759. The ratio of the products of the distances of any tangent 
to a conic from the odd and even summits respectively of a 
given circumscribed 2??-gOD is constant ; and the ratio of the 
products of its distances from the summits and from the points 
of contact of any given circumscribed ?2-gon is constant. 

760. If two angles of given magnitudes FAD and FBD 
turn about A and B as poles given in position, then if the inter- 
section P of one pair of their arms be made to describe a conic, 
the intersection D of the other pair will in general describe 
a curve of the fourth order, having double points at A and B 
and at the limiting position of D when the angles BAP and 
ABF vanish together : but the locus of D will be of the third 
order if the angles BAD and ABD vanish together. If P 
describes a conic passing through A^ then D describes a cubic 
having a double point at A and passing through BJ^ This cubic 


^ This is Newton’s Curvarum Descriptio Organica (note p, 264). The case at 
the end of Ex. 760 follows from the principle that a cubic proper cannot have two 
double points (Salmon’s Higher Plane Curves §42). This special case is given by 
Ghasles {Aper^u historique, p. 337) as a generalisation of Newton’s construction in 
the Princijjia, 
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degenerates Into the line AB and a conic through A and B 
in the case in which the original conic passes through both 
A and B, 

761. The nine-point circle of a triangle touches its inscribed 
and escribed circles at points lying on the ellipse which touches 
the sides of the triangle at their middle points.^ 

762. Eeciprocate Maclaurln^s description of a conic given in 
Art. 113 , Cor. 2. 

763. The sides of a quadrilateral inscribed in a conic meet 
the tangents at its opposite angles In four pairs of points lying 
on one conlc.t 

764. If a quadrilateral be circumscribed to a conic, the four 
pairs of lines joining its vertices to the opposite points of contact 
touch one conic. 

765. If the sides of an n-gon turn severally about fixed 
points, whilst n—1 of its summits slide each on a fixed line; 
the summit describes a conic passing through the fixed points 
on the two adjacent sides. 

766. Shew also that any two sides not adjacent intersect 
on a fixed conic through the points about which they turn. 

767. If the arms A and B of an angle pass each through 
a fixed point, whilst its summit slides on a fixed line ; shevr ihat 
the join of the points in which A meets one fixed line and 
B another envelopes a conic touching the join of the fixed 
points. 

768. If each summit of an n-gon slides on a fixed line, 
whilst w — 1 of its sides pass severally through (or subtend given 
angles at) fixed points ; the side envelopes a conic touching 
the lines on which its extremities slide; and every diagonal 
of the «-gon envelopes a conic. 

769. Any two pairs of conjugate lines from a point 0 to 
a conic determine an involution whose double rays are the 
tangents from 0 to the conic. State the reciprocal theorem. 


* See Salmon’s Conic Sections, § 345, Exx. 
I llobim Barycentrische Calcul §281. 
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770. One point and one only of every conjugate triad with 
respect to a conic lies within the conic ; and two sides of every 
self-polar triangle meet the conic. 

771. The lines drawn from any point on a conic to two 
conjugate points A and B meet the conic at the extremities 
of a chord which passes through the pole of AB. State the 
reciprocal theorem. 

772. If a quadrilateral be circumscribed to a conic, the 
extremities of any chord through the intersection of two of 
its diagonals lie on a conic passing through the extremities 
of both. 

773. Any three pairs of points which divide the three 
diagonals of a quadrilateral harmonically lie on one conic. 

774. If the extremities of two diagonals of a quadrilateral 
be conjugate points with respect to a conic, the extremities of 
the third wdll be likewise conjugate. 

775. If two of the three pairs of joins of four points be 
conjugate lines with respect to a conic, the third pair will be 
conjugate with respect to it. 

776. The pairs of chords drawn from a fixed point on a 
conic so as to make equal angles with a given line intercept 
a variable chord which passes through a fixed point. 

777. The pairs of tangents to a conic from points on a 
straight line determine an involution on any transversal through 
its pole, or on any tangent to the conic. 

778. The pairs of tangents to a parabola from points in the 
same straight line are parallel to conjugate rays of a pencil 
in involution. 

779. Two tangents being drawn to a conic from any point 
on a fixed straight line, if x and x be their distances from its 
pole, and y and y their distances from a fixed point, shew that 

t 

— + — , = a constant. 

y~ y 
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780. Any two ranges in involution on the same axis have 
one segment in common. 

781. The locus of the middle point of a chord drawn from 
a fixed point to a conic is- a conic through the point, and 
through the points of contact of the tangents from it to the 
original conicy and through the two points at infinity on that 
conic. 

782. Find the envelope of a line which meets two fixed 
lines in a pair of conjugate points with respect to a given conic, 

783. The envelope of the parallel from any point on a fixed 
straight line to the polar of the point with respect to a conic 
is a parabola touching the fixed line. 

784. The locus of the intersection of a pair of conjugate 
lines with respect to a given conic, drawn each through a fixed 
point, is a conic, which passes through the two fixed points, and 
through the points of contact of the tangents from them to 
the original conic. 

785. If two angles be circumscribed to a conic their two 
summits and their four points of contact lie on one conic. 

. 786. Any transversal being drawn to a conic from a fixed 
point 0, the perpendicular to it from its pole envelopes a 
parabola, which touches the polar of 0 and the tangents to 
the conic at the feet of the normals to it from 0. 

787. Circumscribe to a given conic a polygon having each 
of its summits upon a given straight line, 

788. The poles of a given straight line L with respect to 
the system of conics through four given points is a conic, which 
with the line L divides the six joins of the four points har- 
monically, and passes through their three intersections, and 
through the two points on L which are conjugate with respect 
to every conic of the system : it also touches the sixteen conics 
w'hlch pass through the said conjugate points and touch by 
fours the sides of the four triangles determined by the given 
points. 
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789. If four couics pass through the same four points, the 

.rs of any point with respect to them form a pencil whose 

cross ratio is constant, ‘ being equal to that of the tangents 
to the four conics at any one of their points of concourse : and 
reciprocally, if four conics touch the same four lines, the poles 
of any straight line with respect to them form a range whose 
cross ratio is constant, being equal to that of the points in 
which the four conics touch any one of their common tangents. 

790. If two conics osculate at 0, their tangents at the 
further extremities of any chord through 0 intersect on the 
tangent at 0, and conversely : and every two equal and coaxal 
parabolas osculate at infinity. 

791. Two conics which have two pairs of conjugate diameters 
of the one parallel to two pairs of conjugate diameters of the 
other must be similar and similarly situated. 

792. Deduce from Art. 114 (i) that parallel conics^ have a 
common chord (real or imaginary) at infinity; and if also 
concentric they have double contact at infinity. Shew how 
to draw a conic which shall be parallel to a given conic, and 
shall also pass through three given points or touch three given 
lines. 


793. Three fixed conics having four points in common, shew 
that if a variable pair of transversals be drawn from fixed 
points 0 and cw to meet the three conics in triads of points mAB 

T , -It • 1 • OA,OB . aya.wb 

and mao respectively, the ratio or the ratios — z ^ and 7 

^ ^ mA . mB ma,mb 

is constant.f Hence deduce that a conic may be regarded as 

the locus of a point the square of the tangent from which to 

a fixed circle varies as the product of its distances from two 

fixed lines, which are common chords of the conic and the 

circle. 


^ Similar and similarly situated conics may be called parallel since their curyes 
are everywhere parallel at corresponding points : they have also been called 
“homothetic” (Cbasles Sections Oonigues § B73), which should rather mean ‘'-placed 
together.” Eor another use of the term parallel see G-ergonne’s Anjuiles xii. 1. 

f Exx. 793 &c. have been extended to quadrics by Mr, Martin Gardiner in the 
Ofiiarterlu Journal of Mathematics X. 132 — 147. 


X 
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794. If from any point on one of three conics winch have 
four points in common a tangent be drawn to each of the 
remaining two, the ratio of the ratios of these tangents to the 
parallel diameters of their conics is constant; and if OPQ be 
the middle points of the intercepts made by the three conics 
on any transversal, then OP and OQ are in the ratio of the 
parallel focal chords of the second and third conics. 

795. Four fixed conics having four points in common being 
met by a variable transversal, viz. two of them in the pairs 
of points aa and and the third in two points of which m 
is one, and the fourth in two points of which n is one; shew 

^ , . ona.ma . na.na . 

that the ratio of the ratios constant. 

796. If ABGD be four conics such that the eight points 
of concourse of AB and CD lie on one conic, the eight points 
of concourse of AC and BD (or AD and BG) lie on one conic. 

797. When a point 0 has the same polar with respect to- 
three conics ABC^ three pairs of the common chords of AB^ 
BG^ CA respectively pass through 0 and form a pencil in 
involution : and when two conics A and B have each double 
contact with a third conic ( 7 , a pair of the common chords of 
A and B are harmonic conjugates with respect to their chords 
of double contact with 0 , 

798. The common tangents to three conics taken in pairs 
form three quadrilaterals : shew that the three parabolas 
inscribed in them have a common circumscribed triangle. 

799. If through the intersections of two given conics A 
and B a third conic C be drawn, and if from any point 0 
on G there he drawn tangents Oa, Oa to A and OJ, Ob' to 5 ; 
t'le lines ab\ ab^ db' and the four common tangents of 
A and B touch a fourth conic. 

800. The locus of the point the pairs of tangents from which 
to two given conics form a harmonic pencil is a third conic, 
on which lie the eight points in which the given conics touch 
their common tangents. State the reciprocal theorem. 
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128. Two figures A and JB in any two planes are said 
to be in Perspective when a point 0 can be found in space 
such that every radiant from it to a point on A passes through 
a point on and conversely. Either figure is then said to 
be the Central or Conical Projection of the other on the plane 
of the former, the point 0 being called the Vertex or the Centre 
of projection. When 0 is at infinity the projection becomes 
parallel or orthogonal. [Art. 86. 

Let P and Q be any two points in the plane of A^ and P' 
and Q their projections from the vertex 0 upon the plane 
of P. Then evidently the lines P^ and P' Q' intersect upon 
a fixed straight line, viz. the common section of the planes 
of A and P. Now by projecting the whole figure orthogonally 
upon any one plane, or by supposing the planes of A and B 
to become coincident, we see that if to every point P of one 
figure corresponds a single point P' of another figure in the 
same plane, and conversely, and if PP' passes through a fixed 
point; then every line PQ in the one figure meets the cor- 
responding line P' Q in the other upon a fixed straight line. 
For example, if the joins of the vertices of two triangles meet 
in a point, the joins of their opposite sides lie in one straight 
line. [Ex. 696. 

Two figures thus related In one plane are said to be in 
Perspective or in Homology, We shall in general use the 
former term for this kind of correspondence, and the term 
Projection for the case of figures in perspective in space. The 
terms Beversion and Homographic Transformation will be 
explained in their place. 

X2 
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129. It is evident that Art. 88 applies to central as well 
to parallel projection. Parallel lines however do not project 
from any vertex into parallels, except in the case in which 
•allel to the common section of the primitive plane 
f projection. 

;he vertex F of projection (fig. p. 314} there 
the plane Vab parallel to the plane of projection 
as to meet the plane of the figure to be projected 
5; it is evident that all points on al will be 


ry 

to 

all 


line (Art 
regarded 


whai 

(Art. 


2). The straight line at infinity 
' to every other straight line in its plane^ since 
at infinity : It is in fact coincident 
rcl radius* described about any point 

i its plane, ine line at Infinity and the two focoids 
4) or circular points at infinity — so called because 
their plane passes through them — will be seen 
importance in the projection and transforma- 


tion of curves. 


THE FOCOlDS.t 

PROPOSITION I. 

130. Every circle in a given plane passes mrutuy 
and conversely; and every two concentric circles the 
plane touch one another at the focoids. 


^ For a tangential equation to tliis circle, whicli is sometimes inadequately 
said to represent the focoids only, see Whitworth’s Trilinear Coordinates <fc 
Art. 382 (Cambridge 1866). 

t This term is open to the objection that it combines a Latin word with a Greek 
ending: but we may perhaps be allowed to treat both as naturalised English 
expressions. In speaking of the focoids &c. we tacitly refer to a specified plane. 
Every plane not at infinity has its two focoids and its one line at infinity. 
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(I) Any number of right angles turning about their summits 
in one plane generate similar pencils in Involution (Art. 110), 
whose imaginary double rays form two sets of parallels; that 
is to say, each set pass through one of two fixed imaginary 
points 05 0' on the line at infinity. 

These are accordingly the foci of the Involution which the 
arms of all right angles in one plane determine upon the line 
at infinity in that plane ; and conversely every right angle A OB 
is divided harmonically hy the lines 00 and O0^ 

If therefore 0 be a variable point at which a fixed line AB 
subtends a right angle, it follows from the harmonicism of 
0{A<l>B<f>'} that the locus of (? is a conic through the points 
AB00' (Art. 113). That Is to say, every circle AOB passes 
through the focolds, and conversely every conic through the 
focoids is a circle. 

(il) The centre C being the pole of the line at infinity 
(which Is the join of the focolds), it follows that the lines 
from G to the focoids touch the circle at those points; and 
hence that all circles in one plane which have any point 0 
for their common centre touch one another at the focoids of 
that plane. 

(Hi) Or by §1 and Art. 122 Cor. 5, all concentric circles in 
one plane touch one another at the focoids. This also follows 
from the consideration that any two diameters CX and GY 
of a circle which are at right angles are conjugate lines with 
respect to the circle, and the lines (70 and G(f>^ with respect 
to which they are harmonic conjugates must therefore touch the 
circle — and all circles having G for centre must touch one 
another — at 0 and 0'. 


Gorollary , . 

Every rectangular hyperbola has for a pair of conjugate 
points with respect to it the focoids of its plane, since its points 
at infinity lie on two straight lines at right angles. 


These lines may he regarded as the asyftiptotes of the circle (Art, 114). 
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PBOPOSITION II. 

131. Every conic may le regarded as inscrihed in the 
guadrilateral which has for opposite summits the real and 
imaginary foci of the curve and the focoids^ and for diagonals 
the two axes of the conic and the line at infinity. 

(i) This is proved by the method of Art. 128 Cor. 4, where 
8 and fl may he either the real or the iro aginary foci. 

[Scholium A. 

(ii) Otherwise thus. Every two lines through 8 which 
are conjugate with respect to the conic being at right angles 
(Art. 7), the lines 8<^ and 84> which divide them harmonically 
are tangents to the conic (Art. 116 Cor. 2). That is to sav, 
the lines joining the real or imaginary foci to the focoids touch 
the conic, as was to be proved. 

PROPOSITION III. 

132. Any two straight lines drawn at a given angle in a given 
plane and the lines joining their point of concourse to the focoids 
form a pencil of constant cross ratio. 

For if ah be a fixed straight line, and o) any point at which 
it subtends an angle of given magnitude a, then by a property 
of the circle coahj the pencil subtended by ah and the focoids 
at ct) is of constant cross ratio; and the rays coa^ cob may be 
parallel to any two lines OA and OB inclined at an angle 
a in the same plane. 

Corollary. 

Any plane figure may be moved about in any way in its 
own plane without changing its relation to the focoids, since 
every angle in the figure has an invariable relation to the 
focoids. 

SCHOLUTM A. 

Desarg-tjes regarded the opposite extremities of an infinite line 
as coincident or consecutive points, and the asymptotes of a hyper- 
bola as its tangents at infinity (Poudra’s (Emres h JDesargiies i. 103, 
197, 210, 245). Hence we deduce (Scholium B, p. 153) that the 
hyperbola is a single curve, which spreads completely across its 
plane without breach of continuity. It follows logically that no 
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transversal can Le drawn in the same plane so as not to meet 
the hyperbola. Nevertheless it is obvious that some lines — its 
conjugate axis for example — do not (however far produced) meet 
the curve in geometrical points. Thus we are driven to the con- 
ception of ideal or imaginary points and chords of intersection, and 
are led to say that every straight line meets any hyperbola (or 
other conic) in two points real or imaginary, which coalesce in the 
case of tangency. Although this is here given merely by way of 
inference, the words of Desargues himself (used in another con- 
nexion) are very appropriate to this subject; L' entendenmit n$ 
pent com2ore7idre comment so7it les ;pTojgrietez que U rahomiement liiy en 
fait conelure''^ {(Euvres i. 195). 

Boscotioh has a very remarkable appendix to his treatise on 
conics, entitled De Tramformatione Locornm Geometrico^'um, -ubi de 
Continuitatis legeaede quihiisdmyi Lijimti 5??-y5^^/’'A6"(Univers8eMatheseos 
Elementa, tom. iii, pp. 228 — 356), in which he brings out clearly 
and with an abundance of geometrical illustration the notions of 
positive and negatim in direction : of geometrical contimdty : of the 
transition from positive to negative through zero or infinity : of the 
imaginary chords of the hyperbola, whose squares are negative: 
and of the quasi- elUgdio nature of the hyperbola, certain of the 
properties of which follow from properties of the ellipse by change 
of sign (§§ 678, 715, 758, 770, 808, 812, <&:c.). See also Scholium C, 

p. 101. 

The discussion of these matters having been revived in the 
present century (Cliasles Rapport sur les progrh de la Geometrie 
chap. I. § 19, p. 60), PoNCELET at length worked out his theory of 
m'des iMales (1820) ; and he shewed that all circles iu one plane pass 
through the same two imaginary points and on the line at 
infinity, and that a focus S common to any two conics in one plane 
IS a ‘centre of homology” or intersection of common tangents 
to the two conics. Hence it follows, by supposing one of the two 
conics to become a circle, that and are tangents to every 
conic of which S' is a focus. See Grergonue’s Annalesxi. 73, xii. 234 ; 
Poncelet Trade des FroprieUs Frojectives des Figures §§ 89 — 98, 258, 
367, 453 (Paris, 1822). Pliicker extended this conception to plane 
curves of all orders, regarding as a “ focus” of any curve the point 
of concourse of any two tangents drawn to it from the focoids, one 
from each (Crelle’s Journal x. 84 — 91 ,* Salmon’s JJiglier Flane 
Curves § 138). 

According to Pliicker’s definition, the tangents from the focoids 
^ and to an ellipse (or other conic) determine by their opposite 
intersections tioo pairs of “foci.” If S be any one of the four, 
every pair of conjugate lines from 8 to the conic form a harmonic 
pencil with 8(p and Sep' (Art. 116, Oor. 2), and are therefore aif right 
ayigles. This, which is of course a corollary from Desargues theory 
of polars was proved for the real foci by De la Hire {^Sectiones 
ConievB Lib. Yin. prop. 23, p. 189. Paris, 1685). The two points 
on the transverse axis at distance tflCA" — CFf ^from the centre C 
have been shewn to possess the property in question (Art. /, Oor .; ; 
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jr, the Jwo points on the conjugate axis at distance 
' two for imasrinan^) 

foci. In order to p 
it suffices to prove that two 
he drawn to the conic from S. 

PROJECTION. 

PROPOSITION IV. 

133. All rows of poinU and pencils of rays are homograpMc 
eir projections. 

For if ABGD be any row of four points in the primitive 
projections from a vertex V upon 
^A>n^n'm^[ABGDY And 


a {AB' G’D’] = {AB^G’U] = [ABGD] = 0 [ABGD], 


V 



Thus every tetrad of radiants OA^ OB^ OG^ OD or of 
collinear points ABGD is equlcross with its projection; a result 
which may be briefly expressed by saying that figures in per- 
spective are liomographic, 

(ii). More generally * let the joins of any number (say six) 
of points ABGDEF be connected by a homogeneous and 
symmetrical relation 

l.AB,GD,EF-^m.AG.BE.DF->rn,AD,BE,GF=^0^ 
in which the terms differ from one another only in their 


See Salmon’s Conic Sections, Art. 351. 
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coefficients and in the order in which the letters ABGDEF 
occur in them. And first let all the points He in one straight 
line, and let VP be the perpendicular upon it from the vertex 
of projection. 

Then since 


AB^ 


VP 


9 (72? = ' .sin &c. 


the above relation reduces, by the omission of a common factor, 
to a relation between the sines of the angles which the joins 
of the six points subtend at F. It therefore still subsists 
when the points in question are replaced by their projections 
upon any plane. 

And further, if any number of points ABGDEF &c, lie 
on different straight lines, the perpendiculars upon which from V 
are FP, VP\ VP'\ &c., then any symmetrical and homo- 
geneous relation between the joins of the points will still be 
projective, provided that it implicitly involves in every term 


the same factor 


VA.VB.VG.VD.&c. 


Thus Carnot’s theorem 


VP. VP. VP'.&o. 

(Ex. 744) is projective, so that when proved for the circle 
it is may be extended to all conics by projection. 


Corollary. 

The properties of harmonic section, of poles and polars, 
and of involution are projective; so that it suffices to prove them 
for the simplest figure into which any figure to which they belong 
can be projected. 


PROPOSITION V. 

134. Any straight line in the primitive plane can he projected 
to injinity^ and any two angles in that plane can at the same time 
he projected into angles of given magnitudes. 

(i) Draw any straight line ah in the primitive plane, and take 
any plane Vah through ah for the ‘‘vertex-plane,"’ in which 
the vertex V of projection is to lie. Then it is evident that the 
line ah projects to infinity upon any assumed plane of projection 
ABO parallel to the vertex-plane. 
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(ii) Two conditions now suffice to fix the position of F 
in the vertex-plane. 



To project a given angle AOB In the primitive plane Into 
an angle of given magnitude a, let the arms of AOB meet 
the unprojected line in a and 6; and upon ab describe in the 
vertex-plane a circular segment aVh containing an angle equal 
to a. Then the vertex F may be taken at any point on 
this segment. 

For the vertex-plane and the plane of projection (being 
parallel) are met by the plane VOa In parallel lines Va and AO', 
and by the plane VOb in parallel lines Fb and BO', Therefore, 
O' being the projection of 0, 

L AO'B—aVb = OL, 

or the projection AO'B of the angle AOB is of the assigned 
magnitude a. 

To project a second given angle in the primitive plane into 
an angle of given magnitude let Its arms meet the unprojected 
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line In a and h' : then the vertex V must lie also on a segment 
described upon a'b' in the vertex-plane so as to contain an angle 
equal to /3: and the intersection of this with the segment 
on ah completely determines the position of V. 

Corollary 1. 

Project any four colllnear points ABCD Into points ahcd. 
Then in the special case in which one of the latter d is at 
infinity, 

/ j TTv yy f j -j-i (d) • c^o ab 

{ABCD] = [abed] = r = , 

If therefore we determine the point -D on a given straight 
line ABC so that [ABCD] may be equal to a given ratio, 
and if any straight line through D be taken as the unprojected 
line, the projections of AB and CB will be in the given ratio. 
In like manner a second point U on the unprojected line is 
determined by the condition that the segments of a second line 
A'B'G' shall project in another given ratio. 

Corollary 2. 

Any pencil of rays In Involution may be projected Into 
a rectangular pencil in involution by projecting the angles 
between any two pairs of its conjugate rays into right 
angles. [Art. LIO. 

Corollary 3. 

Any two points F and F' may be p>Tojected mto the focoids 
of a given plane. For if AB and CD be any two segments 
in the involution of which F and F' are the foci, we have 
only to project the line FF' to infinity and any two angles 
AOB and CPD in the primitive plane into right angles 
(Art. 130 §i). This construction is imaginary when F and -F' 
are real points. 

PROPOSITION YI. 

, 135. Any quadrilateral may be projected into any other 
quadrilateral of given form and magnitude. 

(i) To project a given quadrilateral ABCD into a square. 
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project one of its angles BAD and the angle AOD between 
its two diagonals into right angles, and its third diagonal 
PQ to infinity. Thus the projection of ABCD becomes a square 
whose magnitude is determined by the distance of its plane from 
the vertex-plane. 

(ii) To project a given quadrilateral ABCD into another 
of given form, it suffices to project one of its angles BAD 



and the angle AOD between its two diagonals into angles 
of certain given magnitudes, and the segments AO^ OG and 
BO^ OD into segments which are in certain given ratios. 

[Art. 134 Cor. 1. 

For in the projection — the same letters being used — if AO 


be taken arbitrarily, the point 0 is determined by the ratio 


AO 

OG' 


and the position of the line BOD is known ; and from the angle 
BO 

BAD and the ratio the points B and D are determined. 


The form of the projection being thus determined, its magnitude 
may be increased or diminished at pleasure by moving the plane 
of projection towards or away from the vertex-plane. 


Corollary, 

Any four points or lines in one plane may be projected into 
any other four points or lines in one plane. 


PROPOSITION VII. 

136. A given conic may le 'projected into a conic having 
the projections of two given points for foci^ or the one for centre 
and the other for a focus. 
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(i) To project a given conic Q and a given point 8 within 
it into Q and 8' respectively so that 8' may be a focus of Q': 
draw from 8 any two pairs of lines conjugate with respect 
to and project the angles contained by them into right angles. 
Thus 8' becomes a focus of Q\ being a point such that every 
pair of conjugate lines drawn frnm it to Q are at right angles. 

[Art. 134 Cor. 2. 

We may at the same time project a given point C in the 
plane of Q into the centre C of Q\ viz. by taking the polar 
of G with respect to Q for the unprojected line. 

(li) Otherwise thus. Let G8 and the tangent at any assumed 
point P to the conic Q meet the polar of /S in X and B 



X A s 


respectively. Then if the polar of G be projected to infinity and 
each of the angles RX8 and BSP into a right angle, the points 
G and 8 will be projected into a centre and focus of Q\ as before. 


(Hi) By properly choosing the point G in the foregoing 
constructions, we may project Q so that any two points 8 and H 
within it project into S' and H' the real foci of Q . 

For if SH meets Q in A and -B, and if the double points 
of the involution determined by the couples AB and SS be 
the point G on SH and the point G on its complement 5 


then in the projection, the double point G' bisects every segment 
8'E\ A'B\ &c. of its involution, since in conjunction with 
the second double point (in this case at infinity) it divides every 
such segment harmonically. [Art. 112. 

Hence 8’ and E' are equidistant from the centre G of Q, 
and since 8' is a focus H' is likewise a focus, as required. 


(iv) The system of conics inscribed in a given quadrilateral 
8FHF' may be projected into confocal conics by projecting Xand 
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F into the focoids of the plane of projection (Art. 134 Cor. 3). 
This construction is imaginary when the quadrilateral F8HF' 
is real: but the foregoing constructions are always real, the 
points S and 5" being taken within Q, 

PROPOSITION Till. 

137. A given conic may he 'projected into a circle having 
the projection of a given point for centre : a system of conics through 
four given points may he projected into coaxal circles : or a system 
of conics touching one another at two given points into concentric 
'cles. 

(i) By taking the point (7 at ^ in Art. 136 we project 
the given conic into a conic having the same point (not at infinity) 
for both centre and focus; that is to say, we project it into 
a circle having the projection of a given point for centre. 

(ii) Otherwise thus. Take the polar of any point G for 
the unprojected line: through C draw any chord ACA'^ and 



project the angles which it subtends at two assumed points 
F and Q on the given conic into right angles. Then in the 
projection, the same letters being used, 

GA'=^GF= GQ 

or the projection is a circle about G as centre. 

Thus the tico angles determine the species of the projection, 
and the unprojected line may be taken arbitrarily."^ 

(ill) Hence, by projecting any conic Into a circle and one 
of its chords FF' into the line at infinity, we may project 


* This may also be deduced from a consideration of the circular sections of a cone 
described arbitrarily on any given conic as base (Salmon’s Conic Sections Art, 365). 
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auy two points F and F' on a conic into the focoids, as was 
otherwise shewn in Art. 1 34 Cor. 3. 

It follows that all conics through two given points may 
be projected into circles, and all conics through four given points 
into coaxal circles, and all conics touching one another at two 
given points into coKcewM'c czVcZes. [Art. 130 §ii. 

PHOPOSITION IX. 

138. The arms of any angle of constant magnitude in a given 
plane may he projected into rays of a pencil of constant cross ratio ^ 
ivliose other two rays pass each through a fixed points 

For the arms of a constant angle and the lines joining their 
intersection to the focoids form a pencil of constant cross ratio 
(Prop. III.), which projects upon any plane into a pencil of 
constant cross ratio, two of whose rays pass through the projec- 
tions of the focoids. Note that this pencil is harmonic when 
the constant angle is a right angle, [Art. 130 §i. 


139. In the following examples of the projection of angle- 
properties^ the theorem to the right follows in each case from 
that opposite to it on the left, as appears conversely by pro- 
jecting the points FF' into the focoids. 


The tangent to a circle is at right 
angles to the x’adius to its point of con- 
tact. 

Confocal conics intersect at right 


The locus of the point of concourse of 
' two tangents to a conic which intersect 
at right angles is a concentric circle ; or 
in the case of the parabola the locus is the 
directrix. 


Any chord FF^ of a conic is cut har- 
monically by any tangent and the line 
joining its point of contact to the pole C 
of FF'. 

If two conics be inscribed in a quadri- 
lateral of which FF' are a pair of opposite 
summits, the tangents at any one of their 
common points cut FF' harmonically. 

The locus of the point of concourse of 
two tangents to a conic which divide a 
given line A'F'^^harmonicaily is a conic 
touching the former at FF'\ or if FF' 
touches the original conic, the locus is 
the join of the points of contact of the 
second tangents to it from F and F\ 

The locus of ^ the intersection of^ tan- 


The locus of the intersection of tan- 
gents to a parabola which meet at aj^gents to a conic ^which divide a given 


^ See Salmon’s Conic Sections §§ 356 — 85 Kouche et de Comberousse Gcometrie 
§1175. 
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given angle is a hyperbola having the 
same focus and directrix. 

The envelope of a chord of a conic 
-R’hicli subtends a constant angle at one of 
the foci is another conic having the same 
focus and dhectrix. 

If P he any point on a given conic, 
$ any fixed point, and SPT an angle of 
constant magnitude, the envelope of TP 
is a conic having S for a focus. 

If the point P he taken on a given 
straight line (instead of a conic), the 
envelope of TP becomes a parabola 
having S for focus. 


finite line FF' touching the conic in a 
constant cross ratio is a conic tonchiiis: 
the former at the points of contact of the 
second tangents to it from F and F'. 

If tangents SF and iSP' be drawn to 
a conic from given points F and P', the 
envelope of a variable chord AB such 
that S [AFBF'} is constant is a conic 
touching the former at its points of con- 
tact with SF and SF\ 

If SFF' he fixed points, and P a 
variable point on a conic through and 
F'. the envelope of a line PT such that 
P [SFTF') is constant is a conic- touching 
PPand SF', 

If P be taken on a given straight line 
(instead of a conic), the envelope of TP 
becomes a conic inscribed in the triangle 


PERSPECTIVE. 

140. The relation of Perspective in one plane may he treated 
either as a limiting case of the projective relation (Art. 128), 
or independently as follows.* 

From a fixed centre of perspective 8 in the plane of a given 
figure draw radiants to all points^ of the figure, and let these 
radiants meet a fixed axis of perspective in the same plane 
in points R (fig. p. 10). Then if on every radiant 8R there 
be taken a point q such that 

{SpRq} = a constant, 

the locus of q is said to be in Perspective with the locus of p. 

Taking any two positions of 8B^ we have 
q] = {8pRq]\ 

and therefore pp’ and qq always intersect on the axis of 
perspective RE (Art. 104). Hence also we see that to every 
straight line pp' in the one figure corresponds a straight line 
qq in the other; and to every range {p] in the one a homo- 
graphic range { 2 } in the other. Figures in perspective in piano 
are therefore homographic, and they possess the same properties 
as figures projectively related in space. 



CONICAL PKOJEOTION. 


321 


It may be shewn that if two figures in perspective in relief 
be turned about the line of intersection of their planes, their 
centre of perspective describes a circle in a plane perpendicular 
to that line."^ [Ex. 850 . 


SCHOLimi B. 

The method of Projection — which is implicitly contained in the 
ancient theorem of Art. 103 — was freely used by Desaugues. It 
was used also by Newtox, under the name Generatio curvarum per 
Umbras, in his Enumeration of Lines of the Third Order, where 
he remarks (p. 25, ed. Talbot): ‘‘And in the same manner as the 
circle, projecting its shadow, generates all the conic sections, so 
the five divergent parabolas, by their shadows, generate all other 
curves of the second genus. And thus some of the more simple 
curves of other genera might be found, which would form all 
curves of the same genus by the projection of their shadows on a 
plane.’’ 

Desargues also proved the fundamental property (Ex. 696) of 
triangles in perspective, whether in relief or in piano {QSuvres i. 
413, 430). The term “ homologie,” for perspective in one plane, 
was introduced by Poncelet, and is now generally used by French 
writers. But since the term is in itself inexpressive, an incon- 
venient distinction has to be made between homologm and homo- 
logique (Eoucbe et De Comberousse Ghmetrie §§ 1094, 1167). 


REVERSION. 

141. Take fixed points 8^ 0 and a fixed straight line MNi 
and through the fixed points draw any two straight lines 
intersecting at some point R on MN^ and also a pair of parallels 
meeting EO and R8 in P and p respectively (p. 10 ). Then 
P, p may be called Reverse Poiyitsi 0 and 8 the Origins of 
reversion : and MN the Base Line, When the locus of P is a 
conic having 8 and MN for focus and directrix, we have seen 
that the locus of the reverse point p Is the eccentric circle of 
0 ; and we have derived properties of the conic from pro- 
perties of this cirole.t We now proceed to treat the subject 
of reversion more generally. The original figure from which 
a reverse figure is derived may be called its Obverse, 


* Chasles Geometrie Superieure §§ 368-9 j Cremona GeometHe Projective § 90. 
t See Arts. 4—6, 16 and Exx. 6—10, 
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PROPOSITION X. 

straight line drawn in a given direction cor- 
line passing through a fixed point on the base 

line. 

Let 0 and the origins of reversion : P and p any two 

reverse points and FM a pair of parallels, meeting the 

base line in M and m. 



Then, if B be the point on the base line at which Pco and Op 
intersect, 

OP: cop = PB : a>R — PM: cow, 

and therefore OM and pm are parallel. 

Hence, if cnm be a fixed line and P a variable point on 
any assumed line parallel to com^ the locus of p is the straight 
line drawn through the fixed point m on the base line parallel 
to OM, 

Corollary 1. 

The point at infinity on any system of parallels PM cor- 
responds to a reverse point m on the base line. All points 
at infinity in the same plane are therefore to be regarded as lying 
in one straight line, of which the base line is the reverse. 

Furthermore the direction of the line at infinity is indeter- 
minate. For, as pm turns about the same point m on the 
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base Hne, the reverse line PM remains parallel to wm; and 
ultimately, when pm coalesces with the base line, Pilf becomes 
the line at infinity^ which may accordingly be regarded as 
parallel to any assumed line mn. 

Corollary 2. 

If the arms of any angle MPN and of the reverse angle 
mpn meet the base line In N and n respectively, then 

Z moan = MPN ; and L MON = mpn. 

Notice that to every angle P8Q subtended at either origin 8 
(fig. Art. 4) corresponds an equal reverse angle pOq subtended 
at the other. For example, the angles P80^ p08 are equal, 
in the figure of Art. 6. 


PROPOSITION XI. 

143. Any straight line being token as base line^ any two given 
angles may be reversed into angles of given magnitudes. 

For the angle MPN (Prop. x. Cor. 2) reverses into an angle 
of given magnitude a, if the origin 0 be taken on the circular 
segment MON described on MN so as to contain an angle equal 
to a. By a like construction a second angle may be reversed, 
into an angle of given magnitude /3. And if 0 be taken 
at the intersection of the two segments, the two angles will reverse 
simultaneously into angles equal a and /3 respectively. 

The applications of this general theorem are precisely 
analogous to those of the corresponding theorem in Conical 
Projection. [Frop. v. 

Corollary. 

From any origin 0 a given conic may, by properly choosing 
the base line, be reversed into a conic through two given points 
at infinity, whose magnitude is then determined by the position 
of the reverse origin <o. Or if the base line be given, the origin 
0 may be determined by reversing the angles between two 
assumed pairs of lines PA^ PB and PC', PB — ^whlch may be 
drawn conjugate with respect to the given conic — into angles 
a and /3 respectively. By properly determining the origins 
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and the base line together we may reverse a7iy conk and point 
U and P into any conic and point IP and P\ For example, 
if a and be right angles and the polar of P with respect 
to U be taken as base line, U' becomes a circle whose centre 
is P'- [Prop. VIII. 

144. The following are some applications of the property 
of reverse figures that all angles subtended at the origin in the 
one figure correspond to equal angles subtei'ided at the reverse 
origin in the other. [Art. 142 Cor. 2 . 

a. A variable chok'd of a conic tohich subtends a right angle 
at a given point envelopes a conic having that point for a focus. 

he given point 0 and its polar be taken as origin 
ana base line, the reverse conic has its centre at the reverse 
origin a> (Art. 142 Cor. 1 ) ; and a variable chord of the latter 
conic which subtends a right angle at w envelopes a concentric 
circle (Ex. 289 ), of which the obverse is a conic having 0 and 
the base-line for a focus and directrix. 

5 . A variable chord of a conic which subtends a right angle 
at a given point on the curve passes through a fixed point on the 
normal thereatP 

For if a conic through 0 be reversed into a circle through 
0 ), every chord of the former which subtends a right angle at 0 
has for its reverse a diameter of the circle, and therefore passes 
through the fixed point which is the obverse of the centre of 
the circle. Fiote that the tangents and also the normals at 
0 and CO are reverse lines. 

Hence, to reverse a conic from any point 0 upon it as origin 
into a circle, we must have as base line the polar BG of the 
point of concourse of all chords which subtend right angles at 0. 

c. Let DOE be a fixed angle Inscribed in a conic, P any 
point on the curve, B and G the points in which PD and PE 
meet the polar of the point of concourse of all chords which 


* This theorem of Pregier— p. 276, note, and Correspondance sur V Ecok Royale 
Polytechnique, tome ill p. 394, 1816 -is a limiting case of § a. See Sciiolium D, 
p. 285. 
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subtend right angles at 0: then will the angle BOG le equal 
or supplementary to the angle D 

For if with 0 as origin and 5(7 as base line the conic be 
reversed Into a circle, then (with the same notation) the points 
B and 0 are removed to infinity, and the theorem follows at 
once from the equality of the angles DOE and DPE In the 
same segment of the circle. 


_P 



d. If a straight line PDB turning about a fixed point P 
meet the arms of a constant angle BODj which turns about a 
fixed point 0, in B and D‘ then If the point B moves along 
a straight line 5(7, the point D describes a conic through 0 and 5. 
For when BG is the line at Infinity the locus of D is evidently a 
circle through 0 and P; and therefore by reversion, the locus 
of D in the general case Is a conic through (7 and P. 

This is a limiting form of Newton’s Descriptio Organica 
(Art. 113 Cor. 1 ), since the line through P may be regarded as 
a vanishing angle 5PP. 

e. Every range [ABGD] and its reverse {abed} subtend 
similar pencils 0 [ABGD] and (o[abcd] at the origins, and are 
therefore homographic. All the properties of cross ratio may 
therefore be extended from the circle to the general conic by 
reversion. 

145. The Orthocentre. 

a. Let the sides of a triangle ABG^ the reverse of AB' 0\ 


* See Mathematical Questions from the EDUCATIONAL Times, yoI. i. pp. 83, 40 
(Question 1409). 
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centr^. 

It is hence evident that the sides of any triang 
3 radiants from any point to its vertices determine 
transversal 


A 



h. If the triangle ABO envelopes a fixed conic touching 
the base line, the obverse of which is a parabola^ the point P 
traces a straight line, the reverse of the directrix of the 
parabola. [Art 29 Cor. 1. 

Or if, starting with the parabola and taking its directrix 
as base line, we reverse it into a circle about w as centre, 
the point P is removed to infinity. Hence, if the sides of a 
triangle ABO touch a circle, and meet any fourth tangent 
to it in abc^ and if the diameters parallel to the polars of abc 
meet the fourth tangent in DEF^ the lines AD^ BEj CF are 
parallel. In other words : 

If the sides of a triangle ABC touch a circle^ and if the 
parallel tangents meet any seventh tangent in DEF^ the lines 
AD^BE^ OFareparalleh 
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More generally; 

If from three collmear points XYZ pairs of tangents le drawn 
to a conic^ and if ABC he the triangle formed hy one tangent from 
each pair and DEF the points in which the remaining three 
tangents meet any seventh tangent^ the lines AD^ BE^ GF meet at 
a point in a straight line with XYZ. 

146. The Normal. 

The reverse of the normal at any point P to a conic is the 
line through the reverse point p which with the tangent at p 
intercepts on the base line a length which subtends a right angle 
at the reverse origin w. [Art. 142 Cor. 2. 

147. Conjugate Diameters. 

If a conic be reversed Into the eccentric circle of w. It 
may be seen that a pair of its conjugate diameters inclined at 
angles a and tt — reverse into lines through the pole of 
the base line with respect to the circle and which contain angles 
TT — a and a. 

148. The Asymptotes. 

If a conic meets the base line in M and N^ the asymptotes 
of its reverse correspond to the tangents at 21 and Nj and 
are therefore parallel to 310 and NOj v/here 0 is the origin 
(Art. 142). We may therefore determine the eccentricity of 
the reverse conic by making the angle 3ION of any assumed 
magnitude, real or imaginary. 

SOHOIillTM G. 

Eeyerse lines OP and pa# through the origins (which may- 
be supposed to lie on the same side of the base line) being reverse 
in direction, figures are consequently, in a manner, turned over 
in this transformation, so that an original figure and its derivative 
may be regarded as obverse and reverse respectively. Thus 
in Art. 4, if the circle be divided by axes through 0 parallel 
and at right angles to the base line, its first and third quadrants 
must be turned over or interchanged, and likewise its second 
and fourth, in order that they may become similarly situated with 
the sectors of the conic to which they severally correspond. 

If reverse points P and p be referred to rectangular axes 
of coordinates, the base line being the common axis of and 
the axes of y being drawn through 0 and a# respectively, then 
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if X, F be the coordinates of P and x, those of p, and if OD 
and b)d be the ordinates of 0 and co it may be shewn that 
Yi/=b)d. OjD, and X: - cad. Hence an equation of any 

degree between x and y implies an equation of the same degree 
between X and F. 

Eeyersion is a special case of the following transformation. 
Take fixed origins 0 and w, and a fixed director line (or plane) 
corresponding to each: from any point P draw^ POP to meet 
the 0-director and Pijjd to meet the w-director: then the point 
of concourse of dP and Od corresponds to P. The construction 
in the text results from supposing one of the directors to be 
at infinity. The analysis for the general ease is fully given 
in a section by Prof. Cayley contributed to my article on the 
Homographic Transformation of Angles in the Quarterly Journal 
of Mathematies siY. 25 — 39, 


HOMOGRAPHIC TRANSFORMATION. 

PEOPOSITION XII. 

149. Any two plane Tiomographic figures of the same species 
are capalle of being placed in perspective^ 

We have seen tbat any two plane figures in perspective 
are so related that to every range in the one corresponds a 
homographic range in the other (Prop. iv). Conversely, 
any two plane figures thus related are capable of being placed 
in perspective. 

(i) For if ABCD be four fixed points and P a variable point 
in a plane figure, and AB' 0 ’UP' the corresponding points in a 
homographic figure, it is evident from the relation, 

P{ABU1)] F[AB^C'n] 

tbat by projecting the points ABCD into A'B'G’U (Art. 135) 
we at the same time project every point P into its corre- 
spondent F, 

(li) The same result may also be arrived at as follows. 

Let A be a given plane figure, regarded as moveable In 
any way in its plane, and B a fixed homographic figure in 
the same plane. Then to the focoids ^ and 0', regarded as 
belonging to A^ correspond fixed points Pand F’ related to R. 

[Art. 132. 
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Let and meet in the point 0 related to B, and 
let O' be the corresponding point in A. Also let P and Q 
be any two points in B, and P' and Q' the corresponding points 
in A, 

Move the figure A a certain distance in a certain direction 
until O' coincides with and then turn it about 0 until 
the points POP' are brought into one straight line.* Then^ 
since A and B are homographic, 

[PQFF] 

and therefore, since three rays in the one pencil coalesce 
severally with three in the other, the fourth ray 0(2 coalesces 
with the fourth OQ', or every two corresponding points Q 
are in a straight line with 0, the required centre of perspective 
of A and B. It then follows from Art. 140 that A and B may 
be placed perspective In space. 

Corollary, 

Since figures homographic with the same figure are homo- 
graphic with one another, and since any conic and an assumed 
point in its plane may be projected into a circle and its centre 
(Art. 137), and conversely; it follows that any conic and pomt 
in one plane may he projected into any other conic and point 
in one plane, XI. Cor, 


SOHOLItTM D. 

Transformation is a convenient (if not strictly accurate) ex- 
pression for the derivation of one figure from another in accordance 
with an assigned law of correspondence. The general idea of 
homographic transformation may he found in a passing remark 
of Desaegues {(Eiivres i. 214), who, having enunciated the funda- 
mental property of the polar planes of a sphere, concludes by 
stating curtly that it may be extended to surfaces which are related 
to the sphere as the ellipse is to the circle : “ Semblable propriety 
se trouve a Tegard d’autres massifs qui ont du rapport a la boule, 
comme les ouales autrement ellipses en ont au cercle, mais il 
y a trop a dire pour n’en rien laisser.’^ 

In the tract on Plmi-coniqxm appended to his Pfouvelle mUhode 
en Gmnetrie (Paris 1673), De la Hire derived the general conic 


* See Salmon’s Higher Plane Curves Art. 330, 
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from, the circle by a geometrical transformation in piano. A 
similar transformation appears to have been arrived at by Le 
Poivre about thirty years later (Chasles Bections Coniqties-^. 174). 
Newton shewed how to transform curves of all orders (jPrincim 

Lib. I. sect. v. lemma 22) by substitutions of the form X= and 


= ^ (cf. Schoi. 0), and added two examples of the application 


X 


(Ohasle 
any four 
points in 

crP7iftral I 


^^collinear” figures 
phiques les plus generales'^ 
bius proved inter alia that 
projected into any other four 
ilcul p. 327, 1827). For a 
of Homography see Chasles^ 
.d of his Jvercu 


EXAMPLES. 

ad-er in some cases to modify the enunciations of the pairs of 
columns so as to bring them into exact corres2)onde7ice]. 

Each diagonal of a complete quadri- 
nically by tb 


trian gl and 

similarly the joi ■" 

gpondbig vertices meet in a point. 


points - - 

an involution having its centre on PQ. 

804. The centres of the diagonals of a 

complete quadrilateral are in one straight 
line. [P' 25G. 

805. Parallel chords of a circle are 
bisected by a straight line through its 
centre. 

806. If two of the three pairs of op- 
posite sides of a hexagon inscribed in a 
circle are parallel, the third pair are 
parallel.* 

807. A system, of coaxal circles meet 

any transversal in pairs of points in an 
involution. [Art. 109. 


If the intersections of the three pairs 
of sides of two triangles lie in one straight 
line, the joins, of the opposite vertices 
cointersect 

irs 

d 

rersal. 

An infinity of pahs of straight lines 
can be found which divide the three dia- 
gonals of a quadrilateral harmonically. 

Concurrent chords of a conic are 
divided harmonically by their common 
point and its polar. 

The three pairs of opposite sides of any 
hexagon inscribed in a conic have their 
intersections in one straight hue. 

AH the conics through four given points 
meet any transversal in pairs of points in 
an involution. 


.$ee G-ergonue s Amales iv. 79. 
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808. Four circles can be drawn toucb- 
iag tliree given straight lines. 

809. Four conics can be di'awn through 
tliree given points so as to have a given 
point for a focus. 

810. The diameters of a circle subtend 
a pencil in involution at any point on the 
circumference. 

811. Given two pairs of lines conju- 
gate with respect to a circle, the locus of 
its centre is the rectangular hyperbola 
circumscribing the quadiilateral of which 
the conjugate lines are opposite sides.* 

812. Given three pairs of lines conju- 
gate with respect to a circle, the positions 
of its centre constitute an orthocentric 
tetrastigm. 


813. Every circle through the centre 
of a rectangular hyperbola circumscribes 
an infinity of triangles self-polar with 
respect to the hyperbola. 

814. If a triangle PC22i right angled 
at P be inscribed in a rectangular hyper- 
bola, the perpendicular from P to QP is 
the tangent at P. 


815. The directions of two sides of a 
triangle inscribed in a circle being given, 
the envelope of the third side is a concen- 
tric circle. 

816. The envelope of the polar of any 
point on a circle %vith respect to a con- 
centric circle is a concentric circle. 


Four conics can be drawn through two 
given points and touching three given 
lines. 

Four conics can be drawn through 
three given points so as to touch two 
given hues. 

A system of concurrent chords of a 
conic subtend a pencil in involution at 
any point on the curve. [p. 276, 

Given a chord PP' of a conic and two 
pairs of Hnes conjugate with respect to it, 
the locus of the pole of PP' is a conic with 
respect to which P and P' are a pair of 
conjugate poiuts. 

Through two given points four conics 
can be drawn so as to have three given 
pairs of lines conjugate with respect to 
them ; and their common chord is divided 
harmonically by every conic through its 
four poles with respect to them. 

If two triangles be self -polar with 
respect to a conic, their six angular points 
lie on a conic. 

If Pand P^ be conjugate points with 
respect to a conic, PQ and PP any two 
chords which divide PP' harmonically j 
then QP and the tangent at P divide 
PP' harmonically. 

If two sides of a triangle inscribed in 
a conic pass each tluough a given point, 
the envelope of the third side is a conic 
touching the former at tw^o points on the 
join of the given points. 

The envelope of the polar of any point 
on a conic with respect to a second having 
the same focus and directrix is a third 
having the same focus and directrix. 


* From the centre 0 of the circle draw a perpendicular OP to one of the lines, and 
let it meet the conjugate line in Q ; and draw OP' perpendicular to one of the second 
pair of lines, and let it meet the fourth line in Q'. Then since OP .OQ = (radius)- 
= OF'. OQ', the locus of 0 is a conic through the four vertices of the quadrilateral ; 
and it is easily seen that the ortiiocentre of any three of them is a point on the locus. 
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817. Parallel chords of a circle are cut 
in a constant ratio by a concentric ellipse 
touching the circle at the extremities of 
the perpendicular diameter. 

818. Every parallelogram inscribed in 
a circle is rectangular. 


819. The diagonals of every parallelo- 
gram circumscribed to a circle meet at 
right angles at its centre. 

820. The centres of all the rectangular 
hyperbolas circumscribed to a given tri- 
angle lie on its nine-point circle. 

821. The circumscribed circle of every 
triangle which circumscribes a parabola 
passes through its focus. 

822. The envelope of the polar of a 

given point with respect to a system of 
confocal conics is a parabola touching 
their axes and having the given point* for 
a point on its directrix, [Ex. 379. 


823. If from a fixed point 0 tangents 
OP and OQ hQ drawn to any one of a 
system of confocal conics, the circle through 
OPQ passes through a second fixed point. 

[Exx. 340, 380. 

824. Griven three concentric circles, 
any tangent to one of them is divided into 
segments of constant lengths by the re- 
maining two. 

825. Four fixed tangents to a parabola 
divide any fifth tangent into segments 
whose ratios are constant. [Ex. 726. 


Concurrent chords of a conic are divided 
in a constant cross ratio by every conic 
having double contact with the "former 
upon the polar of the point of concur- 
rence. 

The intersections of the two diagonals 
and of the opposite sides of any quadrila- 
teral are a conjugate triad with respect to 
every conic circumscribing the quadrila- 
teral. 

The diagonals of a complete quadri- 
lateral are a conjugate triad with respect 
to every conic inscribed in it. 

Given four points on a conic, the locus 
of the pole of a given line is a conic, &c. 

[Ex. 788. 

If two triangles circumscribe a conic, 
their six summits lie on a conic. 

The envelope of the polar of a given 
point with respect to the system of conics 
inscribed in a quadrilateral is a conic 
touching its three diagonals,* and the 
chord of contact of the second tangents to 
this conic from the extremities of any dia- 
gonal of the quadrilateral is the line join- 
ing the given point to the point of con- 
course of the remaining two diagonals. 

If from a fixed point 0 tangents OP 
and OQ be drawn to any one of a system 
of confocal conics, the conic through their 
foci and OPQ passes through a fomth 
fixed point.f 

If three conics touch one another at 
the same two points, any tangent to one 
of them is divided in a constant cross 
ratio by the remaining two. 

Four fixed tangents to a conic divide 
any fifth tangent in a constant cross ratio. 


* The tangents at this point to the two confocals through it touch the parabola. 

' t Project the common foci of the first system into the focoids of the plane of the 
second. See the Quarterly Journal of Mathemaiics x. 287. 
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gog Any two pairs of points wMcli If the extremities of each of two dia- 
diTLQe the diagonals of a rectangle har- gonals of a quadrilateral are conjugate 
monically lie on a circle. points with respect to a conic, the extre- 

mities of the third are conjugate with 
respect to it.* 

827. If POpj QOq^ ROr^ 80 s be any four concurrent 
chords of a conic, the conics through 0 PQB 8 and Opqrs have 
a common tangent at 0 . 

828. If FF' he a common chord of two given conics, its 
pole with respect to any conic which touches both of them 
and passes through F and F' has for its locus a conic touching 
the tangents at F and F' to the given conics, 

829. If a conic touches the sides 8 F and SF’ of a given 
triangle and also two other given lines, the second tangents 
to it from F and F' meet on a fixed straight line. 

830. Given, in addition to a chord of a conic, two tangents, 
or one tangent and one point, find in each case the locus of 
the pole of the given chord. 

831. If two conics have double contact, the cross ratio of 
four of the points in which any four tangents to the one 
meet the other is equal to that of the remaining four points, 
and also to that of the points of contact taken in the same sense 
of rotation .f 

832. Extend by projection Newton’s theorem, that the 

diameter of a quadrilateral is the centre-locus of all conics 
inscribed therein.^; [P- 

833. The circle through any triad of points conjugate with 
respect to a conic is orthogonal to its orthocycle (pp. 274 , 280 ). 
Is this theorem projective ? 


* This theorem and its reciprocal are due to Hesse (Crelle’s Journal sx. 301, 
1840). 

f 'See Salmon’s Conic Sections Arts. 276, 354. 

J Its analogue in space was given in Gergonne’s Annales XVII. 200. 
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834. From a fixed point 0 tangents OF and OQ are drav;u 

to any conic inscribed in a given quadrilateral, and through F 
and Q are drawn the straight lines which with FO and QO 
respectively divide the three diagonals of the quadrilateral har- 
monically. Shew that the lines so drawn touch the fixed conic 
which is the envelope of FQ. [Ex. 822. 

835. If AB be one of the diagonals of this quadrilateral, 
the conic through ABOFQ passes through a fourth fixed point 
0 \ such that AO^ AO' and BO^ BO’ divide the remaining two 
diagonals harmonically. Shew also that the three positions of 
O' corresponding to the three diagonals of the quadrilateral He 
in one straight line. 

836. If from a fixed point 0 tangents OP and OQ be 
drawn to any one of a system of confocal conics, and If the 
normals at F and Q meet in iV; the locus of the orthocentre 
of the triangle NFQ is a straight line, and the locus of the 
orthocentre of OFQ is a rectangular hyperbola having one 
asymptote parallel to the central distance of OF What do 
these theorems become by projection? 

837. Given the orthocentre of a triangle inscribed (or cir- 
cumscribed) to a given conic, the product of the segments of 
its perpendiculars is constant. Hence shew that if one solid 
angle contained by three planes mutually at right angles can be 
inscribed (or circumscribed) to the surface of a given cone of the 
second degree, an infinity of such angles can be inscribed (or 
circumscribed) to It. 

838. The locus of the point in space from which triads of 
lines mutually at right angles can be drawn to triads of points 
on a given conic is a sphere, 

839. If the conic be supposed to vary, yet so as always 
touch the sides of a given quadrilateral, the sphere will pass 


^ See the Quarterly Journal of Mathomatics s. 289. 
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through a fixed circle in a plane at right angles to the plane of 
the quadrilateral.^ 

840. ABG is a triangle inscribed in a conic ; Aa^ Bb^ Oc 
are chords drawn through a point 0 : and Aby Bo^ Ga meet 
the polar of 0 in PQR respectively. Shew that the lines from 
any point on the conic to the points PQR respect! vely^ meet the 
sides of ABG in three collinear points. 

841. Kays being drawn from a fixed point on a conic, shew 
that the intercepts upon them between the conic and a fixed 
tangent may all be projected upon a given line through the 
fixed point, from another point on the conic, into segments of 
the same length. 

84a. If a point P on a conic be connected with two fixed 
points F and F' in its plane, all the chords which are divided 
harmonically by FP and FP are concurrent ; and the locus of 
their point of concourse, as P varies, is a conic touching the 
first at two points on FF\ 

843. If a conic passes through two given points and touches 
a given conic at a given point, Its chord of intersection with 
the given conic passes through a fixed point. 

844, ABGD being four points on a conic, E and F are the 
poles and 0 is the point of concourse of AB and CD. Through 
E is drawn a straight line meeting CD in M and the conic 
in Q and P; and upon this line a point P is taken a fourth 
harmonic to QMR» Shew that the locus of P is the conic 
through ABCDEF^ the tangents to which at E and F pass 
through 0 ; and that the tangents from 0 to the first conic 
pass through the four points in which the common tangents to 
the two conics touch the second. 


* On Esx. 837—9 see Picqnet'S JEtude geometrique des Syst ernes Ponchiels et Tan- 
gentieh de Sections Coniques §| 72, 73, 85, 86. Picquet now uses the term oi'tkoptic 
circle (p. 42) to denote the orthocycle, and the term orthoptic summits (p. 41) of the 
“ pencil” of conics inscribed in a quadrilateral to denote the two fixed points on their 
orthocycles. Gaskin’s discovery of these points was anticipated by Pliicker {^Analy- 
tiseh-geometrische Entwicklungen il. 198, ISoi). 
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845. If a variable conic has double contact with each of two 
fixed conics, find the loci of the points of concourse of its 
common tangents with the fixed conics. 

846. If aa\ hh\ cc be parallel chords of a conic and p any 
seventh point on the curve, prove that the three points (ap, j, 
{hj)^ ca'), (cj9, ab') lie on a straight line parallel to the chords. 

847. If from each of four points on a circle perpendiculars 
be drawn to the joins of the remaining three, the feet of these 
perpendiculars lie by threes on four concurrent lines. Gene- 
ralise this theorem by reversion, or otherwise. 

848. Any two conics may be regarded as homographic 
figures in which any three points on the one correspond to 
three points taken arbitrarily on the other.^ 

849. Shew how to place reverse figures in perspective, and 
adapt the constructions of Arts. 141—148 to the case of figures 
in perspective in one plane. 

850. The construction in Art. 134 (ii) for fixing the position 
of V in the vertex-plane is independent of the angle between 
that plane and the primitive plane: as this angle varies the 
vertex remains fixed in its plane : it therefore describes a circle 
in a plane perpendicular to ah^ or to the intersection of the 
plane of projection with the primitive plane. 

Cliasles Sections Coniques p. 167. 


NOTE. 


The undermentioned Examples (cf. p. 141) are taken from the 


Times Reprint : 


(XXIV. 87) ; 560 (xvii. J 
(VI. 71); 607 (XV. 88 ); 611 ( 

620 (XXIV, 43) ; 638 (iv. 97) ; 
104); 680 (IV. 69); 681 (x. 32) ; 
685 (XXII. 51); 687 (xxiv. 101)* < 
690 (XXXI. 18); 714 
6 ); 835 :xiii. 6’" 

(xii. 54) ; 844 

:. 57). 


\ 


; 444 (vii. 49) ; 445 
(HI. 35) ; 466 (xxx. 90) 

. 36) ; 521 (VII. 96) 

I. 35) ; 

2); 563 (X 98); 

2 (xxv, 21) 

0); 644 (v. 

60) ; 684 ( 

69); 689 (xxviii. 95); 
; 737 (xxv. 61) ; 738 
1 .79); 842 (xi. 100); 
846 (xxiii. 94) ; 847 
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CHAPTER XIL 

REOIPIlOOATIOI^r AXD IXYERSIOX. 

150. We now return to the method of Reciprocal Polars, 

of which some account was given in Chapter x. [p, 268. 

Take any fixed conic as Director^ and let any straight line 
or point be said to correspond or be reciprocal to its, pole or 
polar with respect to the director. It is evident that to the 
intersection of any two lines corresponds the join of the 
reciprocal points, and that to a system of concurrent lines 
correspond a system of coHinear points. [Art. 17 Cor. 1. 

To any curve, regarded as the envelope of its tangents, 
corresponds the locus of their poles with respect to the director; 
and to the join of any two consecutive points on either curve 
corresponds the join of two consecutive tangents to the other. 
Hence, to every tangent and its point of contact in either figure 
correspond a point and the tangent thereat In the other. 

It is hence evident that if two curves touch one another in 
one or more points, their reciprocals touch one another in the 
same number of points. 

Notice that the tangents to the director at its intersections 
with any curve are also tangents to the reciprocal curve. 

PEOPOSITION I. 

151. The degree of any curve not having singular points 
is equal to the class of its reciprocal with respect to a conic^ 
and conversely. 

(i) For if U be any curve and u its reciprocal, A any 
straight line and a its reciprocal; then to every point in 
which A meets U corresponds a tangent to w, and every such 
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tangent passes throngli a. The number of points In -svliich 
an arbitrary line A meets U is therefore equal to the number 
of tangents that can be drawn from any one point to m as 
was to be proved. 

It follows that the reciprocal of a conic is a conic, as was 
otherwise shewn in Art. 117 ; and that the reciprocals of all 
conics touching the same four lines, or having the same foci are 
conics passing through the same four points. [Prop, yi 


PROPOSITION II, 

152. To even; point and its polar with respect to a conic 
correspond a straight line and its pole loith respect to the reciprocal 
conic : to every conjugate triad of points in the one figure a 
conjugate triad of lines in the other; and to every pencil or range 
in the one a homographic range or pencil in the other. 

(i) For if ah and ac be the tangents from any point a to a 
conic, then to their points of contact h and c correspond a 
pair of tangents AB and AO to the reciprocal conic; and to 
the points of contact B and Q correspond reciprocally the 
tangents at h and c to the original conic. [Art. 150. 

^ It follows that the join of B, G corresponds to a, and the 
join of 5, c to the point of concourse A of the tangents at 

ana u. 

Hence to any point a and its polar be in the one figure 
correspond a line BO and its pole A in the other; and th°ere- 
fore to every conjugate triad of points in either corresponds 
a conjugate triad of lines in the other, 

(il) It has been shewn in Art. 116 that every row of points 
and their polars with respect to any director are homographic. 


Corollary. 

Since the points of concourse of a conic and its reciprocal 
correspond to their common tangents, the cross ratio of the four 
common points of any two conics in either is egual to that of their 
common tangents in the other. [Ex, 727. 



KECIPEOCATIOH. 


339 


PROPOSITION III. 

153. Given in a jplane two straight lines and their •poles 
with respect to a conic^ the ratio of the distances of any point 
in the plane from the given lines varies as the ratio of the 
distances of its polar from their poles. ^ 

(i) Let the polars of any two points 0 and P with respect 
to a conic whose centre is G meet GO in L and M respectively, 
and let PN be an ordinate to the diameter G 0. 



Then since GL .GO ^ GM. CNf{ 

or GM+ OM\ GM^ GL + NL : GL ; 

therefore OM : GM = NL : GL = Pit : GL^ 

If PR be drawn parallel to GL to meet the polar of 0. That 
is to say, the distances of 0 and G from the polar of P are as 
the distances of P and G from the polar of 0. 3^5- 

(li) If OX and GH be perpendiculars to the polar of P, It 
follows that 

PR: GL^OXi GH-, 

and the same proportion will hold if PR and GL be now 
supposed perpendicular to the polar of 0. 

In like manner, taking any second position o of 0 whilst 
P remains as before, we have 

Pr i Gl ~ ox : GH. 


* Cliasles Ax^erqu historique p. 590, 1875. 

f If CM meets the conic in D and D', and if co be the polar of DD , the point 
M and its polar Poo divide harmonically. Hence CM.CN=. CD-, whatever 

be the position of P. This follows also by orthogonal projection from Ex. . 
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pp 

Hence, whatever be the position of P, the ratio is equal 

to ^ ^ 5 where CL and Cl are constant for given positions 

of 0 and 0 ] that is to say, the roiio of the 'pevimidicidars froni 
’ 'VS of two fixed points 0 and o varies 


f i'om 0 and o to the polar of P. 
' course, as a special case, suppose either point and 


Corollary, 

It is hence evident that any homogeneous relation between 
the distances of a variable point P from any number of fixed 
straight lines implies a homogeneous relation of the same 
degree between the distances of the polar of P with respect to 
a conic from the poles of the fixed lines. Thus from the Locus 
PQ,PE=^h,PS,PT (Scholium C, p. 266), 
of the same form between the distances 
m two pairs of fixed points, opposite 
L circumscribed to the conic. [Ex. 707 . 

POINT EECIPEOCATION. 

154. If 0 be the centre of a circle, OA the perpendicular 
from it to any straig!}t line L and a the point on OA or its 
prolongation such that 0 . 1 . Oa = (radius)'^ ; then a is the pole 
or reciprocal of L with respect to the circle. The same point 
a may also be determined by regarding 0 merely as a fixed 
point, without reference to the circle, and taking OA.Oa equal 
to a constant quantity cl This last construction is called 
reciprocation loith respect to a pointy the point being called the 
origin. When d" is negative every line or point and its 
reciprocal lie on opposite sides of the origin. The construction 
IS then equivalent to reciprocating with respect to 
circle. 

Notice that to the foot of the perpendicular 

in to any straight line L corresponds the line 

point a parallel to L or at right angles to Oa] 
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and that to each line in a system of paraUds corresponds a 
point on the common perpendicular to them from the origin, 

PROPOSITION IV. 

155. Any two straight lines contain an angle equal to that 
subtended by their point-reciprocals at the origin • and the distance 
of any straight line from the origin varies inversely as the 
distance of its reciprocal therefrom. 

The first part of the proposition follows immediately from 
the perpendicularity of every straight line to the line joining 
its reciprocal to the origin. 

The second part is merely another way of stating that the 
product OA.Oa.^ in the construction of Art. 154, is equal to a 
constant 

Corollary 1. 

(f 

From the relation Oa= we deduce, that to any straight 

line L through 0 corresponds the point at infinity in the 
direction at right angles to A, and conversely. All points at 
infinity in the same plane therefore lie on the reciprocal of the 
origin, and are consequently to be regarded as collinear. To 
the polar of the origin with respect to the original conic 
corresponds the centre of the reciprocal conic^ the polar of the 
line at infinity with respect to it. 17 Cor. 2, 

Corollary 2. 

To the tangents OF and OF' from the origin to any conic 
correspond the points at infinity in the directions at right 
angles to OF and OF ' ; the eccentricity of the reciprocal conic 
is therefore determined by the angle FOF' ^ the supplement 
of the angle between its asymptotes. Hence the reciprocal 
will be a hyperbola, an ellipse or a parabola according as 0 is 
taken without, within or upon the original conic. Thus we see 
again that every parabola touches the line at infinity^ the reci- 
procal of the origin. The reciprocal of a conic with respect 
to any point at which it subtends a right angle is a rectangular 
hyperbola. In any case the axis of the reciprocal conic is parallel 
to the bisector of the angle FOF\ 
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Corollary 3. 

From either point of concourse of their orthocycles as origin 
any two conics TJ and V reciprocate Into rectangular hyperbolas 
and V] and conversely every conic through the four inter- 
itions of u and being itself a rectangular hyperbola (Art. 69), 
•ocal to a conic subtending a right angle at the origin 
ana touching the four common tangents to Z7 and F. Hence 
the orthocycles of all the conics lohicJi touch four given lines have 
two points in common. [Art. 123 Cor. 1. 


PROPOSITION V. 

156. The reciprocal of a circle with respect to any point is 
a conic having that point for afocus^^ and conversely, 

(i) . If the director be a circle about the origin 0 as centre, 

any other circle G meets it at the focoids 0 and and there- 
fore has for its reciprocal a conic touching 0<f> and 0^', the 
tangents to the director at the focoids. [Art. 130. 

This conic therefore has 0 for a focus ; and its 0-directrix 
(the polar of 0) corresponds to the pole of the line at infinity 
with respect to (7, that is to say, it corresponds to the centre 
ofG, 

(ii) . Otherwise thus. Eeciprocate a conic from either focus 
H as origin, and let F be the point corresponding to any tangent 
to the conic, and Z the projection of E upon that tangent. 
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Then if GB be the conjugate semiaxlsj and - GS“ be taken 
as the constant of reciprocation, 


or V lies on the major auxiliary circle, which Is accordingly 
a reciprocal of the conic with respect to either focus. Hence, 
whatever be the constant of reciprocation, the reciprocal of a 
conic with respect to either focus is a circle, and conversely.^ 

In the limiting case of the ^arcibola^ produce SY and 8 A 
(fig. Art. 26) to Z and -B, so that SY. SZ = 8 A . SB — a constant. 
Then Z lies on the circle upon SB as diameter, which is accord- 
ingly a reciprocal of the parabola with respect to /S, and con- 
versely. 


(iii). In the diagram, the ec-cmiricity of the conic is equal to 


QE 

CA^ 


and its latus rectura to 


GA • 


Moreover, if X be the foot of the J?*directrix, 


EG. EX^ ^ aB\ [Art. 35 Cor. 3 

and therefore (1) the B’-directrIx is reciprocal to the centre of 
the circle^ and (2) the polar of H with respect to the circle — 
which in this case coincides with the .ff-dlrectrix (Art. 35 Cor. 1) 
— is reciprocal to the centre of the conic. 

If the constant of reciprocation be changed the relative 
magnitude of the conic and the circle will alter, but the following 
relations will still be found to subsist. The origin is now 
denoted by 0, and the centre of the circle — which wdll in 
general be distinct from that of the conic — by G. 

. . distance of G from 0 

eccentricity == i . 

radius ot circle 




latus rectum = 


const ant of reciprocation 
radius of circle 


centre of circle = reciprocal of (7-directrix. 

centre of conic = reciprocal of polar of 0 with respect to circle. 


* Another proof has been given by Laq^niere, jS ouvelhs Annalcs xx, 4*2, 1861 ; and 
another by Salmon, Conic Sections Art, 308. 
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Corollary 1 . 

One Inscribed and three escribed circles can be drawn to 
a given triangle, and their radii are connected by the relation, 

111 

1 a 

Hence, by reciprocation with respect to any point 0, four conics 
can be described having a given point for a focus and passing 
through three given points, and the latera recta of three of 
them are together equal to the latus rectum of the fourth. 

Corollary 2 . 

The point Fin the diagram corresponds to the tangent YZ] 
the point C to the if-directrix; the line VC to the point of 
concourse D of YZ with the iZ-directrix ; the point of concourse 

Y of VC and YZ to the line DV, But Y lies on the circle; 
therefore DV touches the conic. The second point F in which 
DV meets the circle corresponds to the second tangent from 

Y to the conic. This tangent is evidently parallel to the oppo- 

site tangent D V ; therefore YHV is at right angles to D V and 
jS^is the orthocentre of the triangle DYV. [Ex. 330 . 

PKOPOSITION TI. 

157. All the circles of a coaxal system reciprocate from 
either of their limiting points imto confocal conics ^ 

(i). Whatever be the position of the origin 0 in the plane 
of the circles, their reciprocals have 0 for a common focus. 

If the origin be taken at either limiting point* of the system 
of circles, it has the same polar with respect to them all, and 
therefore the line at infinity has the same pole with respect 
to all their reciprocals. That is to say, the latter have a 
common centime as well as one focus in common. They are 
therefore confocal, as was to be proved. 


* These points are the limits of the system par rapport a r infinwient petit,'* 

and the radical axis and. the line at infinity are its limits “ par rapport d Nnfiniment 
grand ** When a circle becomes infinite it degenerates in general into a straight line 
at a finite distance together luith the line at infinity. See Poncelet’s Traits des Prapr, 
Frojectives p. 49 (1822) ; Townsend’s Modern Geometry i. 199. 
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(11) . The system of conics through four given points reci- 
procate with respect to any one of the system as director into 
conics touching the tangents to the director at the given points. 
The construction §i. corresponds to the case in which the 
focoids are two of the four given points, and the director reduces 
to a point-circle. 

Corollary,^ 

The further limiting point O' of the circles corresponds to 
t]xQ rainor axis of the confocals, and the line bisecting 00' d,t 
right angles to their further focus. The orthogonal circles 
through 0 and O' reciprocate at the same time mio parabolas 
touching the minor axis of the confocals^ and loliose directrices 
pass through the further focus of the confocah ; and every common 
tangent to one of the confocals and one of the parabolas sub- 
tends a right angle at 0. 


SCHOLIUM A. 

Eeciprocatioh presupposes the idea of an envelope, which 
originated, according to Montucla {Hist, des Iliithimatiqiies tome ii. 
12Q, 1758), with Florimond de Beaune (1601 — 1651), a zealous 
advocate of the new Cartesian geometry. In a letter to De Beaune 
dated 20 fev. 1639, Descartes writes: “Pour vos lignes courbes, 
la propriete dont vous m^envoyez la demonstration me paroit si 
belle que je la pr6fere a la quadrature de la parabole trouvee par 
Archimede ; car il examinoit line ligne donnee, au lieu que 'Vous 
determines Vespace contenu dans une qui Tdest pas encore donnee. Je 
ue crois pas qu’il soit possible de troaver generaiement la converse 
de ma regie pour les tangentes, &c.” {(Emres de Descartes^ ed. 
Cousin, tome viii. p. 105, Paris 1824). Huyghens was the 
discoverer of evolutes (Scholium, p. 221) : Tschirnhausen of caustics 
(Chasles Aperca, Jiistoriq-ue -p. 110, 1875). 

Maclauein {Geometria Organica, sect. iii. pp. 94 &c., London, 
1720) propounded the theory of pedal and negative pedal curves. 
Notice, as a converse of Art. 38, that a conic may be regarded 
as the envelope of the arm YZ of a right angle inscribed in its 
auxiliary circle, whose other arm VZ passes through a focus H, 
Hence by projection, if two sides of a triangle inscribed in a 
given conic pass through fixed points G and H respectively, the 
envelope of the third side is a conic having double contact with 
the former on the line CH, 


This corollary was suggested by Mr. E, E.. Webb, Eellow of St. John's College. 
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We have seen that jSTevttoi? proved the general tangent-property 
of conics, which was eventually presented in a new form, as a 
property of '‘double” or “ anharmonic” ratio, by Steiner and 
Ohasles (pp. 262, 295. Of. Ex. 726, note). Chasles’ second proof 
of Ex. 724 {Quetelefs Corres 2 )ondance Sfc. v. 289), viz. by recipro- 
cation with respect to a parabola, is interesting as an application 
of reciprocation to metric properties. See also Bobillier in 
Ger gome's Anyides xvm. 185; Poncelet, Prop'ietes Frojectives ii. 
431 (1866); Booth, Ifew Geometrical Methods 'si (A, i. chap. 29. 

The Frinci^ple of Duality was first fully brought out by Poncelet's 
method of reciprocal poiars (Scholium E, p. 290). Eor some 
controversies on the discovery of the principle see his FroprieUs 
Frojectives ii. 351 — 396. It has since been illustrated by the 
coordinate methods of Mobius, Plucker, Booth, &c. See also 
Chasles’ Apercu Mstorique pp. 572 — 694, 1875 ; Townsend’s Modern 
Geometry chap. 23, Figures which correspond according to the 
law of duality have been called by Ohasles (p. 587) Correlative 
figures. They may also be called Dual figures. Any two dual 
figures are such that to every point in either corresponds a straight 
line in the other, and to every range in either a homographic pencil 
in the other, as is the case, for example, with reciprocal figures. 

MINOR DIRECTRICES. 

PKOPOSITION YIT. 

158. With either focus and directrix of an ellipse as origin 
and base line the major auxiliary circle reverses into a similar 
ellipse having for its minor auxiliary circle the reverse of the 
original ellipse. 

(i) . For in Art. 4 it is evident that the major auxiliary 
circle of the ellipse reverses into an ellipse having the circle 
about 0 for its minor auxiliary circle ; and by comparing the 
segments of the latus rectum of the obverse with the segments 

CB^ 

of the major axis of the reverse we see that 
GB 

one Is equal to in ....w other. The two ellipses are therefore 
similar. 

(ii) . Let the annexed diagram represent the reverse figure, 
and let GA^ be the major semiaxis of the obverse ellipse, and F 
the point on the minor axis of the reverse corresponding to 0. 
Then F and its polar (the base line) are said to be a Minor 
Focus and Directrix of the reverse. 
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It IS evident by parallels that 

OF: OB : OD^GSi CA ^ : OX, 

or 

where e is the common eccentricity of the two ellipses, 
(hi). In the case of the Hyperbola, if X 



angles of the obverse and reverse hyperbolas respectively, and F 
as before the point corresponding to the centre G of the obverse, 
it may be shewn in like manner that F now lies on the major 

axis^ of the reverse at a distance equal to — from its centre 0. 

sm% 

In the Uectangular Hyperbola the major” and minor foci 
and directrices are coincident. In the Circle the minor foci 
coincide with the centre and the minor directrices are at infinity. 

(iv). The propei'ties of the minor directrices may also be 
arrived at by Beciprocation, It is easily seen that the reciprocal 
of an ellipse with respect to its major auxiliary circle is a similar 
ellipse having that circle for its minor auxiliary circle, &c, 

^ Notice, in justification of the term minor axis in the general hyperbola, that the 
square of this axis, being negative, is always less than that of the transverse axis. 
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iS^otice, in illustration of this remarkable identity of results 
arrived at by reciprocation and reversion, that if an ellipse and 
a hyperbola have the sayne axeSj each is its own recprocal with 
respect to the other. 

Corollary 1. 

From S in the obverse draw SY to meet the major auxiliary 
circle and draw fi'co at right angles to 57; then Zoo touches 
the conic (Art. 38). Hence, in the reverse figure, if OP be any 
radius of the conic and OR be drawn at right angles to it 
to meet the minor directrix, the envelope of PR is the minor 
auxiliary circle. 

Corollary 2. 

Every chord drawn through 8 to the major auxiliary circle 
of the obverse has its pole on the base line and makes equal 
angles with the tangents to the circle at its extremities. Hence 
any two parallel tangents QM^ QN drawn to the reverse 
conic and terminated by the minor directrix subtend eaual 
angles at 0. 

SCHOLIU},! B. 

^ The theory of Minor Directrices* is due to Booth [Imo Geome- 
trical Methods Yol r. 269), who investigated their properties by the 
method of reciprocation. In some cases he makes use of a double 
reciprocation, first reciprocating a figure A into P and then P 
into A'. But since figures reciprocal to the same figure are 
homographic with one another, it should be possible to derive 
the properties of A' directly from those of A. Take for examnle 
the property uhat if a fixed straight line and the tangents from any 
point F upon it to an ellipse ahout 0 as centre meet one of its minor 
directrices in Q and P, T' respectively, then iorATOQ.iiinVP' OQ is 
constant. Eegard the conic as the reverse of a circle, as in 
Prop, vii., and let qtt' be the points at 'infinity correspondint>’ to 
QIP. Then the angles 20Q, P OQ are equal to tSq, t'Sq or 
tpq, t'pq respectively ; and it remains only to prove for the circle that 
ixnlfipq . pq is constant. Compare the long’er method of 
double reciprocation by which Booth establishes the proposition 
(loc. cit, p. 276). Similar remarks apply to his double recipro- 
cation of umbilical quadrics (p. 208). 

^ Taking 0 and iu a.s origins, let it be required to reverse three 
given points PQR in space into given points pqr respectively 

^ They have also been called secondcmj directrices iProc. Royal Irish Academy 
III. 503). ^ 
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(Scholium, p. 328), each pair of points Pp, &e. being supposed to 
lie in a plane through the origins. Each pair Pp determine a 
point {OP, up) on the O-direetor and a point {Op, uP) on the 
(j-director ; and thus the three pairs Pp, Qq, Rr completely 
determine the two director planes. This construction is equivalent 
to reversing five given points OuPQB into five given points 
utOpqr. Of. Chasles, Apercu p. 754. If one director-plane be 
now removed to infinity, every two corresponding lines throuo-h 
the origins become parallel, as in piano (Art. 142). ” 

Erom a given point 0 on an ellipsoid draw triads of chords 
OA, OB, 00 at right angles, and let the fixed point of concourse 
of the planes ABC (cf. p. 324, note) and its polar plane be called 
the Eregier point and plane of 0. Then, if 0 be taken as origin 
and its ErSgier plane as director, the ellipsoid reverses into” a 
sphere. If 0 be not on the surface, we may reverse the ellipsoid 
into a spheroid about u as centre, and thus shew that the envelope 
of the planes ABO (Eooth i. 97) is a quadric of revolution having 
0 for a focus. [Art 144. 

159. Examples of Reciprocation. 

We shall now give some illustrations of the method of 
applying the principles established above. The following 
theorems will be seen to be reciprocal : 

If two vertices of a triangle slide If two sides of a triangle pass throngli 
on fixed straight lines whilst the sides fixed points whilst the vertices slide each 
pass each through a fixed point, the locus on a fixed straight line, the third side 
of the third vertex is a conic passing envelopes a conic touching the lines on 
through the fixed points on the adjacent which its extremities slide, 
sides. [p. 204. 

If two sides of a triangle inscribed in If two vertices of a triangle circum- 
a conic pass each through a fixed point, scribed to a conic slide each on a fixed 
the envelope of the third side is a conic line, the third describes a conic having 
having double contact with the former on double contact \vith the former upon the 
the join of the fixed points.'^ tangents to it from the intersection of the 

fixed lines. 

The diameter of a quadrilateral is the Given four points on a conic, the polar 
centre-locus of all conics inscribed therein, of a fixed point passes through a fixed 

[Ex. 832. point conjugate to the former with re- 
spect to every conic through the four 
given points. [p. 278. 

The envelope of the polar of a given Given four points on a conic, the locus 
point with respect to a system of confocal of the pole of a fixed straight line is a 
conics is a parabola touching their axes, conic, {fcc. [Art, 125. 

&c. [Ex. 822. 

* This is easily proved by projecting the conic and one of the fixed points into 
a circle and its centre (Art. 58). 



350 


EECIPKOCATION. 


The six centres of similitude of three 
arbitrary circles lie by threes on four 


If three conics have two conmion tan- 
gents (or a common focus), their six chords 
of intersection pass by threes through the 
same four points. 


straight lines. 

The locus of the centre of a circle 
•which touches two given circles is a 
conic having their centres for foci. 

The centre of any one of the eight 
circles which touch three given circles 
may be determined as a point of concourse 
of two conics, each of which has for 
foci the centres of two of the given cir- 
cles.* 

A variable chord drawn through a 
fixed point 0 to a conic subtends a pencil 
in involution at any point on the curve. 

[Art. 120. 

The product of the focal perpendi- 
culars upon any tangent to a conic is 
constant. 


The polar of the centre of a circle 
touching two given circles -with respect to 
either of them envelopes another circle. 

The polar of the centre of a circle 
touching three given circles with respect 
to any one of the three maybe determined 
as a common tangent of two other circles. 
The centre itself may then be determined 
from its polar. 

Parallel tangents to a conic (or tan- 
gents from points on a given straight 
line) determine an involution on any fixed 
tangent. 

The square of the distance of any 
point on a conic from a fixed origin varies 
as tlie product of its distances from two 
fixed right lines. 


For if the pohirs of any two points P and F be taken with 
respect to ci ciTcl^ whosQ cctitTs 'is 0, and if P/^ be a perpen- 
dicular to the polar of F and Fp a perpendicular to the polar of 
P, it is easily seen (Art. 153 §i.) that 0F.Pf—0P.Fp.‘\ If 
therefore F and F’ be the foci of a conic and P any point on the 
curve, it follows that OF.Pf .OF' .Pf = 0P‘'.Fp.F'p\ or OP"* 
varies as the product of the perpendiculars from P to the reci- 
procals of F and F'. 


160. Angles. Gonfocal Conics. 

We shali next give some examples of the reciprocation of 
angles (Art. 155), and of confocal conics. 

At any point on a circle the tangent Any point on a conic and the intersec- 
is at right angles to the radius. tion of the tangent thereat with the direc- 

trix subtend a right angle at the focus. 

The polar of any point with respect to The pole of any straight line with 
a circle is at right angles to the diameter respect to a conic and the point of con- 
through the point. course of the line with the directrix sub- 

tend a right angle at the focus. 


* See Salmon’s Co'nic Sections Art. 317. 

t Tor an independent proof see Macdowell’a Exercises in Euclid Art. 256. 
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Orthogonal tangents to a conic inter- 
sect on a concentric circle. 


Confocal conics intersect everywhere 
at right angles, and the tangents to two 
confocals from any point, taken, alter- 
nately, include equal angles. [Art. 60. 

If XX' and YY' be two pairs of col- 
linear points on twm circles, the tangents 
at XX' intersect those at YY' in four 
points lying on a third coaxal circle.'^ 

Given three pairs of lines conjugate 
with respect to a circle, every conic 
through the four positions of its centre is 
a rectangular hyperbola. [Ex. 812. 

Tangents being drawn in a given 
direction to a system of confocal conics, 
their points of contact lie on a rectangular 
hyperbola. 


A chord of a conic which subtends a 
right angle at any fixed point envelopes a 
conic having that point and its polar for 
a focus and directrix. 

Every common tangent of two circles 
subtends a right angle, and the opposite 
intercepts on any transversal subtend 
equal angles, at either limiting point. 

If tangents be drawn from any point 
to two confocal conics, the four joins of 
the alternate points of contact touch a 
third confocal. 

Given a focus 0 of a conic and three 
pairs of points conjugate with respect to 
it, there are four positions of the C)-direc- 
trix, and the orthocycle of every conic 
touching the four passes through 0. 

The tangents to the circles of a coaxal 
system at their points of concourse with 
a given transversal through either limiting 
point 0 envelope a conic, whose ortho- 
cycle passes through 0. 


161. The Parahola, 

a. The reciprocal of a parabola with respect to any point 
0 is a conic through 0, and if 0 be the focus of the para- 
hola the reciprocal is a circle through 0, and conversely. 
Hence the following theorems are reciprocal: 

ItAOBhe a right angle inscribed in The locus of the vertex of a right 
a circle the hypotenuse AB passes thinugh angle circumscribed to a parabola is the 
the centre. directiix. 

The locus of the vertex of a right A chord of any given conic which 

angle circumscribed to a parabola is the subtends a right angle at a fixed poinr 0 

directrix. the curve passes through a fixed point 

F on the normal at 0. 

Thus by a double reciprocation we deduce Fregler’s theorem 
(Art. 144 § b) from a property of the circle. Notice that the 
Fregier-point F corresponds to the directrix of the parabola, the 
normal at 0 to the point at infinity on the parabola, the further 
extremity of the normal at 0 to the tangent at the veitex 
of the parahola, and that the tangent at 0 is parallel to the 
directrix. 


* See Townsend’s Moden'n Geometry i. 264. 
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b. A triad of points ABG reciprocate with respect to their 
orthocentre into a triad of lines parallel to BG^ CA^ AB^ and 
having the same orthocentre. Also a parabola reciprocates 
from any point 0 on its directrix into a rectangular hyperbola 
through 0. Hence the following are reciprocal theorems : 

The orthocentre of any triangle cir- The orthocentre of any triano-le in- 
cnmacnhed to a parabola lies on the scribed in a rectangular hyperbola lies on 
directrix. the carve. 

The former is a special case of Brianchon’s theorem (p. 290), 
the latter of Pascal’s (p. 175). 

c. If the reciprocals of three points ABG with respect to 0 
be the lines aSc, then to any point A' on BG coiTesponds the 
line through be making an angle equal to A OA' with a. Hence— 

■ The perpendiculars of any triangle If from a fixed point 0 on a conic 
circumscribed to a parabola meet on the there be drawn any three chords OA, OB 
directrix. OC and the three lines at right angles to 

them, and if the latter meet BC, CA, 
AB in A', B', C respectively, then A', 
B', C' lie on a straight line passing 
through the Fregier point of 0. 


162. The Minor Directrices. 


a. Let the tangent at ^ to a conic meet the minor directrices 
in M and M\ and let and Fp be perpendiculars to this 
tangent and ^Tand QT perpendiculars to the minor directrices. 
Then the angle QOM is equal to QOM' (Art. 158 Cor. 2), and 
therefore 


OM: OM’^QM: QM’ QT : QT^Fp 

a constant ratio (Prop. III.) which Is 


-pw being to -nn 
Fp ^ Fp 


evidently a ratio of equality when Q is taken on either axis. 
h. It may be seen that at any point Q on the conic, 
QT,QT : 0Q^== 0B^:e\0A\ 

0 T. 

since if § be a point such that - ^ 


(3 is a coiiic (Art. 159), and the above proportion requires that 
this conic should meet the axes in the same points as former. 
It then follows that 

Fp.F'p ; 
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if or be the centi-al perpendicular to MM'. 

c. If G be the pole of MM with respect to the minor 
auxiliary circle, so that OM is at right angles to FO and OM' 
to FC, and FG+F’G=^^OB (Art. 158 §iv), then, with the 
help of similar triangles, it may be shewn that, if X be the 
intersection of MM' with the major axis, 

FGx OM^OF: OX=F'G: OM'-, 

and therefore I>M+F'M'=20X=e{0M+ OM'), D and D' 
being the points in which the minor directrices meet the minor 
axis. 

d. The following are examples of reversion, or the same 
results may be obtained by reciprocation. 

Any chord of a circle is at right angles Any chord of a conic and the line 
to the diameter through its pole. joining the minor focus F to the pole of 

the chord meet the A'-direcfcris in points 
which subtend a right angle at the centre. 

If AB he fixed points on a circle and The arms of any angle ACB inscribed 
Cany other point upon it, the angle ACB in given segment of a conic intercept on 
has one of two constant and supplemen- the minor directrices lengths which suh- 
tary values. tend constant and supplementary angles 

at the centre. 

In like manner it may be shewn that the two pairs of 
opposite sides of a quadrilateral inscribed in a conic make 
intercepts on either minor directrix which subtend supplementary 
angles at the centre. 

e. The major auxiliary circles of a system of conics having 
a focus 8 and its directrix in common may be reversed into 
concentric conics having the same minor directrices (Prop. Yii.). 
Hence, the circles being coaxal and having 8 for a limiting 
point 

The opposite intercepts made by any The opposite intercepts made by any 
two circles on any transversal subtend two concentric conics having the same 
equal angles at either limiting point. minor directrices upon any transversal 
[Art. 160. subtend equal angles at the centre. 

/. Each focus and directrix of a Rectangular Hyperbola being 
at tbe same time a minor focus and directrix (Art. 158 §iii), 


See Macdowell’s Exej'cises in Euclid 4'^. Art. 251. 
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we obtain In ibis case tbe following property, corresponding 
to that of the ellipse In Art. 158 Cor. 1 : 

If PD'DF be a chord of a rectangular hyperbola touching 
Its auxiliary circle and meeting the directrices in B and D\ 
the diameters through P and D [or F and F) are at right 
angles. Hence it follows also that PD and FF subtend equal 
angles at the centre. 

INVERSION. 

163. We shall conclude with a slight sketch of the method 
of Inversion. 

If 0 be a fixed point and P a variable point in a given 
plane, and if a point p be taken on OP or its complement 
such that OP. Op is equal to a constant c\ then p is said to be 
an inverse of P with respect to the pole 0, and the locus of p 
is said to be the inverse of the locus of P. It is evident that 
a straight line through the pole is its own inverse. 

To curves intersecting in points PQR &c. correspond curves 
intersecting at the inverse points pgr &c. ; and therefore to 
curves having contact of any order at P correspond inverse 
curves having contact of the same order at the inverse point p. 

164. The inverses of any two curves intersect at the same 
angles as the original curves. 

For if PQ be any two points on a curve and pg the Inverse 
points, then OFOp— OQ.Oq^ and therefore the angles OPQ 
and Oqp are equal. Hence, supposing P and Q to coalesce, 
the tangents at the inverse points P and p are equally Inclined 
(on opposite sides) to the radius vector OPp, It then follows 
that the tangents to any two curves at a common point P are 
inclined at the same angles as the tangents to the inverse 
curves at p, 

165. The inverse of a straight line not passing through the 
pole is a circle through the pole^ and conversely ; and the inverse 
of a circle not passing through the pole is a circle, 

(i). To a given line draw a perpendicular OX from the 
pole of inversion, take any point B on the given line, and let 
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the point x be Inverse to X and d to D. Then since 
Ox.OX= Od.OD, and since OXD Is a right angle, therefore 
Odx is a right angle, or the locus of i is a circle having its 
diameter through 0 at right angles to the given line. 

Conversely the inverse of a circle through 0 is a straight line 
at right angles to its diameter through 0. 

It is further evident that the tangent to any curve at P 
inverts into a circle through 0 touching the inverse curve at 
the inverse point p ; unless P coincides with 0, in which case 
the tangent at that point is also an asymptote to the inverse 
curve. 

(ii) . The inverse of a circle not passing through 0 is a 

circle. For if OPQ be drawn to meet the given circle In P 
and <3, and if the point p be inverse to P, and g to then 

since OP.OQ Is constant and OP. Op is likewise constant; 
therefore Op varies as OQ^ or the locus of p is similar to the 
locus of which is a circle. 

(iii) . Notice that by making the constant of inversion equal 
to OP.OQ -we may invert the given circle into itself, li QQ' 
be a common tangent to two circles and M its middle point, 
then with M as pole and MQ' as the constant of inversion 
each of the circles Inverts into itself. Again, if 0 be the 
centre and c the radius of a circle orthogonal to a set of coaxal 
circles, then with 0 as pole and c‘ as the constant of inversion 
the whole system inverts into itself. 

166. The nine-point circle of any triangle touches the in- 
scribed and escribed circles. 

Let ABG be a triangle, I the inscribed circle touching 
BO in and E the escribed circle opposite to A touching 
BC in Q'. Bisect BO, OA in M and M' respectively,* draw 
AP perpendicular BC, and let the nine-point circle iV meet 
AP in D, which will be the further extremity of its diameter 
through M. Then, with M as pole and Mf (equal to MQ'^) 
as the constant of inversion, I inverts into itself, E into itself, 
and N into a straight line at right angles to MD. 

* See the lithographed figure No. 6. On the above proof see p. 191, note. 

A A 2 
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This straight line meets 5(7 In a point R such that 
MRMR — MQ\ that Is to say, in the point of concourse of 
£0 with the line joining the centres of 1 and Ef and It 
makes an angle with BG equal to MDP^ or MMT^ or 
B'-^C^ and may therefore be shewn to coincide with the second 
tangent from R to I and E, 

And since the Inverse of N thus touches the Inverse of 1 
and the inverse of 5, therefore N touches I and 5, which are 
their own inverses; that is to say, it touches the Inscribed 
circle and each of the escribed circles of the triangle ABC^ as 
was to be proved. 

To determine the points of contact, let 5^ be the second 
tangent from 5 to I (or 5), produce M8 to meet the circle 
again in 5', then S' (the Inverse of S) is the required point 
in which N touches I (or E). 

167. The Gardioid. 

The inverse of a parabola with respect to its focus is a car- 
dlold having its cusp at the origin. Hence the following are 
inverse theorems ; 

The sum of the reciprocals of the The length of any cuspidal chord of a 
segments of any focal chord of a para- cardioid is constant, 
bola is constant. 

Every focal chord of a parabola is The loctis of the middle points of the 
divided harmonically by the focus and cuspidal chords of a cardioid is a circle 
the directrix. through the cusp. 

The tangents to a parabola at the ex- The tangents to a cardioid at the ex- 
tremities of a focal chord which makes tremities of a cuspidal chord inclined at 
an angle a with the axis are inclined at an angle a to the axis make angles equal 

angles ^ and ^ to the chord. to ~ and ^ with the chord. [Art. 164. 

Hence the tangents to a cardioid at the extremities of any 
cuspidal chord intersect at right angles; and it may now be 
shewn that the locus of their intersection is the circle concentric 
with the bisector of all cuspidal chords and of thrice its radius. 

The tangents to a parabola at the ex- The two circles through the cusp 
tremities of any focal chord intersect at which tousch a cardioid each at one ex- 
right angles on the directrix. treniity of any cuspidal chord meet at 

right angles on a fixed circle through the 
cusp. 

* See Macdowell’s Exercises in Euclid <$'c. Art. 86. 
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From a fixed point 0 draw OY to any 
point r on a given straight line ; then 
the envelope of the. line through Y at 
right angles to OY is a parabola. 

The intersections of any three tan- 
gents to a parabola lie on a circle through 
the focus. 

If ABCA'B'C* be any six points on a 
parabola, the intersections of {AB, 

{BO, B'C')j {CA, C'A') lie in a straight 
line. 

If ABCA'B'C' be any six tangents to 
a parabola, the joins of (AB, A'B'), {BO, 
B'C'), {CA, C'A') meet in a point. 


168. Circles of Curvature. 

The osculating circle at any point P on a curve inverts 
from any point 0 into the circle (Art. 165) which osculates the 
inverse curve at the inverse point p. 1^3* 

But if the former circle passes through 0 it inverts into 
a straight line, and p becomes a point of zero curvature, or of 
inflexion. Hence the following are inverse theorems : 

Three points can be found on an The inverse of an ellipse with respect 
ellipse whose osculating circles meet at to any point upon it is a curve having 
a given point on the curve, and these three pomts of inflexion, which lie in a 
three points lie on a circle through 0. straight line. 

It may be added that a parabola inverts from its vertex 
as pole into a cissoid ; a central conic from either focus into a 
limacon^ and from its centre into an oval of Cassini or, if an 
equilateral hyperbola, into a lemniscate of Bernoulli ; a conic 
from any point upon it Into a circular cubic having a node at the 
pole; and a conic from any other point In its plane into a 
trinodal quartic having its nodes at the focoids and the pole. 

• SCHOLIUH 0. 

Bor the principle of Inversion Ohasles {Rapport pp. 140 2) 

refers to Ptolemy, and to Guetelet (1827) ; and for a general state- 
ment of the method to Bella vitis (1836). In 1843 — 4 it was pi'o- 
pounded afresh by Ingram and Stubbs {TransaGUons of the JD-uMim 


From a fised point (9 on a given circle 
draw any chord 0\j : then the envelope of 
the circle on Oy as diameter is a cardioid 
having its cusp at (9. 

Any three circles touching a cardioid 
and passing through its cusp meet in 
three other points lying on a straight 
line. 

If ahca'Bc' be any six points on a 
cardioid whose cusp is at 0, the intersect- 
ions of the three pairs of circles [Oah. 
Oa'b'), (Obc, OYc'), Oca, Oc'a') lie on one 
circle. 

If abca'b'c' be any six circles touching 
a cardioid and passing through its cusp, 
the three circles through the intersections 
of (ab, afb'), (pc, b'c'), (ca, c'a') are coaxal . 
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FUlosopJiical Society ‘^ol* i. 38, 145, 159; FMlosopfdcal Magazine 
xsiii. 338, XXV. 208). It has been applied by Dr. Hirst to attrac- 
tions {FMl, Mag, 1858), and embodied by Peauceliier in his linkages. 
Cf. also Caml, and JjuUin Math. Journal viii. 47 ; Oxf, Camh. Full, 
Messenger of Mathematics 111, 228; Booth’s Mevj Geometrical Methods 
vol. I. chap. 30 ; Salmon’s Miglier Plane Ourms^ Arts. 348 &e. • 
Proc. London Math. Soc.t. 105, vii. 91. And for a complete exposi- 
tion of the method as applied to the straight line and circle see 
Townsend’s Modern Geometry, chaps. 9, 24. This method, unlike 
projection and reciprocation, enables us to deduce properties of the 
higher curves from those of a lower order, and is thus peculiarly 
effective as an instrument of discovery and research. 


MISCELLANEOUS EXAMPLES. 

[851. If a triangle Is self-polar to a parabola (p. 281), the 
three lines joining the middle points of its sides touch the 
parabola, and conversely. [Ex. 715. 

852. Two rectangular hyperbolas being such that the axes 
of the one are parallel to the asymptotes of the other, and the 
centre of each lies on the other ; shew that any circle through 
the centre of either meets the other again in a conjugate triad 
wdth respect to the former. 

853. If two angles of given magnitudes turn about their 
summits A and E as poles, then (1) if one pair of their arms 
remain constantly parallel, the other pair intersect at a constant 
angle and thus describe a circle G through the poles ; and (2) 
if one pair of their arms intersect on a fixed straight line D as 
director, the other pair by their intersection describe in general 
a conic through the poles. The points at Infinity on the conic 
correspond to the intersections of G and i); the axes of the 
conic are parallel to the positions which the parallel arms in 
case (i) assume when the arms describing the circle intersect 
at the extremities of the diameter at right angles toD; and 
if the director be any line in a system of parallels the axes 
of the conics described are parallel. 

854. If tbe tangent at 0 to a rectangular hyperbola be 
met at right angles in P by a chord QB^ the diameters 



MISCELLANEOUS EXAMPLES. 


359 


bisecting OQ and OE bisect the angles between the diameters 
to 0 and 

855* If BB\ GG* hQ the three pairs of summits of a 
quadrilateral circumscribed to a parabola whose focus is 8 ^ then 

8 A . SA = 8 B. SB’ = SC. 8 C\ 

856. Eeciprocate the theorem that the feet of the focal 
perpendiculars upon the tangents to a parabola are collinear. 

857. Given two conics, find a conic with respect to which 
they are polar reciprocals. 

858. The tangent to a circle at any point makes with any 
chord through the point an angle equal to the angle in the 
alternate segment. What does this proposition become by 
reciprocation with respect to any origin ? 

859. The problem, to inscribe in a given conic a 2n-goa 
whose n pairs of opposite sides shall pass in any assigned order 
through n given points, is always indeterminate or imposslble.f 

860. If two circles be drawn meeting a conic in OABC and 
OAB' G' respectively, every two of the vertices of the triangles 
ABG and A'B’C’ subtend at 0 an angle equal to that between 
the opposite sides. Conversely, if the vertices of two triangles 
inscribed in a conic be thus related to a point 0, then 0 lies 
on the conic. 


* The nine-point circle (Art. 64 Cor. 4) of OQR passes through 0, 
t This question and its solution were suggested hy Prof. Towksekd. Starting 
from an arbitrary point P on the conic as one vertex, draw n successive sides of the 
polygon through the n points taken in the assigned ordei’, and the other n sides 
through the same points taken in the reverse order j and let the points on the conic 
thus arrived at be Q and Q respectively. As JP varies, the three systems of points 
P, Q, Q are homographic (Art. 120 Cor. 2), and therefore also the t-wo systems 
P -h Q and a' + P. If Q and Q' once coincide, one pair of homologous points in the 
two homographic systems P + Q and Ci' + P are interchangeable, and therefore every 
pair are interchangeable (Townsend’s Modern Geometry ii. §360). or Q and Q' always 
coincide. If then Q. and Q coincide for any one position of P the soluiiou is mde- 
terminate, and if not it is impossible. 
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86 1. The circumscribed circles of any two triangles PQR 
and P' QB' circumscribing a parabola meet in a point 0 (other 
than the focus) such that the angle subtended at 0 by any 
two of the vertices of the triangles is equal to that between 
the opposite sides.* Hence shew that the seven points 
OPQRP' Q'E lie on a conic. 


862. If three conics have one point in common, their nine 

common chords which do not pass through it touch one conic.f 
Conversely, if three triangles circumscribe a conic, the three 
conics which circumscribe them by pairs have one point in 
common. [Ex. 861. 

863. Any three parabolas, taken in pairs, have three triads 
of common tangents, whose nine intersections lie on a conic. 
What does this become by projection and reciprocation? 


864. If ABG be the triangle formed by three tangents to 
a parabola whose focus is P, the inclination of BC to the axis 
is equal to the angle subtended by 8 A at the circumference 
of the circle. Hence shew that the square of the radius of the 


^ Sa.Sb. 8 c 
circle IS equal to 


be the parameter and abc the 


points of contact of the tangents. 


865. Two triangles HP (7 and ABG' inscribed In a circle 
being such that every two of their vertices subtend at the cir- 
cumference an angle equal to that between the opposite sides, 
shew that, if 0 be the centre and OS a given radius of the circle, 

lSOA\^ sob + so G= so a + SOB ' +80 G', 

and conversely. Hence deduce that, if ABG be a variable 
triangle circumscribed to a given parabola whose focus is 6', 
and- inscribed in a fixed circle whose centre is (7, the sum of 
the angles SOA^ SOB^ SOGj measured in the same sense 


* If (9 be a point on the arc SF (p. 5G) and r the point of contact of FQ, the 
angle FOS is equal to FPQ + SFr, and therefore to FrQ. In like manner F'OS is 
equal to Sr' Q ' ; and therefore JWR' is ecpial to the angle {FQ. F'Q'). 

t Picquet, Etude r/coiiictrique des S^slanes Ponctuds cjr. pp. 27, 51 (Paris 1872), 
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of rotation is constant; and the sum of the angles winch 
BG^ CA, AB make with the axis is constant. Shew also that 
the product 8 A. 8 B. 8 G^ or 8 a.Sh, 8 c [Ex. 864), is constant, 
and that the product of the focal perpendiculars upon the three 
tangents is constant. 

866. If a triangle ABG inscribed in a given ellipse 
envelopes a fixed parabola, the sum of the eccentric angles 
of its vertices is constant f and the circles ABC pass through 
a fixed point on the ellipse and have a common radical axis. 

867. A variable conic through four given points ABGD 
meets a fixed conic through D at the vertices of a variable 
triangle, which envelopes a fixed conic inscribed in ABG. 
State the reciprocal theorem. 

The tangents to an ellipse from any point on a minor 
directrix intercept on the major axis a length which varies as 
the central distance of the point. 

869. Any chord PQ of an ellipse and the tangents at P 
and Q meet the minor directrices in pairs of points RR\ MM' 
and NN' respectively such that, if 0 be the centre, the angle 
ROB! is equal to \ [MOM' NON ') ; and the central distances 
of the points MM'NN' and their perpendicular distances from 
PQ are to one another severally in the same ratio. 

870. Prove by reciprocation with respect to a point, that 
the sum of the reciprocals of the perpendiculars from any 
point O within a circle to the tangents from any point on the 
polar of 0 is constant. Also prove that the reciprocals of 
equal circles with respect to the same point have equal 
parameters, and the reciprocals of coaxal circles wnth respect 
to any point on the radical axis have equal minor axes.f 


* This theorem, which is due to Mr. B. Pendlebnry, Eellow of St. John’s College, 
follows from Ex. 865 by orthogonal projection. 

f If OAJB be drawn from the origin to meet a given circle in A and then 

and are equal to the perpendiculars from a focus of the reciprocal conic to a 

pair of parallel tangents. The length of the minor axis is therefore determined by 
the product OA . OB. 
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871. Deduce the property of the focus and directrix of a 
conic from the Locus ad quatuor lineas!^ 

872. If P and Q be opposite intersections of the common 

tangents to two conics, any two lines OA and OB which are 
conjugate with respect to both conics are harmonic conjugates 
with respect to the lines OP and OQ. Deduce this from 
Newton’s property of the diameter of a quadrilateral (Art. 124), 
viz. by projecting OA or OB to infinity. Also state the 
reciprocal theorem.f [i, 19. 

873. An ellipse being drawn through the centre 0 of a 

circle, shew that the lines from 0 to a pair of opposite 
intersections of their common tangents are equally inclined 
to the tangent to the ellipse at 0 . [i. 33. 

874. Find the locus of the centre of a conic which cuts 

four given finite straight lines harmonically, or which passes 
through two given points and cuts two given finite straight 
lines harmonically. [i. 62. 

875. If a given polygon be moved .about in its plane so 

that two of its sides touch each a fixed circle, every side of 
the polygon touches a fixed circle. [l. 68. 

876. Deduce from Ex. 738, that if a curve has one tetrad 

of foci (p. 311) lying on a circle it has three other such tetrads, 
and the four circles cut one another orthogonally. [li. 10. 

877. If four circles be mutually orthogonal, their centres 

form an orthocentric tetrastigm, and one at least of the circles 
is imaginary. [ii. 10. 


* First deduce tlie Locus ad tres lineas a/3 = Ary-, and let the two tangents be 
drawn from the focus S. These are represented by the Cartesian equation x- +y-= 0 , 
and the perpendiculars to them from (ar, y) are proportional to » + y. Therefore 
-f 2/2 varies as 72 ^ or the distance of (ar, y) from S varies as its distance from the 
polar of S, 

t EXX..872 & Q . are taken from the Edtjcational Times Reprint, the volume and 
page of which are specified in each case. See also pp. 1 -il, 336, 
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878 . Find the locus of the pole of a common chord of two 

fixed conics with respect to a conic having double contact with 
each of them. [li. 46. 

879 . If two triangles circumscribed (or inscribed) to a conic 
be in perspective, eveiy radiant through their centre of per- 
spective meets their sides in three pairs of points in involution. 
Eeciprocate this theorem, and point out its relation to Steiner's 
property of the directrix of a parabola inscribed in a triangle. 

[lI. 50. 

880 . If two conics meet any transversal in pairs of points 

AB and A B' respectively, the foci of the involution determined 
by AA' and BB' (or AB' and A'B) lie on a third conic passing 
through the intersections of the former two. [li. 91. 

881 . Given that one focus of a conic to which a given 

triangle is self-conjugate lies on a given straight line, find the 
locus of its second focus, and deduce Ex. 715 . [in. 33. 

882 . Given two points P and ^ on a conic, find a third 

point 0 upon it such that OP and OQ may divide a given 
fini te straight line in a given cross ratio. [in. 47. 

883 . Let abc be the middle points of the sides of a triangle, 
0 the centre of its circumscribing circle and O' its orthocentre. 
Then if Oa, Ob, Oc be produced to ABG respectively so that 
0A = 20a, 0B = 20h, 00=20c, the sides of the triangle 
ABC and of the original triangle touch one conic, which has 
their common nine-point circle for its major auxiliary circle and 
the points 0 and O' for foci. 

884 . Through four given points draw a conic such that the 
chord which it intercepts on a given Hue shall be of given 
length, or shall subtend a given angle at a given pomt. [lii. 84. 

885 . If p, p be variable points collinear with a fixed point A, 
and so situated that the segment pp' always subtends a right 
angle at another fixed point i¥, prove the following properties 
of corresponding loci of p and p . Right lines equidistant ii om 
the middle point of AM correspond to similar conics passing 
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through A and cutting AM perpendicularly at M. These 
conics are similar ellipses, or parabolas, or similar hyperbolas 
according as the common distance of the primitive lines from 
the middle point of A 3 I Is greater than, equal to, or less than 
^AM. The circles which pass through A and Jf, taken in 
pairs, are corresponding loci, as also are the circles which pass 
through M and have their centres on AM. [iii. 91. 

886. The critical conic of a quadrilateral being defined as 
the circumscribed conic which projects into a circle when the 
quadrilateral is projected into a square, shew that, if AA', 

CC' be the three pairs of summits of a quadrilateral, a conic 
can be found having double contact at points lying on AA' with 
the critical conic of BB'GG\ double contact at points on BB' 
with the critical conic of CCAA^ and double contact at points 
on CG' with the critical conic of AA'BB\ [ill. 92. 

887. If a straight line meet the sides BG^ GA^ AB of a 
triangle in BQB respectively, and 0 be any point in the same 
plane, the tangents at 0 to the conics OAPBQ and OAPGR 
are harmonic conjugates with respect to OA and OP. [iv. 44. 

Shew how to prove the principal properties of the 
lemniscate by inversion, [iT. 47. 

889. Prove that the ^^characteristics” of a system of conics 

satisfying four conditions are unaltered when, in place of passing 
through a given point, each conic is required to divide a given 
finite segment harmonically. [iv, 56. 

890. Given four straight lines in a plane, we may project 

one of them to infinity and the remaining three Into the sides 
of an equilateral triangle. Is it possible to project two given 
triangles at once into equilateral triangles, or a conic and a 
triangle into a circle and an equilateral triangle? [iv. 88. 

891. The envelope of the circles on a system of parallel 

chords of a conic as diameters Is a conic having its foci at the 
extremities of the diameter conjugate to the chords. Find 
w'here any circle touches the envelope. [v. 40. 
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892. A variable conic being drawn touching three given 

conics, If the normals at the three points of contact cointersect 
investigate the locus of their point of concourse. [y. 50 . 

893. Four conics being drawn through the same four points 

so that their tangents thereat form four harmonic pencils, shew 
that if one conjugate pair of the conics be a circle and an 
equilateral hyperbola the other pair must have equal eccen- 
tricities. [v. 103 . 

894. Through a given point 0 on a hyperbola two chords 

are drawn each at right angles to an asymptote, and from a 
variable point P on the curve perpendiculars PM and PM are 
drawn to the two chords through 0 . Shew that MN passes 
through a fixed point F- find the locus of F for different 
positions of 0 on the hyperbola; and determine the hyperbola 
for which the locus reduces to a point. [vi. 45 . 

895. Three conics being described so that each of them 
passes through the same point 0 and through the extremities 
of two of the diagonals of the same complete quadrilateral, 
prove that the remaining three points of concourse of the conics 
lie upon their tangents at 0. 

896. If AB CD be four points on a conic, the Intersections 

of A 5 and CP with any two tangents lie on a conic touching 

AG&ndBD. [>'i- 56. 

897. The axes of every conic circumscribed to a quadrangle, 

which is itself inscribed in a circle, are parallel to two fixed 
right lines, viz. the asymptotes of the equilateral hyperbola 
(Ex. 518) which is the centre-locus of all conics circumscribed 
to the quadrangle.* ^6- 

898. If P be any point on a circle, A and B fixed points 
on a diameter and equidistant from the centre, the envelope 
of a transversal which is cut harmonically by the circles 


* If ABC be the oommoa self-polar triangle of all the oireumscnbed comes; 
and Occ ' the axes of any one of them, so that « ' « a self-polar trxmgle rah 
respect to it; the points lie on a conic, which m this case is the lect- 

angular hyperbola ABCO, 
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described with A and JB as centres and AF and FF respectively 
as radii is the conic which has A and B for foci and touches 
the circle. [yh. 34, 

899. Draw the minimum chord of a given angle which 

can be cut in a given ratio by a given line. [vil, 41. 

900. If Q and jS be the foci of any ellipse inscribed in a 
triangle ABO^ deduce from Ex. 322 that, 

AQ , All »BG BQ, BB . GA 4- (7 ^ . GB . AB ==■ BC , GA . AB, 

[vil. 43. 

901. If <3 be the intersection of the polars of any point P 

with respect to two given parallel conics (Ex. 792, note), 
the locus of the middle point of PQ is their radical axis. 
Hence shew that, if JDEF be the feet of the perpendiculars 
of any triangle ABC^ and AL^ BM^ ON be parallels to EF^ 
FD^ i>H, meeting BG^CA^ AB in the points LMN respectively, 
then the axis of perspective of the triangles ABG and DEF 
bisects each of the segments AL^ BM^ CN. [vii. 78, 

902. Construct geometrically the four chords of contact 

with a given conic of the four inscribed conics which pass 
through three given points. [vil, 92. 

903. Triads of parallels being drawn through the vertices 

ABG of a given triangle to meet the opposite sides in dbc^ 
shew that the envelope of the axis of perspective of the triangles 
ABG and ahc is the maximum ellipse that can be inscribed 
in ABG. [yii. 94. 

904. If from any point on a conic parallels be drawn to 

the diameters bisecting the sides of any Inscribed triangle, the 

lines so drawn meet the corresponding sides of the triangle 
in three collinear points. Extend this theorem by projection, 
and also reciprocate it. [Till. 44. 

905. Prove by Inversion, that the circles having for 

diameters three chords AB^ A (7, AD of a circle intersect again 
by pairs in three collinear points. 4:8, 
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906. If through a pair of opposite intersections AA' of 

four fixed tangents to a given conic there be drawn a pair 
of lines conjugate to the conic, the locus of their point of 
concourse is a conic passing through AA' and through the 
points of contact of the four tangents. [yill. 62. 

907. If A be any point -within or without a conic, B any 

point on its polar, OB a fixed straight line, BG and BB 
tangents cutting OB in G and B respectively ; shew that the 
intersections of AB^ BO and AC^ BB lie on a fixed straight 
line, which meets GD on the polar of A. [viu. 63. 

908. If jDP and BQht 2, pair of tangents to a conic and 

ABG a self-polar triangle, any conic through ABGB cuts PQ 
harmonically. Hence shew that the perpendicular BM to either 
axis bisects the. angle PMQ. [VIIL 110. 

909. Deux droites qui divisent harmoniquement les trois 
diagonales d’un quadrilathre rencontrent en quatres points har- 
moniques toute conique inscrite dans le quadrilatere. 

[xx. 62, XII. 50. 

910. La condition qu’une conique divIse harmoniquement 

les trois diagonales d’un quadrilatere circonscrit ^ une autre 
conique, coincide avec la condition que la premiere conique solt 
circonscrite ^ un triangle conjugue a F autre. [ix. 74. 

gii. The degree of the locus of the foci of a system of 
conics subject to four conditions is three times as great as that 
of the locus of their centres. [x. 63. 

912. If -4 and B are fixed points with regard to a conic 

of which A GB is a variable chord, shew that the polar of A 
meets BG and BB in points E and F such that AB^ BE^ CF 
cointersect. SI. 

913. Given three points ABG and a straight line through 
each, shew how to cut the three lines by a fourth in points PQB 
such that the lengths 4.P, BQj GB may be equal. [xi. 19. 

914. If three equidistant lines parallel to an asymptote of 
a hyperbola meet the curve in ABCj prove by involution (or 
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otherwise) that any parallel to the other asymptote is divided 
harmonically by the sides of the triangle ABG and the curve. 

[XT. 20. 

> 

915. The six points which, In conjunction with any common 

transversal, divide harmonically the six sides of a tetrastigm, 
lie on a conic passing also through the three Intersections of 
the opposite sides of the tetrastigm ; and the three straight lines 
•which join the six points in opposite pairs cointersect at the pole 
of the transversal with respect to the conic. [xi. 21. 

916. Reciprocate the theorem, that if the orthocentre of a 
triangle Inscribed in a parabola lies on the directrix, the circle 
to which the triangle is self-polar passes through the focus, 

[XI. 32. 

917. Extend by projection and also reciprocate the following 

theorem. Given two parallel conics (Ex. 792, note) A and 
two circles can be drawn having double contact with A and B 
respectively and meeting their common chord in the same two 
points. * [xi. 43. 

918. If 0 and O’ be the limiting points of a system of 

coaxal circles, and if with 0 and O respectively as one focus 
two conics be described osculating any circle of the system 
at one and the same point, their corresponding directrices will 
coincide. [xi. 74. 

919. Given three points ABC and a conic, the envelope 
of a chord PQ such that A [BPQG] is harmonic is a conic 
touching AB and AC at points lying on the polar of A, [xi. 83. 

920. Find the envelope of a transversal on which two 

given conics intercept segments having a common middle 
point Jf, and find the locus of M. [xi. 84. 

921. Any tangent to a conic is divided In Involution by 

three other tangents and the i*adiants to their intersections 
from either focus S. Prove that the double points of this 
involution, as the tangents vaiy, subtend a pencil in involution 
at 8 , [xi. 105. 
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922. PQ being a chord of a conic equally inclined to the 

axis with the tangent at P, a circle is drawn through PQ 
cutting the conic again in E 8 . Shew that the point on the 
circle harmonically conjugate to P with respect to E and 8 
lies upon the chord of the conic supplemental to QP. What 
does this become by inversion? [xii. 90. 

923. Any two parallel tangents to a conic meet the tangents 

from a given point 0 in points T and T respectively such 
that OT.OT is constant. [xiii, 44. 

924. Prove by inversiouj that if three circles meet two and 

two in AA\ BB\ GO\ and 0 be any point in their plane, 
the circles OAA'^ OBB\ OGG’ are coaxal. 192. 

925. Given in a conic two tetrastigms PQE 8 and pq^rs 
whose corresponding chords pass by fours through the same 
three points, shew that a conic may be drawn touching Pp^ 

Pr^ 8 s 2±pqrs respectively. [xiY. 104. 

926. Find the constant ratios which five fixed radiants In 
space determine on a variable transversal plane and deduce 
the anhainiionic property of four radiants in one plane, [xv, 26. 

927. Prove, generalise and reciprocate the theorem, that 
the bisectors of the angles between the two pairs of opposite 
sides of a trapezium inscribed in a circle are at right angles. 

[xv. 86. 

928. The envelope of a transversal cut harmonically by 

two given similarly situated parabolas is a third parabola 
(Ex. 800). [XY. 86. 

929. The tangents to a conic from a variable point on a 

fixed straight line L meet the tangent at a given point A in 
E and E\ Shew that the relation between AE and AR is 
of the form a . AR . AE' + & • AR + c . AR' + c? = 0 (Ex. 777) 5 
determine the positions of L in order that (1) the sum of the 
intercepts AE and AE'j or (2) the sum of their reciprocals may 
be constant. ^9. 


See the Messenger of Mathematics voL T. 94 (18/6). 
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930. Two sides of a triangle circumscribed to a given circle 

being fixed, tbe three lines joining its angles severally to the 
points of contact of the escribed circles with the opposite sides 
meet in a point, whose locus is a hyperbola having the fixed 
sides for asymptotes. [xvi. 62. 

931. Given three fixed straight lines Imn and three fixed 

points LMN in a straight line, the lines from a current point on 
Z to If and N meet m and n in four points, the conic through 
which and L envelopes a conic touching m and n at their 
intersections with Z, [xvi. 98. 

932. The first positive and negative pedals of an equilateral 
hyperbola are reciprocal polars with respect to it. [xvi. 106. 

933‘ Given a point on one arm of a constant angle in- 
scribed in a circle, find the envelope of the other arm. 

[XYI. 110. 

934. Circles being described on the two halves of a diameter 

of a given circle as diameters, shew that the perpendicular 
radius of the given circle is trisected by the centre and cir- 
cumference of a fourth circle touching the three; and deduce 
a new theorem by reciprocation. [xvii. 23. 

935. Deduce from Ex. 785, that if BG be a chord of a circle 

and A its pole, the conic through ABG which touches the 
circle at a point D has Its curvature at D twice as great as 
that of the circle. [xvii. 109. 

936. An ellipse having double contact with a fixed ellipse E 
has one focus F fixed: shew that the other focus describes 
an ellipse confocal with E and passing through F, [xviii. 70. 

937. The area of the triangle formed by the polars of the 
middle points of the sides of a triangle with respect to any 
inscribed conic is equal to the area of the given triangle. 

[XYIIL 107. 

938. From two fixed points on one of a series of confocal 

conics tangents are drawn to a variable conic of the series : if 
they meet the fixed conic again in QR and shew that 

the locus of the point {QR^ QR') is a conic, ^1- 
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939. The ratio of the product of the diameters of two 

circles to the square of one of their common tangents inverts 
into an equal ratio when the circles are inverted from any point 
as pole. Hence deduce Feuerbach’s property* of the nine- 
point circle. [XIX. 54. 

940. In a quadrilateral whose diagonals intersect at right 

angles shew how to inscribe a conic having their intersection 
for a focus. 69. 


941. A point C being taken on the diameter AB of a 
semicircle, semicircles are described on AO and BG as dia- 
meters. Also a series of circles are described, the first touching 
the three semicircles, and every circle touching the n-V^ 
and the semicircles on AB and A C. Prove that, as 0 varies, 
the loci of the centres of the several circles are ellipses having 
a common focus. [xix. 88. 


942. A line being drawn from the focus of a conic to 
meet the tangent at a constant angle, find where the locus 
of the point of concourse touches the conic. [xix. 111. 

943 The tangent at any point of a cardioid meets the 
curve again in two points FQ the tangents at which divide 
the double tangent AB harmonically ; and the locus of the 
point of concourse of the tangents at PQ is a conic passing 
Lough AB and touching the cardioid at one real and two 

imaginary points. 

944. If a lamina moves in its own plane so that two given 
points of it describe each a fixed straight line, any other point 
of the lamina describes an ellipse. L^- 


04?. li ABC be three points on a parabola, A!B‘G' the 
intersections of the tangents thereat, and abc the centres of the 
circles EGA, GAB', ABG'-, prove that the circle 
through, the focus. 


^ in Isremnann’s MaJ^hematische Annalen yol. vii, 51/ 530 

On this see Sc ^ ^ cited from Feuerbach’s Eigenschafttn einiger 

(Leipzig 1874), where the p Breiecks fNiimberg 1822). The nine-point 

cirde itself has been improperly called EeueibaoH s Dy rsairz ^ ^ ^ 
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946. The tangent to the evohite of a parabola where It cuts 

the parabola is also a normal to the evolate. [xxi. 79. 

947. Find at what points on a conic the angle between the 

tangent and the chord drawn to a fixed point on the curve 
is greatest or least. 29, 

948. If OF and OQ he tangents to a conic, F the middle 

point of FQ, and O' the point harnionicallv conjugate to 0 with 
respect to the foci on the circle through 0 and the foci, shew 
that OP^OQ — OB.OO] and deduce that if 0 and the foci be 
fixed the circles OPQ are coaxai.^ [xxiil. 17. 

949. If DP be a fixed diameter of a conic and AB any 

two conjugate points In an involution on the tangent at D\ 
then DA and DB meet the conic again upon a chord which 
passes through a fixed point. [xxiir, 55. 

950. If ABhe the base of a segment of a parabola and P 
any point on the curve, the locus of the orthocentre of APB 
is a line parallel to AB, Hence shew how to describe a para- 
bolic segment of given base and height by points. [xxill, 61. 

951. A plane figure moves so that two fixed straight lines 

in it always pass through two fixed points : find the envelope 
of any straight line in the figure. [xxilI. 67. 

952. One focal chord of a conic meets the tangents at the 

extremities of another In A and B, If straight lines A CD 
and BEFhe drawn perpendicular to AB and meeting the curve 
in CDEF^ prove that GE and DF meet AB at a point P on the 
directrix; that CF and DE^ AF and DB^ AE and BG meet 
on the polar of P; that the intercepts CD and EF subtend 
equal angles at the focus 8 ; that 8 A : 8 C : SD = 8 B \ 8 E: 8 F] 
that GF and DE meet AB in two points O and ZT, having 
properties like those of A and B] and that of the four inter- 
sections of the tangents from A and B two lie on the polar 
of P and two on the directrix. [xxiv. 21. 


Compare Exx. 322, 337, 310, 380. 
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953* Given a conic inscribed in a parallelogramj if any 
tangent to the conic meets the sides opposite to an angle A 
in and (7, prove that the triangle ABG is of constant area. 

[XXIV. 51. 

954. Six circles pass through twelve points on a conic in 
the order, 

(«) [h] (c) C,C,C,C,, 

[d) A^A^B^O,, (e) Bfi^G^A,, (/) C,C,A^B,-, 

prove that the circles ahc meet the circles def in six new points 
which lie on the circumference of another circle. [xxiy. 75. 

955. Prove that there are eight chords of an ellipse normal 

to the curve at one extremity and to the central radius vector 
at the other. [xxiv. 83. xxv. 73. 

956. If ABCD be a quadrilateral inscribed in a conic, F 
and Q the intersections of its opposite sides ; prove that every 
conic through A CFG has with the given conic a chord of 
intersection which passes through a fixed point, viz. the pole 

[xxiv. 93. 

957. If PP' be points on equal circles whose centres are 

0 and 0 ' respectively, and if the lines OP', O'P be parallel, 
find the envelope of the line bisecting both. [XXY. 53. 

958. What Is the condition that the conic = may 

touch the conic ayS = 7“ externally? [xxY. 88. 

959. Given five points ABODE on a conic, shew that there 
is a sixth point on it the parallel through which to passes 
through the fourth point of concourse of the circle GDE with 
the conic. 

960. If six lines taken in the orders 1231 2 3', 123 12 3, 

12'31'23', 12'3'1'23 respectively form hexagons each inscribed 
in a conic, each pair of the conics have a common chord in the 
same straight line with a common chord ot the opposite pair; 
and nine of the common chords are the sides and the joins 
of the opposite vertices of two triangles in perspective, one 
of which is inscribed in the other. [xx\l. 21, 
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96 1 • If two points be such that the tangents to a parabola 
from the one are at right angles to the tangents from the 
other, the loci of the two points are in perspective. What does 
this become hy projection and reciprocation ? [xxvi. 94. 

962. The joins of n points on a conic intersect again in 

three times as many points as there are combinations of n things 
taken four together, and of these intersections one third lie 
within and two thirds without the curve. [xxvi. 101. 

963. If the three pairs of opposite summits of a quad- 
rilateral be severally conjugate with respect to a conic, the 
joins of the poles of its diagonals cut the conic in a hexagon to 
which the sides of the quadrilateral are Pascal lines. 

[xxvir. 105. 

964. Shew that there are in general eight positions of 

a chord of an ellipse which meets the curve at given angles 
at its two extremities. [xxviii. 63. 

965. Three conics being such that the polar reci- 

procal of any one with respect to another is the third, a 
triangle ABG is inscribed In and circumscribed to 8 ^. 
Prove that the triangle determined by the points of contact 
is self-polar to and circumscribes 8 ^ ; and that the tangents 
to 8 j^ at ABG form a triangle self-polar to inscribed in 8 ^. 

[xxvill. 97. 

966. If 8 be the focus of a conic Inscribed in a triangle 

ABOj and any tangent meet the focal chords perpendicular 
to 8 Aj 8 Bj BG m PQR respectively, prove that AP^ BQ^ GR 
meet in a point. [xxviii. 99. 

967. A variable circle being drawn through two given 

points, through one of which pass two given lines; find the 
envelope of the chord joining the other points in which the 
circle meets them. [xxix. 24. 

968. If four conics 8 ABG have one focus and a tangent D 

in common, and if a common tangent to each of the pairs 
{ 8 A\[BB)^ [ 8 G) meet a directrix of ABG respectively upon 
the tangent D; the common tangents of BG^ GA, AB meet 
at three points in a straight line. ^ [xxix. 43. 
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969. If three conics touch one another and have a common 

focus, the common tangent of any two cuts the directrix of the 
third in three points on one straight line. [xxix. 69. 

970. Prove the following pairs of reciprocal properties of a 
system of two conics : 

a. When two conics are such that two of their four common 
points subtend harmonically the angle determined by the tan- 
gents at either of the remaining two, they subtend harmonically 
that determined by those at the other also. 

5. When two conics are such that two of their four common 
tangents divide harmonically the segment determined by the 
points of contact of either of the remaining two, they divide 
harmonically that determined by those of the other also. 

c. The associated conic, envelope of the system of lines 
divided harmonically by the two original conics, breaks up in 
the former case into the point-pair determined by the eight 
tangents to them at their four common points. 

d. The associated conic, locus of the system of points sub- 
tended harmonically by the two original conics, breaks up in 
the latter case into the line-pair determined by their eight 
points of contact with their four common tangents, [xxix. 88. 

971. If the sides of a variable triangle pass severally through 

three fixed points in a straight line, whilst one vertex moves 
on a straight line and a second describes a given curve ; prove 
that the locus of the third vertex is homographic with the 
given curve. [xxix. 96. 

972. The triangles whose vertices are two triads of points 
on a conic intersect in nine points, such that the join of any 
two not on the same side is a Pascal line of the six vertices, 

[xxx. 25. 

973. If a system of conics having a common focus envelop 

a given curve, and have their eccentricities proportional to the 
focal distances of the poles of their directrices with respect to a 
circle about the common focus as centre, the locus of the poles 
is a parallel of the reciprocal of the given curve with respect to 
the circle. [xxx. 93. 
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974. Prove and also reciprocate the following theorem. 

If a circle A touches a circle B internally at P, and if the 
tangent to A at any point Q meets B In and l^^en 
z B^PQ = L B^PQ. [XXXI. 65. 

975. Two lines being drawn through any point P on an 
ellipse to meet the major axis in A^ B and the minor axis 
in a, h respectively ; shew that If PA = PB = ^ minor axisj the 
Intersection of Al and Ba is theFregler-point of P. [xxxii. 48. 

976. If a circle and a rectangular hyperbola intersect 

in four points, the line joining their centres is bisected by 
the centroid of the four points. [xxxii. 48. 

977. If PQ is a chord normal at P to an ellipse, and N the 
intersection of the normal at Q with the tangent at P, then 
PN is to the projection of the semi-diameter CP upon it as 
the square of PQ to the square of the conjugate semi-diameter. 

[xxxii. 58. 

978. The focal radii to the points in which a fixed tangent 

to an ellipse meets a variable pair of conjugate diameters in- 
tersect on a fixed circle. [xrix. 33. xxxil. 81. 

979. If four parallel chords of an ellipse he met by a 

straight line in abed respectively, shew that 

a^.bc.cd.db + i\da,ah .id — p\cd,da,ac -f 

[XXXIII. 27. 

980. If P be a current point on a given segment the 

ellipses of given eccentricities described with AP and BP respec- 
tively as foci intersect upon a fixed ellipse whose foci are A 
and B. [xxxill. 52. 

981. If and Qg be chords of a parabola parallel to the 

tangents at q and p respectively, and Oo the poles of PQ and 
pq] shew that A 0P(5 = 27 Aopj, and that, if pq be parallel to a 
fixed line, the locus of the intersection of PQ with the tangents 
at and 2 is a similarly situated parabola. [xxxiii. 58. 

982. The locus of the foot of the perpendicular from any 

point on a given diameter of a conic to its polar is a rectangular 
hyperbola. [xxxiii. 76. 
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983. Any focal chord being drawn to a hyperbola, the circle 

on the portion of it intercepted by the tangents at the vertices 
as diameter touches the hyperbola. [xxxiii. 110. 

984. The envelope of the axes of a conic which touches 
four fixed tangents to a circle is a parabola.*^ 

985. Shew how to solve the problems of the two mean 
proportionals and of the trisection of an angle by the intersec- 
tions of a circle and a parabola.t 

986. The axes of a conic, any chord and the normals at its 
extremities touch one parabola. Deduce a construction for 
the centre of curvature at any point.f 

987. If the tangent and normal at any point of a conic 
meet the major and minor axes in T(? and respectively, the 
radius of curvature at the point subtends a right angle at 

To what does this reduce in the case of the para- 
bola ? 


If from any point of a conic a line equal to the radius 
of curvature be drawn normally outwards, the circle upon it 
as diameter is orthogonal to the orthocycle. What does this 
become in the case of the parabola? and what in the case of 
the rectangular hyperbola ?|| 


* One triangle ABO is self-polar to every conic inscribed in tbe given qnadrila- 
teral ; and the axes of any one of them produced to infinity determine a second such 
triangle 0 oo co' with respect to it. The conic inscribed in ABC and {? oo co ^ is a 
fixed parabola, whose directrix is easily seen to be the diameter of the quadrilateral, 
since the orthocentre of ABC is the centre of the circle. 

t See Descartes Geometria lib. ill p. 91 (ed. Schooten, 1659). 

X Exx. 862, 986-992, &c. are to be found, with or without solutions, in Steineris 
posthumous work Vorlesungen iiher synthetische Geometrie, Theil. II pp. 80, 206—212, 
222-3, 242 (ed. 2, 1876). On his theorem Ex. 993 see Kouvelles Annales Xiv. 103 
(1855) j Housel Introd. d la Geometrie SupeQ'ieure'^. 231 (Paris 1865). 

II In the rectangular hyperbola the diameter of curvature at any point is equal to 
the normal chord, as Mr. Wolstenholme thus proves. Take on the curve three points 
ABC and their orthocentre O’, then OA produced to. meet the circle through ABC 
again is bisected by B G, and its halves, when ABC coalesce, become the normal chord 
and the diameter of curvature at A. 
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989. If aa, cy be three couples in an involution, sbe'w 
that 

{(mbc] . {^hca] . {yeah] = {aa/37} . {h^ya] . {cya/S} = — 1, 
where [aiahc] denotes the cross ratio ^ . Also if abode be 

CLO CLQ 

any five lines in a plane, shew that 

[e . abed ] . {c . abde ] . {d, abac] = 1 . 

990. If OA^ OB^ OCj OJD are concurrent normals to a 
conic, the parabola which touches the tangents at ABOD touches 
the axes and the polar of 0, has the diameter through 0 for its 
directrix,* and is the polar reciprocal of the rectangular hyper- 
bola through ABCD (Art. 114 Cor. 1) with respect to the 
original conic. Determine the focus of the parabola.f [Ex. 379. 

991. The tangents from any point of an ellipse to its 
auxiliary circles are equal to the real and imaginary semi-axes 
of the confocal hyperbola through the point. 

992. If abed and be two tetrads of points on a conic, 
the joins of (a 5 , a/ 3 ) and (cJ, 7S) ; (uc, ay) and (M, ^S) ; (ac?, aS) 
and (Sc, /Sy) meet in a point. And if aa, &/ 3 , cy be concurrent 
chords of a conic, then 

{aaSy} + {jSSca} -h {yca/ 3 } = 1. 

993. If ua, S/ 3 , cy are the foci of three conics inscribed in 
the same quadrilateral, then 

uc . ac : ay . ay = Sc .)8c : Sy . /Sy. 

994. If a conic A circumscribes a conic B harmonically, 
then B is harmonically inscribed to A ; the reciprocals of A are 


^ As a second proof that 0 lies on the directrix, Mr. Pendlebuiy remarks that the 
normals are also normals at points ahed to the reciprocal of the conic with respect 
to 0, so that the parabola has for its reciprocal the rectangular hyperbola Oahed, and 
therefore subtends a right angle at 0 (Art. 155 Cor. 2). Thus also we see that the 
normals meet the original conic again in points A'B’C'J)' which lie on a rectangular 
hyperbola through since the reciprocals of ABCD touch a parabola having for 
directrix the diameter through 0 to the reciprocal of the original conic, and (by 
symmetry) the reciprocals of A'B'C'D' touch a parabola having the same directrix, 
t The parabola is the same for all confocal conics. 
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harmonically inscribed to the reciprocals of jB; and the centre 
of perspective of any triangle inscribed b A and its reciprocal 
with respect to B lies on .d.* 

995 . A conic is harmonically inscribed to every circle ortho- 
gonal to its orthocycle ; and a rectangular hyperbola harmoni- 
cally circumscribed to a circle passes through its centre. 

996 . The asymptotes of a conic are conjugate lines with 
respect to any parabola harmonically inscribed to it. 

997 . Given that a focus of one conic is a point 0 on the 
orthocycle of another, if one of the conics be harmonically in- 
scribed to the other, it touches the polar of 0 with respect 
to the latter. 

998 . Describe the conic with respect to which five given 
pairs of lines are conjugate ; and the conics which pass through 
4, 3, 2, 1 or 0 given points and are harmonically circumscribed 
to 1, 2, 3, 4 or 5 given conics. 

999 . The orthocycles of the conics which touch two given 
lines 8A and 8B at given points A and J5, including the circle 
on AB as diameter and the point-circle at 8^ are coaxalf 

1000 . The number of conics touching five given conics is 
3264.t 


* On Exx. 994—8 see Picquet’s Etude geometriqiie <£:c. pp. 58, 91, 108, 131—3 ; 
Prof. H. J. S. Smith. On some Geometrical Constructions (Proceedings of the London 
Mathematical Society vol. ii. 85—100). One conic is said to he harmonically in- 
scribed or circumscribed to another when it is inscribed or circumscribed to a triangle 
self -polar with respect to the latter. 

t Graskin Geometrical Construction ^c. p. 31. Hence (Ex. 577 note) the theorem, 
lately pointed out by Mr. E. W. Genese and Mr. Tony, that the directrix of a conic 
is a common chord of the conic, its orthocycle and a point-circle at the focus, Hotice 
that every straight line through a focoid, as being an asymptote or seif-conjugate 
diameter of a circle (pp. 142, 309), is at right angles to itself. 

See Salmon’s Conic Sections (end) j Halphen Proc. London Math, Soc. vol. IX. 
149 and X. 87 ; and the original memoir by Chasles, Determination du nomhre des 
sections coniques qui doivent toucher cinque courhes donnees d^ or dre quelconqiie, ou 
saZisfmre d diver ses autres conditions (Comptes Eendus LVIII. 225, 1864). 
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323-8. 

Anbarmonic properties of conics, Ixxxiii, 
262—7. See Cross ratio. 

Antipbo, XXX, xli, lx. 

Apollonius, xlii— 1, Ixxxiv, 72, 82, -154, 
195; on foci, 81, 111; on concurrent 
normals, xlvii, 265. 

of areas, xxv, xliii. 

Aro::!:r;v'.l';:.% xxxv— xlii, lix, 59. 

Arist^us,' xxxiii, xlvi. 

Asymptotes, xliv, 143—154, 327 ; known 
to Mensecbmus, xxxii ; tangents at in- 
finity, Ixii, Ixix, 142 ; of the equilateral 
hyperbola, 169 ; of the circle, 309, 379. 

Auxiliary circles of conics having a 
common focus and directrix are coaxal, 
353. 

Axes, of the projection of a conic, Lxiii. 
See Self -polar triangle. 

Bellavitis, on inversion, 357. 

Bernoulli, on the latus rectum of a section 
of the scalene cone, 211. 

Besant, 138, 213. 

Booth, 156, 166, 189, 346 ; on the right 
cone, 200 ; on minor directrices, 348. 

Boscovich, vi, Ixxi— kxvii, 3, 90, 105, 311. 

Bosse, Ixi, Ixiv. 

Brianchon, Ixxviii— Ixxxi ; his hexagram, 
289—291, 295, 352; and Poucelet, 175, 
191, 282, Ixviii, 

Brougham, vi. 

Cantor, xxxiv, xlii. 

Cardioid, 356, 371. 

Carnot, Ixxviii, 256, 291, 298 ; his theorem 
projective, 313. 

Cartesian, mechanical description of the, 
178. 

Casey, 293, 


Caustics, 345. 

Cayley, Ixx, 175, 328. 

Central conics, 75—112. 

Centre, the pole of the line at infinity, 
kiii ; of the parabola, lx, 26, 44. 

Centre-locus of a conic, given four tan- 
gents, Ixviii, 282, 333 ; given four 
points, 283, 365; of an equilateral 
hypci'boln, given three points, 171. 

Ce:i:ruid of r: 284. 

Chasles, Hi, ; >; wV. \ \ , 266, 320, 330, 

339, 379; problems from hi Sections 
Coniques, 300, 336. 

Circle, a conic whose directrk is at in- 
finity, 7, 22 ; focus of a conic regarded 
as a 210; line-circle in- 
cludes at infinity, kxv, 344; 

or coincides with it, 308 ; every circle 
passes through the focoids, 309; reci- 
procal of a circle with respect to a 
point, 342. See Quadrature. 

Circular points at infinity, 308. See 
Pocoids. 

Circuminscribed polygons, 139, 140, 243, 

Clifford, 186, 257. 

Coaxal circles, transformed into other 
coaxal circles, kxxvi ; determine an in- 
volution on any transversal, 258 ; conics 
through four points project into, 318 ; 
confocals reciprocate into, 344, 351. 
See Orthocycle. Auxiliary circles. 

Complement of a line, Ixxv, 77. 

Concentric circles, touch at the focoids, 
309 ; conics having double contact pro- 
ject into, 319. 

Concurrent chords of a conic subtend an 

. involution at any point on the curve, 
276. See Fregier. , 

Cone, sections of the, 192 — 206 ; problems 
on the scalene, 211—3, 334. See 
Sections. 

Confocal conics, intersect at right angles, 
84, 351 ; locus of vertex of right angle 
which touches two, 89; problems on, 
132—140, 163 ; conics touching four 
lines project into, 317 ; reciprocate into 
coaxal circles, 344, 351 ; transformed 
into other confocals, kxxvi, 332. 
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Conic, the general, 14--S5 ; Newton's 
organic description of a, Ixvi, Ixsxiii, 
136, 264, 325, 358 j Maclaurin’s de- 
scription of a, 264 j determined from 
five data, Ixv, Ixxx, 136, 164, 175, 279 — 
283, 288 — 290, 379 ; subject to four 
conditions, Ixviii, 275— 285 j conic and 
point projected into a circle and its 
centre, 318 ^ Oi’ into any other conic 
and point, 329. 

Conjugate diameters, xlix, 95 — 102, 233, 
327 ; of hyperbola, 149, 151, 169 ; con- 
struction of a conic from given pair of, 
125, 152 ; determine a pencil in involu- 
tion, 259, 265, 

Conjugate hyperbola, Ixxv, 101, 153, 

Conjugate lines and points with respect to 
a conic, Ixiii, 270, 278, 281 ; every two 
conjugate lines through a focus are at 
aught angles, 270, 310, 312. See Hesse. 

Conjugate triads with respect to a conic, 
273 j he on circles orthogonal to the 
orthocycle, 274 ; or which pass through 
the centre, 171, 273. See Self -polar. 

Conoids, xl, 213. 

Continuity, history of, Iviii, lx, Ixxiii, 
Ixxxl, 311. 

Coordinates, used by Apollonius, xliiij 
in space, 1. 

Correlative figures, 346. 

Cotes, edits Newton’s Principia, Ixv ,• his 
theorem of harmoiiic means, Ixxi, 276. 

Cremona, Ixxxiii, 265, 292—4, 321. 

Cross ratio, 249 — 290 ; projectivity of, 
251, 312, 328 j history of, hi, Ixiv, 
Ixxxiii — Ixxxv. See Anharmonic. 

Cube, its duplication reduced to the 
problem of the two mean proportionals, 
xxviii, 189. 

Gubics, Newton on, 301, 321. 

Cunynghame, 177. 

Curvature, 214—222, 279, 377 j coordi- 
nates of the centre of, xlii, xlvhi; 
Steiner’s property of concurrent circles 
of, 228, 236, 367 ; circles of curvature 
invert into circles of, 357. 

Curves, grncrc^cd by co’rmr'u^dc'd motions, 
xlj r-jg.;v.v;d O'' xxx, 

lx; o-o.:;;!;.: i. Ixx. Ixxxvii, 

178. 

Dandehn, discovers the focal spheres, 204 ; 
his proofs of Pascal’s and Brianchon’s 
theorems, 287. 

Davies, Ixxxvi, 213, 257. 

De Beaune, on envelopes, 345. 

Degeneration, of conic into line or line- 
, pair, 77, 144, 171, 278, 285. See Circle. 

De la Hire, Ixiv, Ixxi, 112, 161, 311^; the 
orthocyclo discovered by, 90, 117 ; on 
trarisformadon, 329, 

Delambre, li. 

Delian problem, xxviii, 189. See Cube. 

Desargiies, lx — Ixiv, Ixxx ; on involution, 
261,277; polars, 291; transformation, 329. 

Descartes, Ixi, 189, 266, 345, 377. 

Determining ratio, Ixxi, 1. See Directrix. 


Diameter, of a conic, 23 ; of a quadri- 
lateral, 138, 256. See Centre-locus. 

Director circle, two uses of the term, 90, 
165. See Orthocycle. 

Directrix, history of" the, _liv, Ixv, Ixxi : the 
polar of the focus, Ixxi, 15 ; a conic, its 
orthocycle and a point-circle at either 
focus intersect on the corresnondincr. 
379 ; of parabola inscribed in a irianah’i 
57. See Steiner. 

Double contact, conics having, 279. See 
Concentric circles. 

Double ?'Scir)rc:catior.. 348, 

Dt.:'. . .'.g.i’'-.-', b lij, 

Duahty, discovery of the principle of. 
Ixxviii, 290, 346. 

Eccentric circle, 3, 9, 28, 321, Ixxvi; 
works founded upon the, Hrii 

Eccentricity, use of the term, 211; of 
conics in the cone, 197. 

Educational Times, problems from, 141, 
336, 362 — 377. 

Egyptian geometry, xvii, xxii, xxvi. 

Eisenlohr, xxii, xxvi. 

Eleven-point conic, 284, 365 ; degenerates 
into nine-point circle, 171, 285. 

Ellipse, names of the, xhii, 195 ; area of 
the, xh, 234. See Central conics, 

Elhptic compasses, Ivin, 114, 178. 

Envelopes, 345. 

Equicross, the term, 250. 

Equilateral hyperbola, 167—177, 342, 852; 
conjugate to the focoids, 278, 309. 

Euclid, xix, XXXV : O" x] vi : Euc.t.-I? 

proved by disse*-.!- 8; j 

Eudemus, xviii, xxiv, xxix. 

Eudoxus, xix, xxxii ; his cubatiire of the 
cone, xxxviii. 

Euler, 211, 242, 247, 

Eutocius, xxxiii, xxxvi, xxxis,xlii, 45, 194. 

E volutes, xlviii, 221 ; ” homographic pairs 
of, Ixxxvi, 358. 

Exhaustions, xxxiv, xxxvii, xii, lix. 

Fagnani’s theorem, 140. 

Faure, 186. 

Feuerbach’s property of the nine-point 
circle, 355, 371. 

Figure on the axis, 82. 

Fluxions, lx, Ixxi. 

Focal spheres, 196 — 205, 

Foci, Apollonius on, xlv, 111 ; named by 
Kepler, liv, Ivii ; ^ Desargues on, Lsiii ; 
regarded as v-Tut-civclcr'. 210 ; Poncelet 
on, ;,»L; : i.-i : projection of a 

conic, Mii ; Pliicker’s definition of, 
311 ; foci of an involution, *259, 261, 309. 
See Conjugate lines. Confocal conics. 

Focoid, the term, 281, 808. 

Foco’ds. Pnncelet’s discoveiy of the, Ixxxi, 
.v;h' :o : :\;c! of conics, 

281, 299, 310 ; and other curves, Sllj pro- 
"v'rct’cu of an''.’' t'^'o ■‘■’cintp into. 315 ; ail 
cb'ch.:-: r-.:.; ; \v. : C>.n: " ('('"ro-uS 

: lOf::: r. . '.v.-. o’-I' : con.i'r:.’/. bi:'- Oi a 

fig’ure moving in itso'wn plane to the, 310 , 
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Focus of parabola, liv, Ixxi ; not discovered 
by Apollonius, xlv, 81. See Kepler. 

Fregier, theorem that a chord which 
subtends a right angle at a given point 
on a conic passes through a fixed point 
on the normal, 122, 176, 276, 324, 351 ; 
its analogue in space, 349, 

Fregier-point, 849, 351, 376. 

Frisch, Ivi. 

G-ardiner, 305. 

Gaskin, 165, 280, 293, 295, 335, 379 5 
theorem that the circle through any con- 
jugate triad with respect to a conic is 
orthogonal to the orthocycle, 186, 274. 

Geminus, xxiv, xhii, 194. 

Genese, 163, 379. 

Geometry, no royal road to, xx. 

Graves' theorem, 133. 

Gregory St. Yincent, Ixxi, Ixxix, 166, 189. 

Halley, on the parabola, xhx, Ixxxiv; 
editions by, xlii, Ixxxiv. 

Halphen, 379. 

Hamilton, 206 ; his determination of the 
focus and dhectrix in the cone, Ixxii, 
204. 

Hammond, 178. 

Harmonic, the term, xxvi, xlv, liv ; ranges 
and pencils, liv, Iv, Ixxix, 254, 313; 
property of a quadrilateral, 254 — 6; 
points on or tangents to a conic, 276. 

• Harmonically inscribed and circumscribed 
conics, 379. 

Heilberg, xxxv. 

Henrici, 252. 

Hesse, theorem that if two pairs of sum- 
mits of a quadrilateral are conjugate to 
a conic the third are conj agate, 333. 

Hexagon, inscribed in a line-pair, liii, 
297 ; Pascal’s, 286—8 ; Brianchon’s, 

9Qq 9Q1 

Hexastigm,'297. 

Hippocrates, xix, xxvii— xxx, 189. 

Hirst, 358. 

Homographic, the term, Ixxxv, 250. 

Homographic, figures may to placed in 
perspective, 312, 3 2 ?: : oo r . i : c-e 
of points and lines f’"- reo'pa^c.:.' 

269, 338. iSee Cross ratio. 

Homology, Ixiv, Ixxxv, 292, 307, 321. 

Homothetic conics, 305. See Parallel. 

Horne, proof of the anharmonic projper- 
ties of conics, 267. 

Hultsch, li. 

Huyghens, 221, 345. 

Hyperbola, why so called, 82, 195 ; a 
continuous curve, 10, 310; a quasi- 
ellipse, Ixxy, 101, 153, 235 ; degenerate 
forms of, Ivii, 285. See Central conics. 

Ideal chords, 311. 

Imaginary, transition from the real to the, 
Ixxv; diameters of a hyperbola, 101, 
153, 180 ; circular points at infinity, 
308; foci, 310, 312. 

Infinite chords of a conic, ratios of the, 
Ixxvii, 149, 163. 

Infinitesimals, method of, lx. 


Infinity, the line at, 32, 308, 322 ; parallels 
meet at, lix, Ixii ; change of sign on 
passing through, Ixxiv, See Opposite 
infinities. 

Ingram, 357. 

Inversion, 354—8, 364, 371. 

Involution, lii, Ixii, 257 — 281. 
Joachimstal, 22B. 

Join of points or lines, 252. 

Kempe, on linkages, Ixxxvii. 

Kepler, vi, Ivi— lx ; on the further focus 
and the centre of the parabola, Iviii, lx • 
his doctrine of the infinite, lix ; of the 
infinitesimal, lx; of continuity, Iviii 
Ixxiii. ^ 

Lagrange, vi. 

Lambert, on the parabola, Ixxxv, 57, 296 * 
theorem in elliptic motion, 237, 248 • 
in parabohe motion, vi, 247. ^ 

Lame, 278. 

Laquiere, 343. 

Latus rectum, according to Apollonius 
82 ; in the scalene cone, 211. ^ 

Leibnitz, lx, Ixxi, 222. 

Lemniscate, 357, 364. 

Le Poivre, 330. 

Leshe, Ixxii, 125, 135, 164, 

Levett, 57. 

Limiting forms of conics. See Degenera- 
tion. 

Line at infinity, 32: parallel to every 
straight line in its plane, 308, 322; 
a factor of every line-circle, Ixxv, 344 ; 
its relation to the conics, 144, 310, 341. 
Linkages, Ixxxvii. 

Loci, the earliest writer on, xxvii. 

Locus ad quatuor lineas, xlv; Newton’s 
proof of the, Ixvi, 266 ; proof by ortho- 
gonal projection, 235 ; theorems of 
Desargues and Pascal deduced from 
the, 277, 287 ; property of focus and 
directrix deduced from the, 362 ; reci- 
procal of the, Ixxxiv, 293, 340, 346. 
Logarithms, geometrical representation 
of, 166. 

Lunes of Hippocrates, xxix. 

Maccullag’u, 2-i6, 248. 

Macdowell, 260, 292, 350—8. 

Maclaurin, Ixxi, Ixxx, 128, 276 ; his con- 
struction of a conic, 264; theory of 
pedal curves, 345 ; on attractions, 
Ixxxii. 

Main, 219, 222. 

Maxima and minima, Apollonius on, 
xlvii. 

Mean proportionals, problem of the two, 
xxviii, xxxi, xxxix, xlviii, 45, 189, 
377. 

Mechanical proofs of geometrical theorems, 
xxxvii, 283—4. 

Mensechmus, xxix, xxxi, 45, 194, 
Menelaus, theorem of the six segments, 1, 
Minor axis of hyperbola, 76, 347. 

Minor directrices, 346 — 8, 352. 

Mbbius, Ixxxiii, 257, 302, 330, 

Monge, Ixxiii, Ixxviii, 256. 
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Hontticla, Ivi. i 

Moore, 290. 

Mnlcahy, Ixxxvi, 293. 

Neil, his rectification of the semi-cubical 
parabola, 221. 

Newton, Ixiv — Ixxi; Ms property of the 
tangents to conics, Ixvhi, Ixxix, Ixxxiv, 
346 ; organic description of curves, Ixix, 
Ixxxiii, 136, 8''*! : proneri.y of the dia- 
meter of a <: Lv, ‘■f.,, Ixviii, 282, 

833 ; on the I. r.c (.-ifitro” lineas, 
Ixvi, 266 ; r : : ■r*, Ixvi, 

330 ; the equilateral hyperbola, 172 ; 
the projection of cubics, 321. 

Nine-point circle, 191 ,* Feuerbach’s pro- 
perty of the, 302, 357, 371 ; Casey on 
the, 293 : of a right-angled triangle, 
355. See Eleven-point conic. 

Normals, concurrent, xlii, xlvii, xlix, 123, 
224, 228, 265, 878. 

Ombilic, 299. 

Opposite infinities adjacent, lix, Ixii, Ixxv, 
310. 

Organic description, earliest use of the 
method of, xxxi; of curves, xxxiii, 
Ixix, Ixxxvii, 301 j of surfaces, Ixx; 
of the rectangular hyperbola, 177 ; of 
Cartesian ovals, 178. See Conic. 

Orthocycle, the term, 280 ; characteristic 
property of the, 88 — 90, 351 j Gaskin's 
theorem that the circle through any 
conjugate triad with respect to a conic 
jo Qi'fbogona.i to the. 186. 274: Pliicke"**’? 
Ihor-.-oni eyc'v^ i-h 

Iv uc-::: ';' o 1.;-:. (.v;Lxr:. 

280, 335, 342. See Directrix. 

Orthogonal proj cction, 229 — 242 j applied 
to curvature, 221, 235. 

Orthoptic summits of a quadrilateral, 
335. 

Ortliosphere, 280. 

Osculating circle, the term, 222. See Cur- 
vature. 

Pappus, li — liv. 

Parabola, 44—61 ; why so called, xliii, 
82, 195 ; touches the line at infinity, 
144, 341 ; properties of triads of tan- 
gents to the, xlv, 55—7, 72, 272, 360—1 j 
conjugate triads with respect to the, 
274, 281, 294, 358 ; point-reciprocal of 
the, 343, 351—2. See Focus. 

Parallel conics, 305. 

Parallel projection, 236. 

Parallels meet at infinity, lix, Ixii.^ 

Pascal, Ixiv, Ixxix, 286 — 8: applications 
of his hexagram, 58, 175, 290, 352. 

Peaucellier, Ixxxvii, 358. 

Pedal curves, 370. See Maclaurin. 

Peudlebury, 361, 378. 

Perspective, 307, 320, 336 ; homographic 
plane figures may be placed in, 328 ; 
Serenus on, Ivj Desargues on, Ixij 
Bosse on, Ixiv. 

Peyrard, xxxv. 

Picquet, 280, 335, 360, 379, 

Pierce Morton, 196, 205. 


Plato, xix, XXX, xl. 

Pliicker, on tangential coordinates. 156 ; 
his definition of foci, Ixxxi, oil'. See 
Orih ocvcl ? . 

Po •: :.-:i •'■.■iur. the terms, Ixxviii. 

.0 .a:: 34. 

Po 3 •, ; with respect to the circle, 

liv ; Apollonius on. xlv. liv ; Desargues’ 
theory of, Ixii, 32:! ; reciprocal, 268— 
271, 316: metric I'claiion of any point 
and its polar to two fixed points and 
their. 339. See Reciprocation. 

Polygon, inscribed or circumscribed to a 
conic so that its sides pass through 
given points, 295, 302, 349, 359: cir- 
cuminscribed to confocal conics, 139, 
140. See Curves. 

Polyhedra. See Solids. 

Poncelet, Ixxiii, Ixxxi, Ixxxiv, 277, 295, 
344, 346 ; on homology, Ixxxv ; on the 
four foci of a conic, Ixxxi, 311. See 
Brianchon. 

Porisms, Euclid’s three boolcs of, li, liv. 

Potts, Ivi. 

Poudi-a, xl, Iv, Ixi. 

Proclus Diadochus, Ms list of early geo- 
meters, xviii. 

Prriect'on. 220— 242; parallel, 

23-.>; ce::::-;:! e. I, 507 — 320; of 
cubics, 321; of solids, Ixxxv ; Brianchon 
on, Ixxix; Mobius on, 330. See Per- 
spective. 

Ptolemjn 357 ; 0 '^'i'hr“=ix.=c£rTncr.ts 

ascribed to, 11. S . ■ A : . 

Pythagoras, xv’!!, .vx'" -xwh.. 

Quadrature, of the circle, sxvi, xxix, xxx, 
xxxix; of the parabola, xxvi, xxxvii, 
59 ; of the hyperbola, 166, 190, 221. 

Quadrics, Ixxxi, 280, 305, 333; ruled, 
Ixxxiv, 288 ; of revolution, xl, 213 ; 
polar properties of, Ixii, 291, 329 ; in 
homology, Ixxxv; reversion of, 349. 

Quadrilateral, properties of the complete, 
lii, 254 — 6 ; in relation to conics, Ixii, 
Ixvii, 274 — 285,304,333,338; projected 
into a parallelogram, Ixxix; or other 
quad^'ilateral. 316. 

Que:ek*i, Ixxviii, 204, 295, 346, 357. 

Range, the term, Ixii, 249. 

Reciprocation, 337—354. See Dnality. 
Polars. 

Ptcctr;"gulcr hyperbola, xxxii, xlviii. See 

]-h. '.(X: I.:’'; of the circle, xxxix, xl; of 
the semi-cubical parabola and the 
cycloid, 221 ; quacl'Titure of hyper- 
bola reduced ts) t':-;; r-..c.i:ic:u:o:i of the 
parabola, 190, 221, 

Renouf, xx. 

Renshaw, Ixxii, 212. 

Reversion, Ixxxvi, 321—8; properties of 
minor foci and directrices proved by, 
346 — 8, 353 ; of quadrics, 349. 

Rhind papyrus, xxii, xxvi, 

Robertson, Ixxi, 206. 

Roberval, xl. 
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Eouclie and de Comberousse, 294 — 5, 
319, 321. 

Bouth, vi. 

Salmon, Issxvi, 183, 140, 164, 210, 277, 
286—7, 290, 295, 302, 312, 319, 333, 
343. 

Sections, the conic, how discovered, xssi ; 
why nam(.:l v;; hj^erhola, 
xliil, 82, I'.'.'): of !r:y cr'.-:.- by an arbi- 
trary plane, Iv, Ixiii. See Gone. 

Self-conjugate. See Self-polar. 

Self -polar triangle, conics having four 
common points or tangents have a 
common, Ixii, 274—6, 332 ; inscribed or 
circumscribed to a second conic, 272 — 4, 
331, 379; the axes of a conic and the 
line at infinity determine a, 365, 377. 
See Orthocycle, 

Serenns, liv. 

Serret, proof of Gaskin’s theorem, 274. 

Simplicius, xxix, xxx. 

Simson, lii, 256. 

Smith, H. J. S., Ixxxvi, 379. 

Solid loci and problems, xxviii, xxxiii, 
189. 

Solids, the five regular, xx, xxiv, xxxiii ; 
semi-regular, xxxvi. 

Steiner, kxxii, 377; theorem that the 
directrix of a parabola inscribed in a 
triangle passes through the orthocentre, 
67, 281, 290, 326, 352 ; on cross ratio, 
Ixxxv, 257, 262 ; on triads of concurrent 
oseulating circles, 228, 236, 357. 

Stubbs, 357.. 

Sturm, 277. 

Subcontrary sections, 210 -2. 


THE 


xliv, xlix, 95. 

■S' . ;■ <■' ' ' : , Ixxxvlii. ' 

Imbot, 194, 264, o'2i. " 

Tangential coordinates, Ixviii, 156,'o46. 

Taylor, J. P., proof of 'Peuerbach’s 
theorem, 191, 355. 

Thales, xviii, xx, xxxv. 

Themtetus, xix, xxxi. 

Torry, 224, 379. 

Townsend, Ixxxviii, 216, 249, 280, 287 
295—7, 330. 344, 351, 358—9. 

Transformation, tomographic, Ixvi, 329. 
See Homographic. 

Triangle, through the axis, Iv, Ixiii, 206 ; 
inscribed or circumscribed to a conic, 
271—4; orthogonal projection of any 
triangle into an equilateral, 237. See 
Self-polar. 

Trisection of an angle, xxvii, Ixxiv, 141, 
189, 299, 377. 

TJbaldi, 178. 

Umbilicus, 5. See Ombilic. 

Yiviani, xxxiii. 

Walker, G-., Ixxii ; J., 212. 

Wallis, 221—2, 296. 

Walton, geometrical problems, 161, 189, 
195. 

Webb, 345. 

Whitworth, 308. 

Wolstenholme, problems by, 121, 163, 
184 ; proof that the diameter of curva- 
ture at any point of a rectangular 
hyperbola is equal to the normal chord, 
377. 

Wren, rrorcrty of the parabola, Ixxxv, 
296 ; i-ccri.’oir.Iju of the cycloid, 221. 
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3 vols. 14s, each. 

An Atlas of Classical Geography; Twenty-four Maps. By 
W. Hi^hes and Greorge Long, M.A. IJew edition, with coloured Outlines, 
Imperil 8vo. 12s. 6d. 

Uniform with above, 

A Complete Latin Grammar. By J. W. Donaldson, D,D. 3rd 
Bdimon. 14s. 
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GRAMMAR-SCHOOL CLASSICS. 

A Series of Greek and Latin Authors^ loitli English Notes. 
Fcap. 8vo, 

CflBsar : De Bello Grallico. By George Long, M.A. 4s. 

— Books For Junior Classes. By G. Long, M.A. Is. 6d. 

Books rV, and V. Is. 6d. Books YI. and YII. Is. 6d. 

Catullus, Tibullus, and Propertius, Selected Poems. With Life. 
By Rev. A. H. ’Wratisla'w. 2s. 6d. 

Cicero: De Senectute, De Amicitia, and Select Epistles. By 
George Long, M.A. 3s. 

Cornelius Nepos. By Bev. J. F. Macmichael. 2s. 

Homer: Iliad. Books I.-XII. By F. A. Paley, M.A., LL.D. 

4s, 6d. Also in 2 parts, 2s. 6d. eacli. 

Horace. With Life. By A. J. Macleane, M,A. 3s. 6d. In 

2 parts, 2s. each. 

Juvenal : Sixteen Satires. By H. Prior, M.A, 3s. 6d. 

Martial: Select Epigrams. With Life. By F. A. Paley, M.A,, LL.D. 

4s. 6d. 

Ovid: the Fasti. By F. A. Paley, M.A., LL.D. 3s. 6d. Books I, 

and II. Is. 6d. Books III. and IV. Is. 6d. 

Sallust : Catilina and Jugurtha. With Life. By G. Long, M.A* 
and J. Gr. Frazer. 3s. 6d., or separately, 2s. eacli. 

Tacitus : Germania and Agricola. By Eev. P. Frost. 2s. 6d. 

Virgil: Bucolics, Georgies, and .Eneid, Books I.-IV. Abridged 
from Professor Oonington’s Edition. 4s. 6d. — JEneid, Books V.-XII. 45. Gd, 
Also in 9 separate Volumes, as follows. Is. 6d. each Bucolics — G-eorgics, 
I. and II. — Georgies, III. and IV. — ^JEneid, I. and II. — JEneid, III. and 
IV.— JEneid, V. and VI.— iEneid, VII. and VIII.— .Eneid, IX. and X.— 
^ueid, XI. and XII. 

Xenophon : The Anabasis. With Life. By Bev. J, F. Macmichael. 
3s. 6d. Also in 4 separate volumes. Is, each: — Book I. (with Life, 

Introduction, Itinerary, and Three Maps) — Books II, and III.— IV. and V. 
— YI. and VII. 

The Cyropsedia. By G. M. Gorham, M.A. 3s. 6d, Books 

I. and II. Is. 6cl.— Books V. and VI. Is. 6d. 

Memorabilia. By Percival Frost, M.A. 3s. 

A Grammar-School Atlas of Classical Geography, containing 
Ten selected Maps, Imperial 8\o. 5s, 

Uniform with the Series. 

The New Testament, in Greek. With English Notes, &c. By 
Bev. J. F. Maomiclmel. 4s. 6d. In parts, sewed, 6d. each. 



Educational Works. 


CAMBRIDGE GREEK AND LATIN TEXTS. 

-ZBsohylus. By B. A. Paley, M.A., LL.D. 2«. Bd. 

<58Bsar : De Bello Gallico. By G. Long, M.A. 1*. 6^. 

Cicero: De Seneotute et De Amicitia, et Bpistolse Seleotae. 
By G-. Long, M.A. Is. 6d. 

Ciceroriis Orationes. InYerrem. By G. Long, M.A. 2s. 6d, 
^Euripides. By F. A. Paley, M.A., LL.D. 3 vols. . each. 
Herodotus. By J. G. Blakesley, B.D. 2 vols. 5s. 

Homeri liias. I.-XII. By F. A. Paley, M.A., LL.D. Is, 6d. 
Horatius. By A. J. Macleane, M.A. Is. 6d. 

Juvenal et Persius. By A. J, Macleane, M.A. Is. 6d. 
Lucretius. By H. A. J. Munro, M.A. 2s. 

Sallusti Crispi CatHma et Jugurtha. By G. Long, M.A. Is. 
Sophocles. By F. A. Paley, M.A., LL.D. 2s. 6d. 

Terenti ComcBdias. By W. Wagner, Ph.D. 2s. 

Thucydides. By J, G. Donaldson, D.D. 2 vols. 4s. 

Tirgilius. By J. Conington, M.A. 2s. 

Xenophontis Espeditio Cyri. By J. F. Macmichael, B.A. Is. 6d. 

ITovmn Testamentum Greece. By F. H. Scrivener, M.A., D.C.L. 
4s. 6d. An edition 'wltli wide margin for notes, half bound, 12s. EniTio 
IITajor, with additional Readings and References. 7s, 6d. See page 9. 


CAMBRIDGE TEXTS WITH NOTES. 

ji. Selection of the most usually read of the Greek and Latin Authors, Annotated for 
Schools. Ldited by well-known Classical Scholars. Fcap. Svo. Is. 6d. each, 
with exceptions. 

,2Bschylus. Prometheus Yinctus. — Septem contra Thebas. — Aga- 
memnon. — Texsse. — Eumenides. — Choephoror. By E. A. Paley, M. A., LL.D- 
Buripides. Alcestis.— Medea.— Hippolytus.— Hecuba.— Bacchas. 
—■Ion. 2s.— Orestes. — Phoenissse.—Troades.— Hercules Purens.— Andro- 
mache. — Iphigenia in Tanris.— Supplices. By F. A. Paley, M.A., LL.D. 
Homer. Iliad. Bookl. By F. A. Paley, M. A., LL.D. Is. 
Sophocles. OE dipus Tyrannus. — (Edipus Coloneus. — Antigone. 

— Electra— Ajax. By F. A- Paley, M. A., LL.D. 

Xenophon. Anabasis. In 4 vols. By J. E. Melhmsh, M,A.» 

Assistant Classical Master at St. Paul’s School. -r^ 

Xenophon. Hellenics, Book II. By L. D. Dowdall, M.A., B.D. 

[^Shortly. 

Cicero. De Senectute, De Amicitia, and EpistolsB Selects, By 
Q-. Long, M.A. 

Ovid. Fasti. By F. A, Paley, M.A., LL.D. In 3 vols., 2 books 
in each, 2s. each vol. ^ ^ ^ . 

Ovid. Selections. Amores, Tristia, Heroides, Metamorphoses. 

By A. J. Macleane, M.A. . . , , , 

Terence. Andria. — ^Hauton Timorumenos. — ^Phonnio. — Adelphoe* 
By Professor Wagner, Ph.D. 

■VirgiL Professor Conington’s edition, abridged in 9 vols., 2 books 
in each. 

‘ Others vn preparation. 
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PUBLIC SCHOOL SERIES. 

A Series of Classical Texts^ annotated hy well-known Scholars. Cr. 

Aristoplianes. The Peace. By F, A. Paley, M.A., LL.D. 4«. . 

The Acharnians. By F. A. Paley, M.A., LL.D. 4s. 

.. . , - — The Frogs. By F, A. Paley, M.A., LL.D. 4s. 

Cicero. The Letters to Atticus. Bk. I, By A. Pretor, M.A. 4s. 
Demosthenes de Falsa Legatione. By E. Shilleto, M.A. 6s. 
The La'w of Leptines. By B. W. Beatson, M.A. 3s. 6d. 

Livy. Book XXI. Edited, with Introduction, Notes, and Maps, 
by tke Eev. L. B. Bowdall, M.A., B.D. 3s. 6(i. [Boole XXII. in the press. 

Book XXII. Edited, &c., by Eev. L. D. Dowdall, M.A.. 

B.D. 3s. 6d. 

Plato. The Apology of Socrates and Crito. By W. Wagner, Ph.D. 
lOth Edition. 3s. 6d. Cheap Edition, limp clotli, 2s. Gd. 

The Phaedo. 9th Edition. By W. Wagner, Ph.D. 5s. 6d. 

The Protagoras. 4th Edition. By W. Wayte, M.A. 4s. 6d . . 

The Euthyphro. 3rd Edition. By G. H. Wells, M.A. 3s. 

The Euthydemus. By G. H. Weils, M.A, 4s. 

The Bepublic. Books I. II. By G. H. Wells, M.A. 3rd 

Edition. 5s. 6d. 

Plautus. The Aulularia. By W. Wagner, Ph.D. 3rd Edition. 4s. Sd. 

Trinmnmus. By W. Wagner, Ph.D. 3rd Edition. 4s. 

The Menaechmei. By W. Wagner, Ph.D. 2nd Edit. 4s. 

The Mostellaria. By Prof. E. A. Sonnenschein. 6s. 

The Budens. Edited by Prof. E. A. Sonnenschein. 

[In the pi’cssi.- 

Sophoolis Trachinise, By A. Pretor, M.A. 4s. 6d, 

Sophocles. Oedipus Tyrannus. By B. H. Kennedy, D.D. 5s. 
Terence. By W. Wagner, Ph.D. 2nd Edition. 10s. 6d. 
Theocritus. By F. A. Paley, M.A., LL.D. 2nd Edition, 4s, 6d.. 

Thucydides. Book YI. By T, W. Dougan, M.A., Fellow of 
John’s College, Cambridge. 6s. 

Others in preparation. 


CRITICAL AND ANNOTATED EDITIONS. 

ristophanis Comoedise. By H. A. Holden, LL.D. 8vo. 2 
23s. 6d. Plays sold separately. 

Calpurnius Siculus, By G, H. Keene, M.A. Crown 8yo. 6s* 
Corpus Poetarum Latinorum. Edited by Walker. IyoLSvo. 18# 



Educational Works. 


' Horace. Quinti Horatii Flacci Opera, By H. A, J. Munro, M.A, 
Large 8vo. IZ. Is. 

Xalvy, The first five Books. By J. PrendeYille. 12mo. roan, 5a. 

Or Books T.-III. 3s. Sd. IV. and V. 3s. 6cl. 

- liiicretms. With Commentary by H. A. J. Munro. 4th Edition. 
Vols. I. and II. Introduction, Text, and Notes. ISs. Tol. III. Trans- 
lation. 6s. 

Ovid. P. Ovidii Nasonis Heroides XIV, By A. Palmer, M.A. 8yo. 6^. 

P. Ovidii Nasonis Ars Amatoria et Amores. By the Bev. 

H. Wiinams, M.A. 3s. 6d, 

Metamorphoses. BookXni. By Chas. Haines Keene, M.A. 

2s. 6d. 

Epistolarum ex Ponto Liber Primus. ByC.H.Keene,M.A. 35. 

Propertius. Sex Aurelii Propertii Garmina. By F. A. Paley, M.A., 
LL.D. 8vo. Oloth, 9s. 

Sex Propertii Elegiarum. Libri IV. Eecensuit A. Palmer, 

Gollegii Sacrosanctaa et Individnaa Trinitatis juxta Dublinuni Socius. 
Fcap Svo. 3s. 6(1. 

I^iophocles. The Ajax. By 0. E, Palmer, M.A. 35. 6d. 

The Oedipus Tyrannus. By B, H. Kennedy, D.I). 

Crown Svo. Ss. 

Thucydides. The Histor 
SbiUeto, M.A. Book I. 


LATIN AND GREEK CLASS-BOOKS. 

Faciliora. An Elementary Latin Book on a new principle. By 
tlio liov. J. L. Seagor, M.A. [In the 

First Latin Lessons. By A. M. M. Stedman, M.A. I 5 . 
Miscellaneous Latin Exercises. By A. M. M. Stedman, M.A. 
Fcap. Svo. Is. Gel. 

Easy Latin Passages for Unseen Translation. By A. M. M. 

Stedman, M.A. Fcap. Svo. Is. 6d. 

A Latin Primer. By Bev. A. 0. Clapin, M.A. Is. 

Auxilia Latina. A Series of Progressive Latin Exercises. By 
M. J.B. r.:idd-;lov,M.A. rcj'.ii. Svo. Parti. Accidence. 3rdEdition, revised. 
2*i. I.I.. I'J-: kcliLio!), j-L-virod. 2s. Key to Fart II. 2s. 6d. 

Scala Latina. Elementary Latin Exercises. By Bev. I. W. 

Davie, M.A. New Edition, with Vocabulary. Fcap, Svo. 2s. 6(Z. 

Latin Prose Lessons. By Prof. Church, M.A. 8th Edition. 
F(.v,ip. Svo. 2s. 6(1. 

Latin Exercises and Grammar Papers, By T. Collins, M.A. 5th 
Edition. Fcap. Svo. 2s. 6d. 

Unseen Papers in Latin Prose and Verse. With Examination 
Questions. By T. Collins, M.A. 4tli Edition, Fcap. Svo. 2s, 6d. 

in Greek Prose and Verse. With Examination Questions. 

By T. Collins, M.A. 3rd Edition. Fcap. Svo. 3s. 

Easy Translations from BTepos, C^sar, Cicero, Livy, <Ssc., for 
Itctranslation into Latin. With. Notes, by T. Collins, M.A. [Preparmj;. 
Tales for Latin Prose Composition. With Notes and Vocabu- 
lary. By a. H. Wells, M.A. 2s. 
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Latin Vocabularies for Repetition. By A. M. M. Stedmau, M.A» 

2nd Edition, revised. Fcap. 8vo. Is. 6d. 

Analytical Latin Ezercises. By C, P. Mason, B.A. 4tli Edit,.. 
Part I., Is. 6d. Part II., 2s. 6d. 

Latin Examination Papers in G-rammar and Idiom. By 
A. M. M. Stedman, M.A. Crown 8vo. 2s. 6d. E!ey (for Tutors and. 
Private Students only), 5s. 

Greek Examination Papers in Grammar and Idiom. By 
A. M. M. Stedman, M.A. 2s. 6d. 

Scala Grseca : a Series of Elementary Greek Exercises. By Bev. J. W. 
Davis, M.A., and R. W. Baddeley, M.A. 3rd Edition. Fcap. 8vo. 28, 6d.. 

Greek Verse Composition. By G. Preston, M.A. 5th Edition. 
Crown Svo. 4s. 6d. 

Greek Particles and their Combinations according to Attic Usage. 

A Short Treatise. By P. A. Paley, M.A., LL.D. 2s. 6d. 

Greek Testament Selections. By A. M. M. Stedman, M.A. 2nd 
Edition enlarged, with Notes and Vocabulary. Pcap. Svo. 2s. 6d. 
Budiments of Attic Construction and Idiom. By the Bev. 

W. 0. Compton, M.A., Assistant Master at Uppingham School. 3s. 
Passages for Translation into Latin Prose. By Prof. H. Nettle- 
ship, M.A, 3s. Key (for Tutors only), 4s. Cd. 

By the Bev. P. Fbost, M.A., St. John’s College, Oambeibgb. 

Eclogae Latinse ; or, First Latin Beading-Book, with English Notes 
and a Dictionary. New Edition. Pcap. Svo. Ifi. 6d. 

Materials for Latin Prose Composition, New Edition. Fcap.Bvo* 
2s. Key (for Tutors only), 4$. 

. A Latin Verse-Book. An Introductory Work on Hexameters and 
Pentameters. Now Edition, Ecap. Svo. 2.s\ Key (for Tutors only), 5s. 
Analecta Graeoa Minora, with Introductory Sentences, English 
Notes, and a Dictionary. New Edition. Ecap. Svo. 2s. 

Materials for Greek Prose Composition. New Edit. Fcap. 8vo> 
2s. 6d. Key (for Tutors only), 5s. 

IPlorilegium Poeticum. Elegiac Extracts from Ovid and XibulluStt, 
New Edition, With Notes. Pcap. Svo. 2s. 


Anthologia Grseca. A Selection of Choice Greek Poetry , with Notes*. 
By P. St. John Thackeray. 4th and Owaper Edition. 16mo. 4s. Qd. 

Anthologia Latina. A Selection of Choice Latin Poetry, from 
Noevius to Boethius, with Notos. By Bov. E, St. John Thackeray. Bovised' 
and Cheaper Edition. 16mo. 4s. 6(Z. 

By H. a. Holden, LL.D. 

Eoliorum Silvula. Part I. Passages for Translation into Latin 
Elegiac and Heroic Verso. 10th Edition. Post Svo. 7s. 6d. 

Part II. Select Passages for Translation into Latin Lyric 

and Comic Iambic Verse. 3rd Edition. Post Svo. 5s. 

Folia SilvulEe, sive Eclogao Poetarum Angiicorum in Latinum et 
GrsBcum conversas. Svo. Vol. II. 12s. 

Foliorum Centurise. Select Passages for Translation into Latin 
and Greek Prose. 10th Edition. Post Svo. 8s. 



Edii^cational Works. 


TRANSLATIONS, SELECTIONS, &c. 

*** Many of the following books are well adapted for School Prizes. 

JEsehylus- Translated into English Prose by F. A. Paley, M.A,, 
LL.D. 2nd Edition. 8vo. 75. 6d. 

Translated into English Verse by Anna Swanwick, 4th 

Edition. Post 8vo. 55. 

Horace. The Odes and Carmen Ssecnlare. In English Verse by 
J, Conington, M.A. lOtli edition. Ecap- 8vo. 5s, 6d. 

The Satires and Epistles. In English Verse by J. Coning- 

ton* M.A. 7tli edition, 6s. 6d. 

Plato. Gorgias. Translated by E. M. Cope, M.A. 8vo. 2nd Ed. Is, 

Philebus, Trans, by E. A. Paley, M. A., LL.D. Sm. 8vo. 4^. 

Theaatetiis. Trans. byF. A. Paley, M. A., LL.D. Sm.Svo. 4s. 

Analysis andindex of the Dialogues. By Dr. Day, PostSvo. 55. 

Sophocles. (E dipus Tyrannus. By Dr. Kennedy. Is. 

Theocritus. In English Verse, by 0. S. Calverley, M.A. New 
Edition, revised. Crown 8vo. 7s. 6d. 

Translations into English and Latin. By C. S. Calverley, M.A. 
Post 8vo. 7s. 6d. 

Translations into English, Latin, and Greek. By K. C. Jebb, M.A.^ 
H. Jackson, Litt.D., and W. E. CiUTey, M.A. Second Edition. 8s, 

Extracts for Translation. By B. C. Jebb, M.A., H. Jackson, 
Litt.D., and \V. E. Cnrrey, M.A. 4s. 6d. 

Between Whiles. Translations by Bev. B. H. Kennedy, D.D, 
2nd Edition, revised. Crown 8vo, 5s. 


REFERENCE VOLUMES. 


A Latin Grammar. By Albert Harkness. Post 8vo. 6s. 

• By T. H. Key, M.A. 6tb Thousand. Post 8vo. 85. 

A Short Latin Grammar for Schools. By T. H. Key, M.A. 

E.E.S. IGtli Edition. Post 8vo. 3s. 6d. 

A Guide to the Choice of Classical Books. By J. B. Mayor, M.A* 

3rd Edition, witk a Supplementary List. Crown 8vo- 4s. 6d. Supple- 
mentary List separately, Is. 6d. 

The Theatre of the Greeks. By J. W. Donaldson, D.D. 8th 
Edition. Post 8vo. 5s. 

Heightley’s Mythology of Greece and Italy. 4th Edition. 
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CLASSICAL TABLES. 

Latin Aecidence. By the Bev. P. Frost, M.A. I5* 

Latin Versification. Is. 

ITotabilia Quaedam; or the Principal Tenses of most of the 
Irregular Greek Verks and Elementary Greek, Latin, and French Oon- 
stroLction, New Edition. Is- 

Richmond Rules for the O vidian Distich, &c. By J. Tate, 
M.A. Is. 

The Principles of Latin Syntax. Is. 

Grreek Verbs. A Catalogue of ‘Verbs, Irregular and Defective ; their 
leading formations, tenses, and inflexions, with Paradigms for coningation, 
Knles for formation of tenses, &c. &c. By J. S. Baird, T.C.D, 8tli Ed. 2s. 6(i. 

Greek Accents (Notes on). By A. Barry, D.D. New Edition. Is. 

Homeric Dialect. Its Leading Forms and Peculiarities. By J, S. 

Baird, T.O.I). New Edition, by W. G. Rutherford, LL.B. Is. 

Greek Accidence. By the Eev. P. Frost, M.A. New Edition. Is. 

CAMBRIDGE MATHEMATICAL SERIES. 

Aritlametic for Schools. By C. Pencllebury, M.A. 2ntl Edition, 

revised, 4.<?. Gd. Or in two parts, 2.s. Gtl. each. Examples (nearly 8000), 
without answers, in a separate vol. 3s. 

Algebra, Choice and Chance. By W. A. Whitworth, M.A. 4th 
Edition. 6s. 

Euclid. Books I. -VI. and part of Books XI. and XII. By H. 

Beighton, 4s. 6d. Books I. and II., 2.s. [A Key io the Ej.’crdscsm /Jicprc.ss. 
Euclid, Exercises on Euclid and in Modern Geometry. By 
J. McDowell, M.A. 3rd Edition, 6s. 

Trigonometry. Plano. By Eev. T.Vyvyan, M.A. 3rd Edit. 3,9, 6d. 

Geometrical Conic Sections. By H. G. Willis, M.A. Man- 
chester Gi'ammar School. 7,9. Gd. 

Oonics. The Elementary Geometry of. 5th Edition, revised and 
enlarged. By C. Taylor, B.D. 4,s. 6d. 

Solid Geometry. By W. S. Aldis, M.A. 4th Edit, revised. 65. 
Geometrical Optics. By W. S. Aldis, M.A. 2nd Edition. 4.9. 
Rigid Dynamics. By W. S. Aldis, M.A. 4.9. 

Elementary Dynamics. By W. Garnett, M. A., D.C.L. 4thEd. 69. 
Dynamics, A Treatise on. By W. H. Besant, D.Sc., F.R.S. 7s. 

Heat. An Elementary Treatise. By W. Garnett, M. A., D.C.L. 4th 
Edition. 4.s. 

Elementary Physics. Examples in. By W. Gallatly, M.A. 

[In tlw prcs«. 

Hydromechanics. By W. H. Besant, D.Sc., F.B. S. 4th Edition. 
Part I. Hydrostatics. 5s. 

Mathematical Examples. By J. M. Dyer, M.A., and E. Pro-wde 
Smith, M.A., Assistant M asters at Choltouham Collogt}. [In iUe press. 

Mechanics, Problems in Elementary. By W. Walton, M.A, 6s. 



CAMBmOGE SCHOOL AND COLLEGE 
TEXT-BOOKS. 

d Series of Elementary Treatises for the use of Students. 

Arithmetic. By Bev.C.Elsee, M.A. Fcap. 8yo. ISthBdit. Zs.&d. 

• By A. Wrigley, M.A. 3s. 

A Progressive Course of Examples. With Answers. By 

J. Watson, M.A, 6tli ^Idition. 2s. 6d. 

Algebra. By the Eev. C. Elsee, M.A. 7th Edit. 4s. 

Progressive Course of Examples. By Kev. W. P. 

M‘Micliael, M.A., and E.Prowde Smith, M.A. 4tli Edition. 3s. 6d. With 
Answers. 4s. 6d. 

Plane Astronomy, An Introduction to. By P. T. Main, M.A 
5tli Edition. 4s. 

Conic Sections treated Geometrically. By W. H. Besant, D.Sc 
6th Edition. 4s. 6cl. Solution to the Examples. 4s. 

Enunciations and Eigures Separately. Is. Qd. 

Statics, Elementary. By Rev. H. Goodwin, D.D. 2nd Edit. 3s, 

Hydrostatics, Elementary. By W.H. Besant, B. Sc. 12th Edit. 4s. 

Mensuration, An Elementary Treatise on. By B. T. Moore, M.A, hs. 

Newton’s Principia, The First Three Sections of, with an Appen- 
dix ; and the Ninth and Eleventh Sections. By J. H. Evans, M.A, 5th 
Edition, by P. T. Main, M.A. 4s. 

Analytical Geometry for Schools. ByT.G.Yyvyan. 4th Edit. 45.6d. 

Greek Testament, Companion to the. By A, C. Barrett, A.M, 
5th Edition, revised. Ecap, 8vo. 5s. 

Book of Common Prayer, An Historical and Explanatory Treatise 
on tho. By W. G. Humphry, B.D. 6th Edition, Ecap. 8vo. 28. 6d. 

Music, Text-book of. By Professor H. C. Banister. 13th Edition, 
revised. 5s. 

Concise History of. By Rev, H, G. Bonavia Hunt- 

Mus. Doc. Dublin. 9th Edition revised. 3s. 6d. 


ARITHMETIC AND ALGEBRA. 

See tlie two foregoing Series. 


BOOK-KEEPING. 

Book-keeping Papers, set at various Public Examinations.. 
Collected and Written by J. T, Medhurst, Lecturer on Book-keeping’ iw 
the City of London College. 

a2 
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GEOMETRY AND EUCLID. 

Suolid. Books I.-YI. and part of XL and XII. A New Trans- 
lation. By H. Beigliton. (See Cambridge Mathematical Series, p. 8.) 

The Definitions of, with Explanations and Exercises^ 

and an Appendix of Exercises on the Eirst Book. By B,. Webb, M.A. 
Crown 8vo. Is. 6d. 

Book I, With Notes and Exercises for the use of Pre- 
paratory Schools, &e. By Braithwaite Arnett, M.A. 8vo. 4s. 6d. 

The First Two Books explained to Beginners. By C, P. 

Mason, B.A, 2nd Edition. Fcap. 8vo. 2s. 6d. 

The Emmciations and Figures to Euclid’s Elements. By Eev. 

J. Brasse, B.B. New Edition. Fcap. 8vo. Is. Without the Figures, 6d. 
Exercises on Euclid and In Modern Geometry. By J. McDowell, 

B.A. Crown 8vo. 3rd Edition revised. 6s. 

Geometrical Conic Sections. By H. G. Willis, M.A. (See p. 8.) 
Geometrical Conic Sections. By W. H. Besant, D.Sc. (See p. 9.} 
Elementary Geometry of Conics. By G. Taylor, D.D, (See p. 8.) 

An Introduction to Ancient and Modern Geometry of Conics. 

By 0. Taylor, B.B., Master of St. John’s Coll, Caiub. Svo. 15s. 
Solutions of Geometrical Problems, proposed at St. John’s 
College from 1830 to 1846. By T. Gaskin, M.A. Svo. 12s. 


TRIGONOMETRY. 

Trigonometry, Introduction to Plane. By Bev. T. G. Vyvyan, 
Charterhouse. 3rd Edition. Cr. Svo. 3s. Cd. 

An Elementary Treatise on Mensuration. By B. T. Moore, 
M.A. 5s. 


ANALYTICAL GEOMETRY 
AND DIFFERENTIAL CALCULUS. 

An Introduction to Analytical Plane Geometry. By W. P. 

Tumbull, M.A. Svo. 12.s. 

Problems on the Principles of Plane Co-ordinate Geometry. 
By W. Walton, M.A. Svo. 16.^. 

Trilinear Co-ordinates, and Modern Analytical Geometry of 
Two Bimensions. By W. A. Whitworth, M.A- Svo. 16s. 

An Elementary Treatise on Solid Geometry. By W. S. Aldis, 
M.A. 4th Edition revised. Or. Svo. Us. 

Elliptic Fimctions, Elementary Treatise on. By A. Cayley, D.Bc. 
Professor of Pure Mathematics at Cambridge Universiity. Demy Svo. 15.s. 
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MECHANICS & NATURAL PHILOSOPHY. 


Statics, Elementary. By H. Goodwin, D.D. Fcap. 8vo. 2nd 

Edition. 3s. 

Dynamics, A Treatise on Elementary. By W. Garnett, M.A., 
D.O.L. 4tli Edition. Crown 8vo. 6s. 

Dynamics. Bigid. By W. S. Aldis, M.A. 4s. 

Dynamics. A Treatise on. By W. H. Besant, D.Sc. ,F.E.S. 7s. 6(1 
Elementary Mechanics, Problems in. By AV. Walton, M.A. Neiv 

Edition. Crown 8vo. 6s. 

Theoretical Mechanics, Problems in. By W. Walton, M.A. 3rd 
Edition. Demy 8vo. 16s. 

Hydrostatics. By W.H. Besant, D.Sc. Fcap. 8vo. 12th Edition. 4^. 

Hydromechanics, A Treatise on. By W. H. Besant, D.Sc., F.B.S. 
8vo. 4tli Edition, revised. Part I. Hydrostatics. 5s. 

Optics, Geometrical. By W. S. Aldis, M.A, Crown 8vo. 2nd 
Edition, 4s. 

Double Refraction, A Chapter on Fresnel’s Theory of. By W. S. 
Aldis, M.A. 8vo. 2s. 

Heat, An Elementary Treatise on. By W. Garnett, M.A,, D.O.L. 
Crown 8vo. 4th Edition. 4s. 

Newton’s Principia, The First Three Sections of, with an Appen- 
dix ; and the Ninth and Eleventh Sections. By J, H. Evans, M.A. 5th 
Edition, Edited by P. T. Main, M.A. 4s. 

Astronomy, An Introduction to Plane. By P. T. Main, M.A, 
Fcap. 8vo. cloth. 5th Edition. 4s. 

Practical and Spherical. By B. Main, M.A. 8yo. 145. 

Elementary Chapters on, from the ‘ Astronomie Physique ’ 

of Biot. By H, Groodwin, D.D. 8vo. 3s. 6d. 

Pure Mathematics and Natural Philosophy, A Compendium of 
Facts and Formulsa in. By G-. R. Smalley. 2nd Edition, revised by 
J. McDowell, M.A. Fcap, 8vo. 3s. 6d. 

Elementary Mathematical Formulse. By the Eev. T. W. Open- 
shaw, M.A. l.s. 6d. 

Elementary Course of Mathematics. By H. Goodwin, D.D. 
6th Edition. 8vo. 16s. 

Problems and Examples, adapted to the ‘ Elementary Course of 
Mathematics.* 3rd Edition. 8vo, 5s. 

Solutions of Goodwin’s Collection of Problems and Examples. 
By W. W. Hntt, M.A. 3rd Edition, revised and enlarged. 8vo. 9s. 

A Collection of Examples and Problems in Arithmetic, 

Algebra, Geometry, Logaritlim.=i, Trigonometry, Conic Sections, Mechanics, 
with Answers. By Ruv. A.' Wrigley. 20th Thousand. Ss. 6d. 
Key. 10s. 6d. 
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TECHNOLOGICAL HANDBOOKS. 

Edited by H. Tbueman Wood, Secretary of the Society of Arts,- 

1. Dyeing and Tissue Printing. By W. Croohes, F.E.S. 5s. 

2. Grlass Manufacture. By Henry Chance, M.A.; H. J.Poweil.B.A.? 

and H- G-. Harris. 3s. 6d. 

3. Cotton Manufactiire. By Eichard Marsden, of Manchester. 

3rd Edition, revised. 6s. 6d. 

4. Chemistry of Coal-Tar Colours. By Prof- Benedikt. Trans- 

lated by Dr. Knecbt of Bradford. 5s. 

5. Woollen and Worsted Cloth Manufacture. By Eoberts 

Beaumont, Assistant Lecturer at Yorkshire Collef^e, Leeds. 7s, 6d. 
Others in jpreparatlm^ 


HISTORY, TOPOGRAPHY, &c- 

Rome and the Campagna. By E. Bum, M.A. With 85 En- 
gravings and 26 Maps and Plana. With Appendix. 4to. 31. 3s. 

Old Eome. A Handbook for Travellers, By E. Burn, M.A. 
With Maps and Plans. Demy 8vo. 10s. 6d. 

Modem Europe. By Pr. T. H. Dyer. 2nd Edition, revised and 
continued. S vols. Demy 8vo. 21. 12s, 6d. 

The History of the Kings of Rome. By Dr. T. H. Dyer. 8vo. 16^. 

The History of Pompeii : its Buildings and Antiquities. By 
T. H. Dyer, 3rd Edition, brought down to 1874. Post 8vo. 7s. 6d. 

The City of Rome : its History and Monuments. 2nd Edition, 
revised by T. H, Dyer. 5s, 

Ancient Athens: its History, Topography, and Eemains. By 
T. H. Dyer. Super-royal 8vo. Cloth. 11. 5s, 

The Decline of the Roman Republic. By G. Long. 5 vols. 
8vo. 14s, each. 

A History of England during the Early and Middle Ages. By 
C. H. Pearson, M.A. 2ixd Edition revised and enlarged. 8vo. Vol. I. 
16s. Vol. II. 14s. 

Historical Maps of England. By C, H. Pearson. Folio, 3rd 
Edition revised. 31s. 6d. 

History of England, 1800’~4G. By Harriet Martineau, with new 
and copious Index. 5 vols. 3s. 6d. each, 

A Practical Synopsis of English History. By A. Bowes. 9th 
Edition, revised, 8vo. Is. 

Lives of the Queens of England. By A. Strickland. Library 
Edition, 8 vols. 7s. 6d. each. Cheaper Edition, 6 vols. 5s. each. Abridged 
Edition, 1 vol. 6.s. 6d. Mary Queen of Scots, 2 vols. 5s. each. Tudor and 
Stuart Princesses, 5s. 

Eglnhard’s Life of Karl the G-reat (Charlemagne). Translated, 
with Notes, by W. Glaister, M.A., B.C.L. Crown 8vo. 4s. 6ci. 

The Elements of General History. By Prof. Tytler. New 
Edition, brought down to 1874. Small Post 8vo. 3tS. 6d. 

History and Geography Exstmination Papers. Compiled by 
0. H, Si)GncG, M.A-, Clifton College. Crown 8vo. 2s. Gd. 



Educational Works. 


13 


PHILOLOGY. 


WEBSTER’S DICTIONARY OP THE ENGLISH LAN- 

G-UAG-E. With Dr. Mahnos Et 3 ?THology. 1 vol. 1628 pag'es, 3000 Illus- 
trations. 21s, ; half calf, 30s. ; calf or half russla, 31s, 6d . ; russia, 2L 
With Appendices and 70 additional pa^es of Illustrations, 1919 pages, 
31s. 6d, 5 half calf, 21. ; calf or half russia, 21, russia, 21. 10s. 

• The best practical Bhglish Dictionary EXTANT.’—Quarterl^ Eeuieio, 1873. 
Prospectuses, with specimen pages, post free on application. 

IRichardson’s PhilologiGal Dictionary of the English Language. 
Combining Explanation with Etymology, and copiously illustrated by 
Quotations from the best Authorities. With a Supplement. 2 vols. 4to. 
41. 14s. 6d. Supplement separately. 4to. 12s. 

Brief History of the English Language. By Prof. James Hadley, 

LL.D., Yale College. Pcap. 8vo. Is. 

The Elements of the English Language. By E. Adams, Ph.D. 

21st Edition. Post 8vo. 4s. 6d. 

Philological Essays. By T. H. Key, M.A., P.K.S. 8vo. 10s. 6(2. 

Language, its Origin and Development, By T. H. Key, M.A., 

P.R.S. 8yo. 14s. 

Synonyms and Antonyms of the English Language. By Arch- 

deacon Smith. 2nd Edition. Post 8vo. 5s. 

Synonyms Discriminated. By Archdeacon Smith. Demy 8vo. 

2nd Edition revised. 14s. 

Bible English. Chapters on Words and Phrases in the Bible and 

Prayer Book. By Rev. T. L. 0. Davies. 5s. 

The Queen’s English. A Manual of Idiom and Usage. By the 

lato Dean Alford 6th Edition. Pcap. 8vo. Is. sowed. Is. 6d. cloth. 

A History of English Rhythms. By Edwin Guest, M. A., D.C.L. 

LL.D. New Edition, by Professor W. W. Skeat. Demy 8vo. 18s. 

Elements of Compfir^.tive Grammar and Philology. For Use 
in Scliool-. i;> A. t;. ?!■;(■ ■, '-LA., Assistant Master at Leeds Grammar 
School. (Amv. II 2.'. •»;. 

Questions for Examination in English Literature. By Prof. 

W. W. Skeat. 2nd Edition, revised. 2s. 6d. 

Etymological Glossary of nearly 2500 English Words de- 

rived from the Greek, By the Eev, E. J. Boyce. Pcap. 8vo. 3s. 6d. 

A Syriac Grammar, By G. Phillips, D.D. Srd Editiop, enlarged. 

8vo. 78. 6d, 
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DIVINITY, MORAL PHILOSOPHY, &c. 

Bt the Eev. F. H. Soeivbneb, A.M., LL.D., D.C.L. 

NOTom Testamentum GrsBce. Editio major. Being an enlarged 

Edition., containing* the Readings of Westcott and Hort, and those adopted 
by the Revisers, &c. 7s. 6d. For other Editions see page 3. 

A Plain Introduction to tlie Criticism of the New Testament. 

With Forty Facsimiles from Ancient Manuscripts. 3rd Edition. 8vo. 18s, 
Six Lectures on the Text of the New Testament. For English 
Readers. Crown 8vo. 6s. 
dodex Bezse Cantabrigiensis. 4to. 265. 


The New Testament for English Readers. By the late H. Alford, 
D.D. Vol I. Part I. 3rd Edit. 12s. Vol. I. Part II. 2nd Edit. 10s. 6d. 
Vol. II. Part I. 2nd Edit. 16s. Vol. II. Part II. 2nd Edit. 16s. 

The Greek Testament. By the late H. Alford, D.D. Yol. I. 7th 
Edit. IZ. 8s. Vol. II. 8th Edit. IZ. 48. Vol. III. lOth Edit. 18s. Vol. IV. 
Part I. 5th Edit. 18s. Vol. IV. Part 11. 10th Edit. 14s. Vol. IV. IZ. 12s. 

Companion to the Greek Testament. By A. 0. Barrett, M.A. 

6th Edition, revised. Fcap. 8vo. 6s. 

The Book of Psalms. A New Translation, with Introductions, &o. 
By the Very Rev. J. J, Stewart Perowne, D.D. 8vo. Vol, I. 6th Edition, 
188. Vol- il. 6th Edit. 16s. 

Abridged for Schools. Gth Edition. Crown 8vo. 105. 

Histo^ of the Articles of Religion. By 0. H. Hardwick. 3rd 

Edition. Post 8vo. 5s. 

History of the Creeds. By J. B. Lumby, DD. 3rd Edition. 

Crown 8vo. 7s. 6(Z. 

Pearson on the Creed. Carefully printed from an early edition. 

With Analysis and Index by B. Walford, M.A. Post 8vo. 5s. 

Liturgies and Ofidees of the Church, for the Use of English 
Benders, in IiluHtrn,tioii of tins Book of Common Prayer. By the Rev. 
EdwnTtl Burbidge, M.A. Crown 8vo. Os. 

An Historical and Explanatory Treatise on the Book of 
Common Prayer By Rov. W. (4. Humphry, B.D. 6th Edition, enlarged. 
Small Post 8vo. 2s, 6d. j Cheap lidition. Is. 

A Commentary on the Gospels, Epistles, and Acts of the 
Apostles. By Rev. W. Denton, A.M. Now Edition, 7 vols. 8vo. Os. each. 
Notes on the Catechism. By Bt. Bev. Bishop Barry. 8th Edit, 
Fcap, 2s. 

The Winton Church Catechist. Questions and Answers on the 
Teaching of the Church Catechism. By tho lato Rev. J. S. B. Monsoll, 
LL.D. 4th Edition. Cloth, Ss. ; or in Four Parts, sowed. 

The Church Teacher’s Manual of Christian Instruction. By 

Rev. M. F, Sadler. 38th Thousand. 2s. 6d, 
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FOREIGN CLASSICS. 

A Series for use in Schools^ with English NoteSf grammatical and 
explanatory^ and renderings of difficult idiomatic expressions. 
Fcap. 8vo. 

SoMUer’s Wallensteta. By Dr. A. BuchheiiQ. 5tli Edit, os. 

Or the Lager and Piccolomini, 2s. 6d. Wallenstein's Tod, 2s. 6d. 

Maid of Orleans. By Dr. W. Wagner. 2nd Edit. Is. 6d. 

Maria Stuart. By V. Kastner. 2nd Edition. Is. 6d. 

Goethe’s Hermann and Dorothea. By E. Bell, M.A., and 
E. Wolfel. Is. 6d. 

■ German Ballads, from Uhland, Goethe, and Schiller. By C. L. 
Bielefeld. 3rd Edition. Is. 6d. 

Charles XII., par Voltaire. By L. Direy. 7th Edition. Is. 6d. 

Aventures de T61toaque, par E^ndlon. By C. J. Delille. 4th 
Edition. 2s. 6d. 

Select Fables of La Fontaine. By F. E. A. Gaso. 18th Edit. Is. 6d, 

Picoiola, by X.B. Saintine. By Dr.Dubuc. 15th Thousand. Is. 

Lamartine’s Le Tailleur de Pierres de Saint-Point. By 
J, BoicUe, 4-tli Thousand. Ecap. 8vo. Is. 6d. 

Italian Primer. By Eev. A. C. Clapin, M.A. Fcap. 8vo. Is. 


FRENCH CLASS-BOOKS. 


French Grammar for Public Schools. By Rev. A. 0. Glapin, M.A. 
Fcap. 8vo. 11th Edition, revised. 2s, 6d. 

French Primer. By Rev. A. C. Clapin, M.A, Fcap. 8vo. 7th Ed. Is. 

Primer of French Philology. By Rev, A. C. Clapin. Fcap. 8vo. 

3rd Edit. Is. 

Le Nouveau Tr^sor; or, French Student’s Companion. By 
M. E. S. 18th Edition. Fcap, 8vo, Is. 6d. 

French Examination Papers in Miscellaneous Grammar and 
Idioms. Compikdhy A. M. M. Stedman, M.A. 2nd Edition, revised. 
Crown 8vo. 2s. 6tZ. 

Key to the above. By G. A. Scbrumpf , TJniv. of France. Crown 
8vo, 5s. (For Teachers or Private Students only.) 

Manual of French Prosody. By Arthur Gosset, M.A. Crown 
8vo. 3s. 



16 


George Bell and Sons' 


F. E* A. GASC’S FEENCH COUESE. 

First French Book. Fcap. 8yo. 98th Thousand. 1^. 

Second French Book. 47th Thousand. Fcap. 8vo. Is. 6d, 

Key to First and Second French Books. 5th Edit. Fcp. 8vo. 3s. 
French Fables for Beginners, in Prose, with Index. 15th Thousand. 
12ino. Is. 6d, 

Select Fables of La Fontaine. 18th Thousand. Fcap.Svo. Is. 6d. 

IBQstoires Amusantes et Instructives. With Notes. 16th Thou- 
sand. Fcap. 8vo. 2s. 6d. 

Practical Guide to Modem French Conversation. 17th Thou- 
sand. Fcap. Svo. Is. Gd. 

French Poetry for the Young. With Notes. 5th Edition. Fcap. 
8vo. 2s. 

Materials for French Prose Composition; or, Selections from 
tke best English Prose Writers. 18th Thousand. Fcap. Svo, 3s. 
Key, 6s. 

Prosateurs Contemporains. With Notes. 10th Edition, re- 
vised. 12mo. 3s. 6d. 

Le Petit Compagnon ; a French Talk-Book for Little Children. 

llth Thousand. IGino. Is Gd. 

An Improved Modem Pocket Dictionary of the French and 
English Languages. 38 bh Thousand, with Additions. 16mo. 2s. 6d. 
Modem French-English and English-Frenoh Dictionary. 3rd 
and Cheaper Edition, revised. In 1 vol. 10s. 6d. 

The ABC Tourist’s French Interpreter of all Immediate 
Wants. By F. E. A. Giisc. Is. 


GOMBEET’S FEENCH DEAMA. 

Being a Selection of the best Tragedies and Comedies of MoliSre, 
Racine, Oornoillo, and Voltairo. With Arguments and Notes by A. 
Gombert. New Edition, rovisod by F. B, A. Gasc. Fcap. Svo. Is. each; 
sewed, 6d. 

CONTKNTS. 

Molieue : — Lo Misanthrope. L'Avaro. Lo Bourgeois Gontilhomme. Lo 
Tartutfe. Le Mahule Iniagiiiairo. Los Fonimos Saviintos. Los Fourberies 
de Scapiii. Les Pj-i'cieiisi'.s Eidiculos, L'Kcole dea FernmoB. L'Ecole dea 
Maris. Lo Modccin nialgre Lui. 

RacinI'! ; — P)i(5dro. Esther. Athalio. Ii)hig(5nio. Los Plaidours, La 
Thdbaido ; ou, Lea Frtirea Jhinomia. Audromaque. Britamiicus. 

P. Corneille Lo Oid, Horace. Oinna. Polyeucto. 

Voltaire Zaire. 


GERMAN CLASS-BOOKS. 

Materials for German Prose Composition. By Dr. Buchheim. 
llth Edition, tliuroughly rovisod. Fcap. 48. 6d, Key, Parts I. and II., Ss. 
Parts III. and IV., 4s. 

German Conversation Grammar, By I. Sydow. 2nd Edition. 
Book I. Etymology. 2s. Gd, Book II. Syntax. Is. Gd. 
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Wortfolge, or Rules and Exercises on the Order of Words in 

German Sentences. By Dr. F. Stock. Is. 6d. 

A G-erman Grammar for Public Schools. By the Bev. A. 0. 
Clapinand F. HoU MUUer. 4tli Edition. Fcap. 2s. 6d. 

A German Primer, with Exercises. By Eev. A. C. Clapin. I 5 . 

Kotzebue’s Der Gefangene. With Notes by Dr. W. Stromberg. Is. 

German Examination Papers in Grammar and Idiom. By 
R. J, Morich. 2s. 6d. [&j in the press, 

MODEBN GEBMAN SCHOOL CLASSICS. 

Small Crown 8vo. 

German Examination Course. By Prof. F, Lange^ Pb.D. 
Elementary, 2s. Intermediate, 2s. Advanced, Is. 6d. 

Hey’s Eabeln Fiir Kinder. Edited by Prof. F. Lange, Ph.D, Is, 6cL 

Bechstein’s Marcben. Edited by Prof. H. Hager, Ph.D. 

Benedix’s Dr. Wespe. Edited by F. Lange, Ph.D. 25. 6d, 

Schiller’s Jugendjahre. Edited by Prof. H. Hager, Ph.D. 

Hoftoan’s Meister Martin, der Klifner. By Prof. F. Lange, Ph.D. 
Is. 6cl. 

Heyse’s Hans Lange. By A. A. Macdonell, M.A., Ph.D. 25. 

Auerbach’s AufWaohe, and Ecquette’s Der Gefrorene Kuss. 
By A. A. Macdonell, M.A. 2s. 

Moser’s Der Bibliothekar. By Prof, F. Lange, Ph.D. 25 . 

Eber’s Eine Frage. By F. Storr, B.A. 2s. 

Ereytag’s Die Journalisten. By Prof. F. Lange, Ph.D. 2s. 6cZ. 

Gutzkow’s Zopf und Schwert. By Prof. F. Lange, Ph.D. 2s, 

German Epic Tales. Edited by Karl Neuhaus, Ph.D. 2s. Qa. 

Humor esken. Novelletten der besten deutschen Humoristen der 
Gogenwart. Edited by A. A. Macdonell, M.A. Oson. Aiitboripocl Edition. 

[J)i prepn.-ation. 


ENGLISH CLASS-BOOKS. 

Comparative G-rammar and Philology. By A. 0. Price, M.A., 

Assistant Master at Leeds Grammar Scbool, 2s, 6d. 

The Elements of the English Language. By E, Adams, Ph.D. 
21st Edition. Post 8vo. 4s. 6d. 

The Budiments of English Grammar and. Analysis. By 
E. Adams, Ph.D, 16th Thousand, Foap. 8vo. Is. 

A Concise System of Parsing. By L. E, Adams, B.A. I 5 . 6cZ. 

Examples for Grammatical Analysis (Yerse and Prose). Se- 
lected, Ac., by F. Edwards. 6d. 

Hotes on Shakespeare’s Midsummer Night’s Dream. By T. 
DufO Barnett, B.A. Is, Julius Osesar, Is, Henry Y., Is. 
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By 0. P. Mason, Fellow of Univ. Coll. London. 

First Notions of Grrammar for Young Learners. Fcap. 8vo. 

SStli to 40tli Tliousand. Cloth. 9d. 

First Steps in English. Grammar for Junior Classes. Demy 
■■ ISmo. 44tli Thousand. Is. 

Outlines of English Grammar for the Use of Junior Classes, 
doth to 70th Thousand. Crown 8vo. 2s. 

English Grammar, including the Principles of Grammatical 

Analysis. 30th Edition. 120th to 124th Thousand. Crown 8vo. 3s. 6d. 

A Shorter English Grammar, with copious Exercises. 30th to 
33rd Thousand. Crown 8vo. 3s. 6d. 

English Grammar Practice, being the Exercises separately. Is. 

Code Standard Grammars. Parts I. and II., 2d, each. Parts III., 
IV., and Y,, 3d. each. 


Notes of Lessons, their Preparation, By Josd Rickard, 
Park Lane Board School, Leeds, and A. H. Taylor, Eodley Board 
School, Leeds. 2nd Edition. Crown 8vo. 2s. 6d. 

A Syllabic System of Teaching to Read, combining the advan- 
tages of the * Phonic ’ and the ‘ Look-and-Say * Systems, Crown 8vo. Is. 

Practical Hints on Teaching. By Rev. J. Menet, M.A, 6th Edit, 
revised. Crown 8vo. paper, 2s. 

How to Earn the Merit Grant. A Manual of School Manage- 
ment. By H. Major, B.A., B.Sc. 2nd Edit, revised. Part I, Infant 
School, 3s. Part II. 4s. Complete, 6s, 

Test Lessons in Dictation. 4th Edition. Paper cover, 1^. 6d. 

Drawing Copies. By P. H. Delamotte. Oblong 8vo. 12s. Sold 
also in parts at Is. each. 

Poetry for the Schoolroom. New Edition. Fcap. 8vo. 1^. 6d. 

The Botanist’s Pocket-Book. With a copious Index. By W. R. 
Hayward. 5th Edition, ro vised. Crown 8vo. cloth limp. 4s. 6d. 

Experimental Chemistry, founded on the Work of Dr. Stockhardt. 
By 0. W. Heaton, Post 8vo. 5s. 

Lectures on Musical Analysis. Sonata-form, Fugue. Illus- 
trated from Classical Masters. Jiy Prof. H. 0. Banister. 7s. Gd, 


GEOGRAPHICAL SERIES. By M. J. Bauiiington Ward, M.A. 

The Map and the Compass. A Reading-Book of Geography. 
For Standard I. 6d. 

The Bound World. A Reading-Book of Geography. For 
Standard II. lOd. 

The Child’s Geography. For the Use of Schools and for Plome 

Tuition. Gd, 

The Child’s Geography of England. With Introductory Exer;- 
ciBGS on the Britiah Isles and Empire, with .Quostions. 28. 6d. 'Without 
Questions, 28. 

Geography Examination Papers. (See History and Geography 
Papers, p. 12.) 
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Helps’ Course of Poetry, for Schools. A New Selection from 
the English Poets, carefully compiled and adapted to the several standards 
by E. A. Helps, one of H.M. Inspectors of Schools. 

Book I. Infants and Standards I. and II. 134 pp. small 8vo. 

Book II, Staudards III. and IT. 224 pp. crown 8vo. Is. 6d. 

Book III. Standards Y., YL, and YII. 352 pp. post 8vo. 2s. 

Or in PAE.TS. Infants, 2d.; Standard I., 2d.; Standard II., 2cE. 
Standard III., 4d. 


Picture School-Books. In Simple Language, with numerous 

Illustrations. Boyal 16mo. 

The Infant’s Primer. 3d.— School Primer, 6d.— School Reader. By J. 
Tilleard. Is.— Poetry Book for Schools. Is.— The Life of Joseph. Is.— The 
Scripture Parables. By the Rev. J. B. Clarke. Is.— The Scripture Miracles. 
By the Rev. J. E. Clarke. Is.— The New Testament History. By the Rev. 
J. G. Wood, M.A. Is.— The Old Testament History. By the Rev. J. G. 
Wood, M.A. Is.— The Story of Banyan’s Pilgrim’s Progress. Is.— The Life 
of Martin Lnther. By Sarah Crompton. Is. 


BOOKS FOR YOUNG READERS. 

A Series of Reading Boohs designed to facilitate the acquisition ofthe^ower 
of Reading hy mry young Children. In 11 wls. Iwjp cloth, Qd. eacK 
Those with an asterisk have a Erontispiece or other Illustration, 

*The Two Parrots. A Tale of the Jubilee. By M. E. ' 

Wintle. 9 Illustrations. 

'^'The Old Boathouse. BeH and Pan; or, A Cold Dip. 

■^Tot and the Cat. A Bit of Cake. The Jay. The Suitable 
Black Hen’s Nest. Tom and Ned. Mrs. Bee. ^ /or 

Infants^ 

‘" The Cat and the Hen. Sam and his Dog Redleg. 

Bob and Tom Leo. A Wreck. 

*The New-born Lamb. The Rosewood Box. Poor 

Ean, Sheep Dog. 

*The Story of Three Monkeys. N 

■''Story of a Cat. Told by Herself. 

The Blind Boy. The Mute Girl. A New Tale of 

Babes in a Wood. 

The Dey and the Knight. The New Bani Note. ® 

The Royal Visit. A King’s Walk on a Winter’s Day. d 

Queen Bee and Busy Bee. 

■'' Gull’s Crag. 

A First Book of Geography. By the Rev. C. A. Johns. 

lUustrated. Double size, Is. / 

Syllabic Spelling, By C. Barton. In Two Parts. Infants, Bd» 

. standard I., 3d. 



20 George Bell and Sons^ Educational Wbrh. 


BELUS READING-BOOKS. 


FOB. SCHOOLS AND PABOOHIAL LIBBABIBS. 
Now Beady. PostSvo. Strongly hound in eloth^ Is. each. 


=^Life of Columbus. 

*Q-rimm’s German Tales. (Selected.) 

^Andersen’s Danish Tales. Illustrated. (Selected.) 
Great Englishmen. Short Lives for Young Children. 
Great Englishwomen. Short Lives of. 

Great Scotsmen. Short Lives of. 

■^Masterman Heady. ByCapt, Marryat. Ulus. (Ahgd.) 

'^Scott's Talisman. (Abridged.) 

■^Friends in Fur and Feathers. By Gwynfryn. 

■’^Dickens’s Little Nell, Abridged from the ‘ The Old 
OiirioHity Shop.* 

Parables from Nature. (Selected.) By Mrs. Gatty. 
Lamb’s Tales from Shakespeare. (Selected.) 
Edgeworth’s Tales. (A Selection.) 

* Gulliver’s Travels, (Abridged.) 

'^Robinson Crusoe, Illustrated. 

^Arabian Nights. (A Selection Rewritten.) 


Suitahla 

for 

Standard& 
III. & IV. 


Standards 
ir. £ V. 


•^The Yicar of Wakefield. 

^Settlers in Canada. By Capt. Marryat. (Abridged.) ^ 
Marie : Glimpses of Life in France. By A. B, Ellis, 
Poetry for Boys. Selected by D. Munro. 

* Southey’s Life of Nelson. (Abridged.) 

*Lif0 of the Duke of Wellington, with Maps and Plans. 
■*Sir Roger do Goverley and other Essays from the 

Spectator. 

Tales of the Coast. By J. Runciman. 

* Those VolmnoH arc Xllmtratcd. / 


Standards 
V. VI. & 
VIL 


Uniform with the Scries^ in limp cloth,, Od. each. 

Shakespeare’s Plays. Kemble’s Reading Edition. With Ex- 
planatory N<jIob for Hcliool Uho. 

JULIUS C’iUBAIt, THM MKROIfANT OF VKNIOE. KING ifOKN. 
HKNIIY TIIK FlFTir. MACBKTH. AS YOU : 


London : GEOEOE BELL & SONS, York Street, Covent Garden. 




